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PREFACE

This monograph is an attempt to justify the following assertion: “It is desir-
able to learn algebra via number theory and to learn number theory via algebra”.

Many concepts in commutative algebra such as Euclidean domains, prime
and primary ideals, field of quotients of an integral domain and such others have
originated from notions in number theory. For one who goes deeper into the finer
aspects of number theory, algebraic techniques would appear to be powerful and
elegant. Examples are from the crisp proofs of Gauss’s quadratic reciprocity law,
Fermat’s Two-squares theorem and Lagrange’s theorem on the expressibility of a
positive integer as a sum of four squares. Though all authors of books on number
theory have emphasized this aspect, perhaps, two books that make the algebraic
approach explicit are

1. Ethan D. Bolker: Elementary Number Theory — an Algebraic Approach
W. A. Benjamin Inc. NY (1970) and

2. F. Richman: Number Theory — An Introduction to Algebra
Brooks/Cole Monterey/California (1971).

It is true that classical textbooks such as O. Zariski and P. Samuel:
Commutative Algebra Vols I and II (Springer Verlag GTM Nos. 28, 29 (1982)
original version Van Nostrand Edition (1958)) and K. Ireland and M. 1. Rosen:
A Classical Introduction to Modern Number Theory, 2™ Edition, Springer Verlag
GTM No. 84 (1985) original version: Bogden and Quigley Inc., Publishers,
Tarrytown-on-Hudson, NY (1972) convey the message of doing algebra with full
number-theoretic support and vice versa exceedingly well.

The aim of this monograph is to spread this message with greater emphasis.
It is for the mathematical community, at large, to pass judgement as to how far
the desired goal has been achieved.

This monograph presupposes rudimentary knowledge of elementary number
theory as well as algebra on the part of the reader. The main theme is the study of

(i) the ring Z of integers

(ii) the Chinese Remainder Theorem and reciprocity laws
(iii) finite groups from the point of view of enumeration
(iv) abstract Mobius Inversion

(v) the role of generating functions
(vi) rings of arithmetic functions and
(vii) certain analogues of the Goldbach problem.

Many interesting topics such as p-adic fields, cyclotomy, Emil Artin’s con-
jecture and Fermat’s Last Theorem (FLT) have not been discussed in detail. How-
ever, the overall picture is what one gets about the nice interconnections between
number theory and algebra.

The monograph has been divided into four parts containing 16 chapters in
all. Each chapter begins with a ‘historical perspective’ and closes by giving ‘notes
with illustrative examples/worked-out example(s)’. Part I dealing with elements
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of number theory and algebra contains seven chapters. The details are given be-
low.

PART 1
ELEMENTS OF NUMBER THEORY AND ALGEBRA

Chapter 1: Theorems of Euler, Fermat and Lagrange

Certain new proofs of classical theorems of number theory are pointed out.
Using a counting principle of Melvin Hausner, the theorems of Fermat and
Lucas are proved. D. Zagier’s proof of Fermat’s two-squares theorem is given.
Lagrange’s four-squares theorem is deduced from the fact that a certain 2 x 2
matrix with entries from Z[i] has a factorization of the type BB* when B* is the
adjoint (conjugate transpose of B). Linear Diophantine equations are also dis-
cussed.

Chapter 2: The integral domain of rational integers

Z is shown as an ordered integral domain. It is proved that an ordered inte-
gral domain whose subset of positive elements is well-ordered, is the same as Z,
up to isomorphism. Operations on ideals of a commutative ring with unity are
described. They give analogues of g.c.d. and l.c.m. of integers. In the case of
an integral domain, characterizations of irreducibles and primes are shown. The
criterion for an integral domain to satisfy UFD property is given. The notion of a
GCD domain is also pointed out.

Chapter 3: Euclidean domains

Z is a Euclidean domain. The ring of algebraic integers of a quadratic number
field Q(y/m) is a Euclidean domain when m = —1,-2,-3,—7 and —11. ‘Almost
Euclidean’ domains are discussed. It is proved that the ring R(—19) of algebraic
integers of @(\/—T9) is a PID, but not a Euclidean domain. Further, Z is shown to
be the unique Euclidean domain having ‘double-remainder property’.

Chapter 4: Rings of polynomials and formal power series

Polynomial rings are introduced. If F is a field, the uniqueness of the division
algorithm in F[x] characterizes F[x] among Euclidean domains. The ring A of
arithmetic functions under the operations of addition and Dirichlet convolution
is shown to be a UFD via the ring C,, of formal power series (over the field C
of complex numbers) in countably infinite indeterminates. This significant result
is due to E. D. Cashwell and C. J. Everett. See ‘The ring of number-theoretic
functions’, Pacific J. Math 9 (1959) 975-985.

Next, we give a formula for the number of monic irreducible polynomials
of degree m (> 0) over the finite field Z/pZ (where p is a prime) via Mbius
inversion. It is deduced that the number of monic irreducible polynomials over
7/ pZ is infinite.
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Chapter 5: The Chinese Remainder Theorem and the evaluation of number
of solutions of a linear congruence with side conditions

The Chinese Remainder Theorem is one of the landmarks of number theory.
Its proof along with illustrations is indicated. Direct products and direct sums
of rings are discussed. Simultaneous congruences modulo ideals of a commuta-
tive ring with unity are considered. This gives a ring-theoretic analogue of the
Chinese Remainder Theorem. The theorem holds in a polynomial ring F[x] in
which congruences with a set of pairwise relatively prime polynomials provide
the desired data for generalization. Next, a class of arithmetical functions called
even functions (mod r) is studied with a view to evaluating the number N(n, 7, s)
of solutions of a linear congruence: xj+x;+x3+---+x; = n (mod r), under the
restriction g.c.d (x;,r)=1({=1,2,3...5). David Rearick’s theorem gives N(n,r,s)
in terms of Ramanujan Sums, see theorem 39. The Rademacher formula for
N(n,r,s) is also derived in corollary 5.6.1.

Chapter 6: Reciprocity laws

Quadratic residues modulo a prime are discussed and Gauss’s quadratic reci-
procity law is shown by a proof using finite fields. Eisenstein’s cubic reciprocity
law is proved using primes in the ring Z[w], where w is an imaginary cube root of
unity. As pointed out by W. C. Waterhouse, the genesis of reciprocity laws is in
Gauss’s lemma.

Chapter 7: Finite groups

This chapter considers various aspects of enumeration vis-a-vis finite groups.
Firstly, one notes that the partition function whose value at n is p(n) gives the
number of conjugate classes of elements in the symmetric group S,. Following
David Jacobson and Kenneth S. Williams, the number of representations of an ele-
ment in a finite group G as a product of s ‘special elements’ possessing a specified
property P is considered. A formula for the number N(D,a, s) of representations
of a € G as a product of s elements belonging to D, where G\ D is a subgroup
of G, is obtained in theorem 51. Some illustrations are shown. Next, as an ap-
plication of Burnside’s lemma, it is shown that the number of cyclic subgroups
of a group G of order r is d(r) (the number of divisors of r) if, and only if, G
is cyclic. See theorem 54 which is due to I. M. Richards. An identity due to P.
Kesava Menon is also deduced. Further, given a positive integer r, a group G of
order r is the only cyclic group of order r if, and only if, g.c.d (r,¢(r)) = 1, where
¢ denotes Euler totient. See theorem 55.

Part IT comprises four chapters, 8 to 11, and they deal with certain aspects of
algebraic structures with reference to (i) partial ordering, (ii) valuation. Abstract
Mobius inversion, generating functions and convolutions of functions defined on
a finite semigroup are also discussed.
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PART I1
THE RELEVANCE OF ALGEBRAIC STRUCTURES TO
NUMBER THEORY

Chapter 8: Ordered fields, fields with valuation and other algebraic struc-
tures

Fields with valuation are discussed. The notion of a normed division domain
due to S. W. Golomb is discussed. Properties of modular lattices are pointed
out. Jordan-Holder theorem is described. Unique factorization for elements of a
non-commutative ring is made possible via lattices of ideals. An analogue of the
fundamental theorem of arithmetic is also noted in the context of a finite Boolean
algebra.

Chapter 9: The role of the Mébius function

This chapter is about abstract Mdbius inversion. G. C. Rota’s idea of
Incidence functions defined on a locally finite partially ordered set places M&bius
inversion in a general setting. Mobius inversion formula of number theory is ob-
tained as a special case. The incidence algebra of n X n matrices is described.
Considering a vector space V,(g) of dimension n over a finite field I, one ob-
tains a formula for the number of k-dimensional subspaces of V,,(g). The Mobius
function of the lattice L(V,,(q)) of subspaces of V,(g) is derived. See theorem 72.

Chapter 10: The role of generating functions

Perhaps the first instance of a generating function was noticed by Euler while
studying the partition function p(n), denoting the number of unrestricted parti-
tions of n. Examples of generating functions occur in results relating to Stirling
numbers and Bernoulli numbers. While deriving proofs of theorems, the essential
analytical background is sketched. Certain generating functions are expressible
as a suitable infinite product under given hypotheses. The generating function of
Ramanujan’s 7-function is an example. Using the notion of binomial posets, we
consider an algebra of incidence functions. Its connection with the algebra C[[x]]
of formal power series in x is pointed out. See theorem 77. Dirichlet series of an
arithmetic function gives yet another example of a generating function. Properties
of Dirichlet series are discussed. Given a field F, the ring F[[x]] of formal power
series in x is also considered in order to show that it is an example of a valuation
ring. See theorem 81.

Chapter 11: Semigroups and certain convolution algebras

Following E. Hewitt and H. S. Zuckerman (Finite dimensional convolution
algebras: Acta Mathematica 93 (1955), 67-119) a convolution algebra of func-
tions defined on a semigroup G is introduced. Denoting the convolution algebra
by £1(G), it is shown that £,(G) is isomorphic to the semigroup algebra CG.
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Certain applications to arithmetical convolutions are pointed out. Abstract arith-
metical functions defined on a finite semigroup of idempotents give illustrations of
generating functions behaving like Dirichlet series. See theorem 86. This general-
isation is due to M. Tainiter. See ‘Generating functions on idempotent semigroups
with applications to combinatorial analysis’, J. Comb. Theory 5(1968) 272-288.
A subclass of the class of Dirichlet series of arithmetic functions gives rise to a
new kind of algebra called a functional-theoretic algebra (F-T.A). We remark that
a finite dimensional F-T.A is, indeed, a convolution algebra.

Part III gives a bird’s eye view of the fundamentals of algebraic Number The-
ory. Noetherian and Dedekind domains are discussed in detail. The Pell equation
and its solution by the Cakravala method of Brahmagupta are presented in con-
nection with quadratic number fields. Dirichlet’s unit theorem is proved. Next, the
case of class-number two number fields gives rise to the notion of half-factorial
domains. Carlitz’s characterization of such number fields is worthy of mention.
See theorem 118 (Chapter 13).

PART III
A GLIMPSE OF ALGEBRAIC NUMBER THEORY

Chapter 12: Noetherian and Dedekind domains

This chapter is about the study of Noetherian rings, Artinian rings and
Dedekind domains. While discussing Noetherian rings, it is shown that if R is a
Noetherian ring in which all maximal ideals are principal, then R is a principal
ideal ring (PIR) (see worked-out example b). The Jacobson radical of a ring is
introduced. One comes across the class of semisimple rings in which the Jacobson
radical is (0). An analogue of Euclid’s theorem on infinitude of primes is that
a commutative ring R (with unity) is semisimple if, and only if, R is either a
field or has an infinite number of maximal ideals (see theorem 92). Properties
of Dedekind domains are shown. One meets with an analogue of the Chinese
Remainder Theorem in the context of Dedekind domains. Integral domains with
finite-norm property are also discussed.

Chapter 13: Algebraic number fields

The ideal class-group is introduced. Number fields having class-number 1 or
2 are discussed. Some properties of cyclotomic fields are pointed out. The Pell
equation and its solution are shown. Dirichlet’s unit theorem is given with proof.
See theorem 124.

Part IV is the concluding part of the monograph. There are three chapters in
this section, namely, chapters 14 to 16. These give some more interconnections.

We mention certain classes of periodic functions (mod r) (r > 2). Various
convolutions of arithmetic functions are discussed. Let B,(C) denote the algebra
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of even functions (mod ). In the case of the ring (B,(C),+,-) under addition
and Cauchy multiplication, as B,(C) is a finite dimensional algebra over C, the
ring has no nonzero nilpotent elements. So, divisors of 0 in (B,(C,+,)) are not
nilpotent. However, if one considers the algebra .4’ of complex-valued arithmetic
functions under the operations of addition and Lucas multiplication, A’ is a ring
in which there are zero divisors that are nilpotent. Carlitz Conjecture (1966) says
that in (A’,+, *) (the Lucas ring of arithmetic functions f : Z — F, where Z is the
set of non-negative integers and F is a field of characteristic zero) f € A’ is a zero
divisor if, and only if, f is nilpotent. As far as the knowledge of the author goes,
this conjecture is yet to be resolved.

A brief account of the well-known Goldbach problem is given. Eckford
Cohen obtained a finite analogue of the Goldbach problem in 1954. (See the-
orems 139 and 140.) An extension to the situation in algebraic number fields is
also possible. Two more analogues are known. One is in the context of the ring
M, (Z) of n x n matrices with entries from Z. This is due to L. N. Vaserstein (1989)
with generalisation by Jun Wang (1992). The polynomial 3-primes conjecture due
to D. R. Hayes (1966) is narrated along with some of the theorems of G. W. Effin-
ger (1991), which lead to a complete solution of the polynomial analogue of the
Goldbach conjecture. These are described in chapter 15. See propositions 15.5.1
and 15.5.2.

Chapter 16 is an epilogue giving some more interconnections. Specifically,
we look at a finite group of units of a commutative ring. We also observe that one
can make a quadratic reciprocity law in the context of a finite group.

PART IV
SOME MORE INTERCONNECTIONS

Chapter 14: Rings of arithmetic functions

Following Eckford Cohen, if r > 1, the class A,(F) of (r, F)-arithmetic func-
tions f : Z — F (afield) is defined. A, (F) forms an algebra of dimension r under
the operations of addition and Cauchy composition. A,(F) is a semisimple alge-
bra that is the direct sum of r fields each isomorphic to F'. See proposition 14.2.1.
Then, the set B,(C) of even functions (mod r) (C, the field of complex numbers)
is shown to be a semisimple algebra of dimension d(r), the number of divisors of
r. The algebra of even functions (mod r) is studied in section 14.3. Next, Carlitz
conjecture about A’ (defined earlier) is mentioned. This conjecture is about the
structure of the Lucas ring A’ (of arithmetic functions) that is a commutative ring
with unity. Defining a ‘primary ring’ as a ring in which there is a proper minimal
prime ideal, we show that a commutative ring S having unity element is a primary
ring if, and only if, every zero divisor of S is nilpotent (see Remark 14.8.3).

When the set of A of arithmetic functions is considered as a vector space over
C, certain linear operators on .4 (which are norm-preserving) yield interesting
number-theoretic identities. Examples are given.
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Chapter 15: Analogues of the Goldbach problem

The Goldbach problem of number theory is that every even number greater
than 4 is a sum of two odd primes. This problem is about 260 years old. I. M. Vino-
gradov (1891-1983) proved in 1937 that when 7 is an odd integer which is ‘suf-
ficiently large’, n could be expressed as a sum of three primes. Experimental
results, using super computers show that the Goldbach conjecture is true for all
even numbers up to 4.10'". An interesting connection with algebra is that every
element of the residue class ring Z/rZ (r > 2) (considered in terms of a least non-
negative residue system (mod r)) is a sum of two primes of Z/rZ. This is due to
Eckford Cohen (1954). He has also extended this result to a residue class ideal of
a number ring.

M, (Z) denotes the ring of n x n matrices with entries from Z. L. N. Vaser-
stein has shown that given an integer p and A € M,(Z), one can find matrices
X,Y € My(Z) such that A = X +Y with det X = det Y = p. Next, let n be even
and g be an arbitrary positive integer. Then, given A € M, (Z), there exist matri-
ces X,Y € M,(Z) such that A = X +Y with det X = det Y = 4. See theorem 142.
Theorem 143 covers the case of M, (Z) with n odd.

Let IF, be a finite field of characteristic p (a prime). Suppose that
M(x) € IF,[x]. M(x) is called an even polynomial, if g =2 and if x or x+1 divides
M(x). M(x) is called odd, if it is not even.

Let M(x) € F,[x], monic with deg M(x) = r. M(x) is called a 3-primes poly-
nomial, if there exist irreducible monic polynomials Py (x), P>(x) and P (x) € F,[x]
such that deg Py (x) =r, deg P»(x) < r, deg P3(x) < r and M(x) = P(x)+ P>(x)+ P3(x).

We examine the polynomial 3-primes conjecture given below:

Every odd monic polynomial M(x) € IF,[x] is a 3-primes polynomial except
for the case ¢ even and M(x) = x>4ac Fy[x].

Certain particular cases are given with proofs.

Chapter 16: An epilogue: More interconnections

A journey through the adjacent lanes of number theory and algebra is, indeed,
an experience beyond theorem-proving. One is tempted to believe that Gauss was
more an algebraist than a number-theorist. The various types of integral domains
that have appeared are a PID, a Dedekind domain, a Bézout domain, a valuation
domain and a Priifer domain. The final observation is that Z finds a place in many
of them.

Four more interesting situations that arise are

(i) There exist commutative rings without maximal ideals. See theorem 157.

(ii) Fabrizio Zanello (2004) looks at ‘infinitude of primes’ in a principal ideal
domain R in terms of a property of maximal ideals of R[x] thus: If R is a PID, R
has an infinite number of pairwise nonassociated irreducible elements if, and only
if, every maximal ideal of R[x] has height 2 (see theorem 158).

(iil) We mention about the structure of the group G of units of a commutative
ring R when G is finite and of odd order. Further, if the order of G (the number of
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units in R) is of the form p™, either p equals 2 or p is a Mersenne prime M, =29-1,
where ¢ is a prime (see theorem 160 and corollary 16.4.2).

(iv) An analogue of quadratic reciprocity law due to William Duke and Kim-
berly Hopkins in the context of a finite group G is made possible using the notion
of a discriminant d of G. See theorem 162.

Some of the theorems presented are adaptations from journal articles and
other known sources. They are duly acknowledged with proper references. It
was kind of the referee to have suggested that the polynomial analogue of the
Goldbach problem be included. This has improved the original version of chapter
15 in the present form for which the author is thankful to the referee.

Before concluding, the author wishes to remark that selected chapters from
Parts I to IV may be chosen as the course material for a one-semester programme
for senior undergraduate students and for beginning research scholars entering the
areas of number theory and algebra. Some suitable combinations of chapters are
(i) chapters 1,2,3,4,5 and 6 (v) chapters 1,3,4,9,10 and 11
(ii) chapters 2,3,4,5,11 and 14  (vi) chapters 4,5,6,7,14 and 16
(iii) chapters 1,3,4,5,6 and 7 (vii) chapters 2,8,12,13,15 and 16.

(iv) chapters 2,3,5,6,12 and 13
It goes without saying that an instructor could select chapters of his/her choice.

This monograph was originally planned to be published by Marcel Dekker,
Inc., New York. However, due to certain unforeseen circumstances, there was a
delay for completion of the final draft of the manuscript, on the part of the author.
He is grateful to Ms. Maria Allegra, Mr. Kevin Sequeira, Mr. Fred Coppersmith,
Mr. David Grubbs, Ms. Theresa Delforn and Mrs. Gerry Jaffe of the Taylor &
Francis Group for all the help received in connection with the publication of this
manuscript.
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partment of Science and Technology, Ministry of Science and Technology, Gov-
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of the Grant for writing the book.
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Rajendra Nivas, Fort, Tripunithura P. O. (both located in Kerala) for their valu-
able help and assistance in typesetting work done extremely well. In particular,
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CHAPTER 1

Theorems of Euler, Fermat and Lagrange

Historical perspective

Number theory has a long and interesting history. It deals with the study of
properties of integers. The fact that there are infinitely many primes was noted by
Euclid (300 B.C.) in Euclid’s Elements (Book IX, theorem 20). The result: ‘For
p a prime, if p divides ab (a, b integers), either p divides a or p divides b’ is
found in Euclid’s Elements (Book VII, theorem 30). Further, Euclid noted that
every natural number is divisible by at least one prime p (see Euclid’s Elements,
Book VII, theorem 31). Every positive integer n(> 1) is a product of primes and
apart from rearrangement of factors, n can be expressed as a product of primes
uniquely. This is known as the fundamental theorem of arithmetic (F.T.A). ETA
does not seem to have been stated in this form before Carl Friedrich Gauss (1777-
1855). As pointed out in [4], it was familiar to earlier mathematicians, but Gauss
was the first to develop arithmetic as a “systematic science”. Problems in number
theory led to many important developments in other branches of mathematics: for
instance, Gauss’s construction of a regular polygon of 17 sides. Over the years,
many results of significance sprang up.

A positive integer is said to be ‘representable’ if it can be expressed as the
sum of two squares of integers (including zero). In fact, a perfect square r* is
representable in the sense that r* = r*+02. It is known that the least integer which
is representable in three ways is

325=182+12=17> + 6% = 15*+10%.

Representable numbers were first studied by Diophantos in 250 A.D. Equa-
tions for which solutions are sought in integers are called Diophantine equa-
tions. In the case of the equation 2x+ 5y = 100, a solution by inspection gives
(x,y) = (10,16), as are many others. Pierre de Fermat (1601-1665) who was a
lawyer by profession, took interest in mathematics while reading a translation by
Bachet (1581-1638) of Diophantos’ ‘Arithmetica’. Fermat gave a formula for the
number of solutions of the Diophantine equation

¥ +yr=r

This follows from Fermat’s Two-squares theorem. It may be remarked that Fermat
merely stated theorems and many of his theorems were codified with proofs by
Leonhard Euler (1707-1783), the way we learn number theory from textbooks.

3
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The ‘congruence’ notation was introduced and used extensively by Gauss. The
famous ‘Four-squares theorem’ which states that every positive integer is the
sum of four integer squares, was guessed by Fermat and proved by Joseph Louis
Lagrange (1736—1813) . Diophantos probably knew the Four squares theorem.

Among the mathematicians who contributed to number theory during the 17"
and the 18" centuries, the name of John Wilson (1741-1793) is never missed as
he proved only one theorem of number theory in his lifetime and he is known by
that lone theorem.

1.1. Introduction

The set {0,41,42,...} of integers is denoted by Z. This notation probably
got established due to the fact that the German word zahlen means ‘number’.

The purpose of this chapter is to point out certain proofs of classical theorems
of elementary number theory using ideas arising from

(1) an elementary enumeration principle of Melvin Hausner [6]

(2) amap on Z x Z x Z due to D. Zagier [17] and

(3) Newman’s [11] factorisation of 2 x 2 matrices over the ring of Gaussian
integers.

We also give conditions necessary and sufficient for the existence of solutions
of Diophantine equations of first degree in s unknowns. A formula for solutions
of

aixi+ay+...+axg=r, a;>1, i=12,...;5; r>1

when solutions exist, is pointed out.

1.2. The quotient ring Z/rZ

Let r be an arbitrary element of Z. We write
rZ={rk:keZ}.

It suffices to choose r to be either 0 or a positive integer. rZ consists of inte-
gers congruent to 0 (mod r). rZ is an ideal of the ring (Z,+,-), where + denotes
addition and - denotes multiplication. We know that for a,b € Z,

a=b (modr)

if, and only if, a—b € rZ, that is, if, and only if, a and b come from the same
coset of (rZ,+) in (Z,+). Congruence (modulo 7) is an equivalence relation on
Z and a congruence class is a coset of (rZ,+) in (Z,+). Each coset of (rZ,+)
is a subset of Z containing integers which form an arithmetic progression with
common difference r. It is this connection between congruence (modulo r) and
cosets of (rZ,+) that motivates quotient groups and quotient rings.

It is easy to check that the quotient group (Z/rZ,®) under addition
(modulo r) is cyclic and is of order r. The quotient ring (Z/rZ,®,®) under
addition and multiplication (modulo r) is an example of a finite ring which is a
field if, and only if, 7 is a prime. (The abstract definition of a field was given by
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THEOREMS OF EULER, FERMAT AND LAGRANGE 5

Heinrich Weber (1842-1913) in a paper of 1893). The group of units in Z/rZ is
the set of cosets

{lal:a€N,g.cd(a,r)=1)},
where N denotes the set of positive integers. The cardinality of the group of units
in Z/rZ is ¢(r), the Euler totient. To find x such that

(1.2.1) ax = b (mod r), where a, b are fixed integers,

is to obtain the congruence class [¢] such that at = b (mod r). When ¢ is obtained,
[¢] is a solution of (1.2.1). It is known that (1.2.1) is solvable if, and only if,
g.c.d (a,r) divides b. If this happens, the congruence (1.2.1) is equivalent to the
equation
(1.2.2) AX =B
in Z/rZ, where A = [a] and B = [b]. If X € Z/rZ is obtained from (1.2.2), any
t € X solves (1.2.1). Conversely, if ¢ is a solution of (1.2.1) then [¢] solves (1.2.2).
In short, what are congruences in number theory are equations in algebra.

Next, we note that (1.2.1) could be written as

(1.2.3) ax=b+ry
which is an example of a Diophantine equation in x,y. That s, (1.2.1), (1.2.2) and
(1.2.3) are three formulations of the same problem, namely,

(1) solving a linear congruence
(2) solving an equation in Z/rZ and
(3) solving a linear Diophantine equation in two unknowns x, y.

Now, let us denote the group of units in Z/rZ by U(r). For r > 1, U(r) has ¢(r)
elements. One notes that
(1.2.4) a®” = 1 (mod r), whenever g.c.d (a,r) = 1.
which is Euler’s theorem.
In the case r = p, a prime, one sees that
(1.2.5) a’' = (mod p)
(whenever p does not divide a) which is Fermat’s little theorem.

Next we point out that Wilson’s theorem follows as a corollary of

Lemma 1.2.1 : Let G ={ay,a;...,a,} be an abelian group of order r under
multiplication, with ay serving as the identity element. If aj (j # 1) is the only
element of order 2 in G, then a; -ay- ...-a, = a;.

Proof : We observe that a; is its own inverse. The remaining elements q;
(i #1,i# j) have distinct inverses. That is, the product of all these elements is
the identity a;.

aaz...aj14ji1 ...4r=4aj.

Multiplication by a; gives the desired result. (]

Corollary 1.2.1 (Wilson’s theorem) : If p is a prime, then, (p—1)!4+1=0(mod p).
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Proof : For, the case p =2 is obvious. So, let p be an odd prime. If we con-
sider the multiplicative group of Z/pZ, it is cyclic and so abelian. Its (p—1)
elements are such that [(p—1)] is the only element of order 2 in the group. So, by
lemma 1.2.1, we see that (p—1)! = —1 (mod p). O

Remark 1.2.1 : Wilson’s theorem has a valid converse which is stated below:
If r is a positive integer > 1 such that (r—1)!4+1 =0 (mod r), then r is a
prime.

This by itself is not an efficient way to determine primes. But, Wilson’s
theorem is relevant to applications in certain contexts. For instance, if p is a
prime, one knows that the quadratic congruence

(1.2.6) x*> =—1(mod p)

has a solution if, and only if, p is a prime of the form 4k+1. To prove (1.2.6) one
way, Wilson’s theorem is used.

Before concluding this section, we point out an interconnection between algebra
and number theory.

Definition 1.2.1: Letr > 1 be a composite number. Suppose that d is an arbitrary
but fixed integer such that 1 < d <r. We write

(1.2.7) A (d)=[{x€Z: xd =0(mod r)}]
It is easily verified that
A (d)={[x1€Z/rZ: [x] [d]1=[0]}.
A (d)=A,(dp), if g.cd (@, r)=1
A,(d) is an ideal of the ring Z/rZ.
A,(d) is the annihilator of [d] in Z/rZ.
As an illustration, when r = 12, d =7, one has
Ap(M=[{x€Z:7x=0(mod 12)}]1=[0].
When r=12,d =4, we get
Ap@ =[{x€Z:4x=0(mod 12)}]1={[01,[31,[6],[91}.

A12(4) is contained in Z/127Z and is an ideal of Z/127Z. Next, suppose that d
divides r. When x=r/d, 2r/d,...,(d—1)r/d, r ; xd = 0 (mod r) and so, there are
d elements in A,(d).

Lemma 1.2.2 (Charles Green [5]) : Let d be a proper divisor of r. Suppose that
A,(d) is as defined in (1.2.7). Then, A,(d) is a field if, and only if, d is a prime
such that g.c.d (d,r/d)=1. If p1,pa,...,ps are prime divisors of r such that
g.c.d(pir/p)=1,(1=1,2,...,5), there are s fields contained in 7/ rZ.
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Proof: := Let A,(d) be a field. Suppose that d =d;d>. We write r = ddt. We
note that [d;¢] and [d,t] are both nonzero elements in A,(d). But, [dit][d»t] =
[dida2t?] = [0]. So, if d2|r, then r = d?s and [d][s] is a nonzero element of A,(d)
such that [ds][ds] = [d%s*] = [0]. As A,(d) is a field, d has to be a prime p such
that p2 {r; thatis, d is a prime and g.c.d (d, [—j) =1.

<: Suppose that d is a prime p and p? {r. Let ¢ = i and g.c.d (¢q,p)=1. If
m € A.(p), then m = [nq] for some integer n. Since a = b(mod r) implies
aq = bq (mod r), we see that an element [nq] of A,(p) is [0] if, and only if, p|n.
Hence, if [aq] and [bqg] are nonzero elements of A,(p), we have

[aqllbg] = [aqu] is nonzero.

p is a prime such that pta, ptb and p1g. So p1abq. Therefore, A,(p) is an
integral domain. Since A,(p) is finite, A,(p) is a field.

Further, there are as many fields A,(p) as there are primes p for which p | r
and g.c.d (p, [—’)) = 1. This proves the lemma 1.2.2. ([l

Corollary 1.2.2 : Let p be a prime such that p* { r. Then, the identity element of
the field A,(p) is [cc'] where ¢ #0, [c¢] € Z/pZ and cc’ = 1 (mod p).

Proof : Given A,(p) is a field, we can consider a nonzero element [c] € Z/pZ,
where Z/pZ is a field. Since p 1 ¢, there exists [¢] € Z/pZ such that

cc’ = 1(mod p).
Then [cc’] is a nonzero element of A,(p). Further,
[cc'l[ec’1 = [¢*c’c’] and ¢*¢’ = ¢ (mod p).
Also, ¢’ = ¢’ (mod i).
p
So,
¢! = ec’(mod 1) or [ec'][ec’] = [ec'] in A(p).

That is, [cc’] is the identity element in A,(p). O

Example 1.2.1 : Taking r = 12, p = 3, we observe that A|5(3) is a field, as
g.c.d(3,4) = 1. Further,

Ap(3)={[0],[4],[81}
[2] € Z/3Z is such that 22 =1 (mod 3). Clearly, [4] is the identity element of
App(3).

Example 1.2.2 : Taking r =14, p =7, we have

A4(7) = {[01,[21,[41,[61,[81,[101, [121}.

7% does not divide 14. Further, 2 and 4 are such that 8 = 1 (mod 7). Then, [8] is
the identity element in A14(7).
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Next, we note that every ideal of Z is principal. That is, an ideal of Z is
generated by a single element. For, let I be an ideal of Z. If I = (0), I is generated
by 0. Suppose I #(0)). I contains a nonzero element say n. If n € I, —n € I and
so I contains positive integers. Let m be the least positive integer contained in /.
The division algorithm in Z says that given a € Z,

a=mgq+r, where 0 < r < m.

Sinceaclandmgel,r=a-mgel.

As r < m, if r #0, we arrive at a contradiction to the minimality of m € Z.
This forces r to be zero. So, a = mq.

We write

(m)y={km:keZ}.

(m) is the ideal of Z generated by m. So I C (m). Asm € I, (m) C I. Thus, I = (m),
or every ideal of Z is principal. In fact, Z is an example of principal ideal domain
written PID.

Definition 1.2.2 : The set of Gaussian integers is defined by
Z[i] = {a-i—bi ra,b € Z, i denotes \/—1} .

The function g : Z[i] — 7Z given by
(1.2.8) gla+b)=a*+b* abel

serves as a Euclidean Norm on Z[i] and so Z[i] is a PID.
We look at Euclidean domains more closely in Chapter 3.

1.3. An elementary counting principle

X denotes a finite set. Let p be an arbitrary but fixed prime. | S | denotes the
number of elements of S when S is finite. There exist functions f : X — X such
that

fP=fofo---of(ptimes) = j, the identity map on X.
For example, let G be a finite group. We define f : G — G by
f(x)=x7" (the inverse of x) foreach x € G. Itis clear that fo f = f* = j.

If T is defined by
T={xeG:f(x)=x},
then,
T={xeG:x"=x}
= {x € G : x* = ¢, the identity element in G} .

We note that | T | gives the number of elements of order 2 in G. If | G | is odd,
| T | = 1 (mod?2)and we get
(1.3.1) |G| =|T|(mod?2).
If | G | is even, elements x for which x #x~! can be paired off and so
| T | =0(mod2). In this case also (1.3.1) holds. As e € T, it follows that
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if G is a group of even order, then G has an element a % ¢ such that at=e
(see I. N. Herstein [8]). This is precisely what we did in the proof of Wilson’s
theorem for odd primes p. The sort of argument used to obtain (1.3.1) could be
given in a general set-up.

Theorem 1 (Melvin Hausner (1983)) : Let f : X — X be such fP = j, the identity
map. Suppose T is a subset of X defined by

T={xeX:f(x)=x}.
Then,
(1.3.2) | X | =|T | (modp).
Proof : For x € X, we define A(x) by
A@ = {x, f(0, 200, 77 @]

A(x) is called the orbit of x under f, as f”(x) =x for all x € X. The orbits of the
elements of X give rise to a partition of set X. Further,

| A(x) | = 11if, and only if, f(x) = x.
That is, |A(x)| = 1 if, and only if, x € T.

Claim : If |[A(x)| > 1, then |A(x)| = p. If A(x) is such that, for some s,7;
0<s<t<p; fx)=f"(x), then, f~(x)=x. Since fP(x)=xand g.c.d (t—s,p)=1,
it follows that#—s =1 and f(x) = x. So, |A(x)| = 1. Thus, the elements of A(x) are
all distinct if |[A(x)| > 1. Then, |A(x)| = p. Now, there are |T| orbits of length 1 in
X. As X is a disjoint union of orbits, we get

[ X [=[T]| +mp,
where m is the number of orbits of length p. (1.3.2) follows. O
Theorem 2 (Fermat) : Forn € N and p a prime
(1.3.3) n? =n(mod p).
Proof : Let R denote the field of real numbers.
R"={(x1, %2, ,xn) :x; ER,i=1,2,--- ,n}

is referred to as an n—dimensional vector space over R.

Points (x1,x2,--- ,x,) Where x; € Z (i=1,2,--- ,n) are called lattice points in R".
From xp,x2,--- ,x,, 1 <x; <n (i=1,2,---,n), we choose a lattice point

(x1,x2,---,x,) € R?. We define

X={(1,x,,xp):1<x;<n,(i=12,---,p)}.
A function f : X — X is defined by
FOo,x2, 0 Xp) = (X2,X3, 7+, Xp, X1).

Then f? = j, the identity map. We note that |X| = n”.
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If(-xia-xi7"' ,xi)GX,i= 1,2,"' )1

f(xia-xia"' a-xi) =(-xia-xia"' axi)a i= ],2,...7’1.

So, if
T = {(.X'] 3 X2yttt axp) : f(xl 3 X2yttt 7-xp) = (-xl 3 X2yt 7-xp)} ’
|T|=n.
By theorem 1, we get the desired congruence (1.3.3). 0

Remark 1.3.1 : We note that this argument works with R”, whatever be the value
of n#0.

Theorem 3 (Lucas’ Theorem) : Let p be any prime. Suppose that

n =n0+n1p+---+nkpk 0<m<p; |.
k i=0,1,--- k.
andr =ro+rip+---+npt 0<r<p.

Then,
ny\ _ (N np ni
12 ()= () () () s
where
0, ifb>a;
a al .
(b) = e b <a
1, ifb=a.

Proof : n and r are such that

no+Np, ng >0

S
Il

r =ry+Rp, rp>0.

Once we prove that

(1.3.5) <’:) = (’:3) (%) (mod p),

we will get from
n = n0+n1p+n2p2

r = r0+r1p+r2p2
n = (ng+nmp)+mp-p
r = (ro+rp)+mnp-p

no+nip nyp
mod
<r0+r]p) (rzp)( p);

(7)= (o) C) (2 emoa

So,

N

SN S

~
I1l
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mpy\ _ (M
= mod
(rzp) (fz) (modp)
This would imply that

n\ _ (ng\ (m ny
()= (o) () (32 emot
Therefore, it suffices to show that (1.3.5) holds. We write
A,Z{(l,])7(l,2)77(l7N)}, i:]727"'7p'

But,

and
B= {(07 ])7(072)7 e ,(O,l/l())}.

Ay, Ay, -+ ,A, and B are sets of ordered pairs. | A; |=N,i=1,2,---,p;
| B |= ng. There are (p+ 1) sets under consideration. We write

(136) AZA]UAQU---UAPUB.
Then,
(1.3.7) |A|=N p+no.

We define f : A — A by moving A!s cyclically and keeping B fixed. That is,
flG,x)=>(+1,x), 1 <i<p-1,x=1,2,--- N.
(1.3.8) f(p,0) =%, x=1,2,---,N.
f0,x)=(0,x), x=1,2,--- ,nop.
From (1.3.8), we get
JA)=Am (1 <i <p-1),
(1.3.9) fAp)=Ay,
f(B)=B.

It is seen that f7(A) = A or fP = j, the identity map. We take X as the collection
of subsets C of A with | C |=r.

f(C) = {f(x):x€C}
As f is one-to-one, |f(C)| =|C|. |X| is the number of r-element subsets of A,
where |A| =n. So, |X| = Z .
Any subset C of A can be uniquely written as
C=CUGU---C,UGC

where C; C A; and Cy C B.
Since f sends A; cyclically around and keeps B fixed, we see that

fO=c
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if’ andonlyifa Cizfi_l(cl) i= 1)2;"' s D- F0r9f(Cl):CZ,fZ(C1)=C3,"' and

f(C) =Cyyy,
f(Cp) =C,
f(Co) =Co.

Then f(C)=C.
For C contained in X, we have | C |[=r. If Cisin T,
r=[Cl=p |C[+|Col.
Also, |Cy| > 0, ro < p. The cardinality restriction on C is satisfied if, and only if,

1|=R, | Gy |=ro. So, = Rp+rp. There are such choices for C; an
Ci|=R, | C So, |C |=R Th II\; h choices for C; and

(’ZO) independent choices for Cy. So,
0

=) (3)

and | X | = | T | (mod p) yields (1.3.5). O

Remark 1.3.2 : Proofs of theorems 1, 2 and 3 have been adapted from [6].

1.4. Fermat’s two squares theorem

It is known [4] that a prime p of the form 4k+ 1 can be expressed as a sum
of two squares. Many proofs are available. One is based on the fact that a prime
of the form 4k+ 1 splits in Z[i]. (It can be proved without appealing to Z[i]). In
1984, D. R. Heath-Brown [7] gave a new proof based on an involutory map on
a finite set. D. Zagier [17] gave a proof in 1990 on the lines of proof given by
Heath-Brown. D. Zagier’s proof is presented below. We need a definition and a
special case of theorem 1.

Definition 1.4.1 : Let X be a finite set. Suppose f : X — X is a well-defined map.
f is called an involution, if f o f = j, the identity map.

The set

T={yeX:fy)=y}

is called the set of fixed points of f.

From theorem 1, we see that we could take the case p = 2 in the congruence
| X [=|T | (mod p).

So, when f : X — X is an involution, we deduce that | X | and | T | have the
same parity, or
(1.4.1) |X | =|T|(mod?2).

D. Zagier remarks that the above congruence is the combinatorial analogue
of the
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Proposition 1.4.1 : The Euler characteristic of a topological space and its fixed-
point set under any continuous involution have the same parity.

The above theorem is from algebraic topology. See [2].

Theorem 4 (Fermat’s Two-squares theorem) : Any prime p =1 (mod 4) is a sum
of two squares.

Proof : We define a set

S={(x,»2 €N’ :x*+4yz=p}
where N denotes the set of positive integers. p is an arbitrary but fixed odd prime,
where p = 1 (mod 4).

If p =4k+1 taking x = 1, k = yz, the different values of y, z are obtained from
the different factorizations of & into the form yz. So, there are only a finite number
of solutions (x,y,z) to the equation

x2 +4yz=p.
So, S is a finite set. For (x,y,z) € S, let
(X+ZZ7Z7)’—X—Z)7 ifx<y—z
(1.4.2) fy=< Qy-x,y,x—y+2), ify-z<x<2y
(x=2y,x=y+z,y), if2y<x.

The image of (x,y,z) under f is the triple (x',y’,z") where x’,y’,z" are positive
integers. Three cases arise.
(a) Suppose that (x,y,z) is such that x < y—z.
Then,

f(x7y7Z) = (X+ZZ>Z>)’—X—Z)-
We have y—x—z>0,z>0.
Asx>0,x+2z>0.
We write

X =x+2z,y=2,7 =y-x—z.
2y =2z and 2y’ <x' =x+2z.
So,

J&Y, ) = =2y X =y +2y) = (x,3,2)
So,
Fy,20) = (6,5,2).

(b) Suppose that x,y, z are such that y—z < x < 2y. Then,

J,y,2) = Qy—x,y,x=y+2).

2y—x>0,y>0,x—y+z>00rx+z>yory—z<x <2y

If2y—x=x",y=y andx—y+z=7.

2y —x' =2y—(2y—-x)=x > 0.
Also,

2 >x Y- =y—(x—y+2)=2y—-x—z< ¥, asx’ =2y—x.
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Therefore,
y -7 <x <2y.
That is,
f&Y, )=y =Xy X =y +2) = (x,3,2).
So,

F6y,20) = (6,5,2).
(c) Suppose that, x,y and z are such that 2y < x.

fx,y,2) = (x—2y,x—y+z,y).

Take
X =x=2yy =x-y+z,7 =y,
X >0y -7 =(x—-y+2)—y=x—2y+z=x'+z>x orx’ <y -7.
So,
f& oy )= +27, 7y =¥ =) = (x,y,2).
Or,

.2 = (x,y,2).
This shows that f is an involution on S. To obtain 7', we note that
f(x,y,2) = (x,y,2) if, and only if, we get positive integral values for x, y, z such that
2y—x=x,as x+2z>xand x—2y < x with y—z=0 < x < 2y. Then,

X +dyz=x’+dxz=p=x|p.So,x=1or p.

x# p. So, x=1. Then, (1, 1,k) is the only fixed point under f. Next,letg:S — S
be given by g(x,y,z) = (x,z,y). g is an involution and g has a fixed point (x,y, ).
Then, p = x> +4y? gives the required property of p. g

Remark 1.4.1:

(1) The above type of argument could be applied to prove the expressibility
of a prime of the form 8k +3 as x> +2y?.
See Terrence Jackson [9].

(2) For arecent but a different proof of the Two-squares theorem,
see John A. Ewell [3].

(3) Counting the number of solutions of x> +y? = p requires the study of the
nature of primes in Z[i] where Z[i], the ring of Gaussian integers, is a
unique factorization domain.

If p1,p2,...,p, are primes congruent to 1 (mod 4) and ¢q1,¢>,...,q, are primes
congruent to 3 (mod 4), and n =2%p{"---p¥r- ~~q§b'q§bz~
[M] solutions where solution < x,y > and < x';y’ > are
considered equivalent whenever x = +x’, y=+y’. See [1]. ([x] denotes the greatest
integer not exceeding x).

2b
qp ", xz-i-y2 =n has
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We metion that one can count the number 7(n) of solutions of x*>+y> =n
without appealing to Z[i]. Considering (£x, £y) as distinct solutions we note that
r(n) =8, when n is the prime of the form 4k+ 1, where as r(n) =0 when n is a
prime of the form 4k + 3. It can be shown that

(14.3) r(n):4Zt(%),
d|n
where d runs through positive integers whose squares divide n and
0, if4 divides m or if m is divisible by a prime
of the form 4k+3
t(m)= ¢ 24, if 4 does not divide m, m is not divisible by a prime
of the form 4k + 3 and ¢ is the number of distinct primes

of the form 4k+1 dividing m.
For proof, see E. Landau [10] or Don Redmond [12].

1.5. Lagrange’s four squares theorem

It was Lagrange who proved in 1770 that every positive integer is a sum of
four squares. The proof given below is originally due to M. Newman [11]. The
simplification of the proof is due to Charles Small [16].

We begin with

Lemma 1.5.1: Let p be a prime. Every element of the field 7./ pZ is a sum of two
squares.

Proof : We may assume that p #2. We write
Si={x*:x€Z/pL}, S,={r-y*:y€L/pL}

where r is an arbitrary representative element of Z/pZ. As x and kp—x both give

the same square x%, S; has p—;l +1= ”7” elements. S, also has ”7” elements. So,

S1NS; is non empty and so r is a sum of two squares. (|

Remark 1.5.1 : The equation ax?+cy® = r (a,c # 0) has solutions in any finite
field IF, (a field of characteristic p). For, one has to consider

M ={ax2 :xE]Fp}.
and

S, = {r—cy2 1ye IF,,}.

To see that a positive integer r is a sum of four squares, without loss of
generality, we may take r to be square-free. For, if r = a®//, (¥’ square-free) and
if ¥/ = w?+x?>+y>+72, then

r= (aw)2 + (a)c)2 + (ay)2 + (az)z.
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If r=pips--- px where py, pa,---, p are distinct primes,
Z)vZ = Z)p1ZXZL]px -+ x L] pyZ (see [8]).(See also section 5.3, chapter 5)

As each element of Z/p,Z (i=1,2,--- k) is a sum of two squares, each element
of Z/rZ is a sum of two squares. This is clear from the fact that writing t € Z/ p;Z
as a sum of two squares for each p;, f is a sum of two squares in Z/rZ.

So, —1 is a sum of two squares in Z/rZ, where r is square-free. We could

write —1 as
(1.5.1) —1=+d*—rs
We define a 2 x 2 matrix A by

r c+di
(1.5.2) A= { o—di s }

where i denotes v/—1. Then,
detA=rs—c?—d*>=1 by (1.5.1).

Theorem 5 : Let the matrix A be given by (1.5.2) where c,d,r,s € Z and r > 0.
Assume that det A =1. Then,

A =BB*
where B is a 2 X 2 matrix over Z[i] and B* is the conjugate transpose of B.

Proof : To prove the theorem, we apply induction on ¢?+d>.
If 2 +d? =0, we will have

and then B = A will do.

Therefore, we assume that ¢Z+d? > 0. So, ¢ and d are not both zero.

As rs=1+c*+d?, s is a positive integer. There are two cases to be considered:
Ho<rs(i)0<s<r
Case (i): 0 <r <s.LetA’=M A M*, where

w= L V]
x—=yi 1

and x,y are integers to be specified. Then,

A = [ 1 0 r c+di 1 x+yi
o x—yi 1 c—di s 0 1

1 0 r r(x+yi)+c+di
| x—yi 1 c—di (c—di)(x+yi)+s

r c+di
c—di *
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where
' =c+rx,d =d+ry
anddetA’ =1,asdetM =det M* =1.
We choose x,y such that
c?+d"* < ¢®+d*. Applying induction, A’ = CC*. Further,
A M—IA/(M* )—1
= m'ccrmry!
= M'owm'c)
= BB*,where B=M"'C.

Now, when ¢ > %, we choose x =—1,y = 0. Then, ¢* = (c—r)* < ¢* and d"* = d*.
Therefore, ¢’> +d"> < ¢*+d?. Similarly, if ¢ < -5, we take x=1,y=0.

Ifd > 5, take x=0,y=—1.

Ifd <3, take x=0,y=1.

Ifr=1,|c|> 1, since c and d are not both zero and s = 1+c?+d* ass > 1,|d |> 1.
If r > 1, we claim that | ¢ [> , |d |> 5. Suppose on the contrary, | ¢ |< 5, [d |< 5.
Since 0 < r <'s, we have r* < rs=c*+d*+1 < (5)*+(§)*+1= §+1 <r’,a
contradiction. Therefore, we will only have | ¢ |> £,|d |> 5 for r > 1. Therefore,
in all the above possibilities involving r,s,c,d; x and y are determinable and so
the proof'is okay in case (i).

Case (ii): 0 < s < r. We write A’ = MAM*, where

|1 x+yi
welo

Thus

d=d'i s
with ¢’ = c+sx, d’ = d+sy. It suffices to find x and y such that
c?+d”? < c®>+d*. As in case (i), the values x=+1,y=0;x=0,y = %1 yield
the desired condition ¢’ +d"* < ¢*+d?, since here | ¢ |[> £, d |> 5. Proof by
induction is complete. O

A= [ % +d'i }

Corollary 1.5.1 : Ifr is square-free, r is a sum of four squares.

For, writing
r c+di
A= { c—=di s }
with det A =1, we obtain A = BB* for some B. We take

B [ wHxi y+zi }

* *
then,
B = w—=xi *
T oy—zio*
and A = BB* yields r = w? +x> +y* + 7% O
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Remark 1.5.2 : Lagrange’s theorem is a consequence of corollary 1.5.1.

1.6. Diophantine equations

A linear Diophantine equation in two unknowns is of the form
ax+by=c where a,b,c € 7.
It is known that

(1.6.1) ax+by=c, {(a,b) #(0,0),
has solutions if, and only if, g.c.d (a,b)| c. When solutions exist, they are all given
by
xX= ¢ xXo + r
(1.6.2) CCZ Z
y= d Yo — d r

where g.c.d (a,b) =d, axo+byy =d and r is any integer. See [1].

Remark 1.6.1 : (a) The pair (xo,yo) is obtained in view of the fact that d is
expressible as a linear combination of a and b.

(b) In the case of the linear congruence ax = b(mod r), a solution exists if,
and only if, g.c.d (a,r) | b. When solutions exist, they are unique modulo 5 where

d=gcd(a,r).
Definition 1.6.1 : Let ay,as,--- ,a; be integers, at least one of which is not zero.
A greatest common divisor d of aj,ay, - ,a, is a common divisor which is a

multiple of every common divisor.
The existence of a g.c.d (ay,as, - ,a,) follows from the fact that Z is a PID.

Lemma 1.6.1 : The Diophantine equation
(1.6.3) aix)+ayx;+azxz+---+agxg=c.  (some a; #0)
has a solution if, and only if, g.c.d (a1,az,- - ,ay) | c.

Proof : When s =2 the result is known. We apply induction on s. Suppose that
s > 2. We assume that the result is true for all Diophantine equations having s— 1
unknowns. Now,

g'C'd (alaa%"' 7as)= ng (t7a37a47"' ;as)v

where t = g.c.d (aj,a).

By the linear expressibility of g.c.d, there exist integers y;,y, such that
aiy1+axy, =t and tx+asx3+- - - +aux; = c is solvable, by induction hypothesis. We
write x| = yix, X2 = yox. Then, a;x; +ax; =tx. So, {x1,x2,--- ,x;) solves (1.6.3)
if, and only if, g.c.d (a,a2, - ,a;) | c. O

Remark 1.6.2 : Given a, b, c ; the Diophantine equation
ax+by=c, (a,b)#(0,0)
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where g.c.d (a,b) divides c, has solutions stated in (1.6.2). To pick solutions
for which x > 0, y > 0, plot points (x,y) (which satisfy the given Diophantine
equation) in the cartesian plane and locate the pairs (x,y) corresponding to the
points which fall in the first quadrant.

1.7. Notes with illustrative examples

The division algorithm in the ring Z of integers has many applications. The
Euclidean algorithm is a technique of iterating the division algorithm. It provides
an efficient way to find the greatest common divisor of two positive integers.

Suppose a =288, b =51. The division algorithm gives

288 =51 x5+33,0 <33 <51
Applying the division algorithm with a = 51 and b = 33, we have
51=33x1+18,0< 18 < 33.
One more iteration yields
33=18x1+15,0< 15 < 18.
Once again iterating, we get
18=15x1+3,0<3< 15

and
15=5x%x3+0.

The algorithm tells us that 3 is the g.c.d. of 51 and 288.
In a general setting, one would have the following iterations:

a=bq+ry, O0<r <b
b=riqx+r, O0<r<r
ry =nqsz+r;, O<r3<r2
Vi—2 = Vi=1qk + Tk, 0<ry<rq

Pl = reqre1 0 say at the ™ iteration.

Then ry is the g.c.d of a and b. For, clearly, ry | rici. ri—1 | riez. SO, 7% | reea-
Proceeding thus, r; | ; and 7 | b. So,ri | a. Ift |aandt | byt | ry, so, t | ra,
-+, 1| rx. So, any common divisor a and b divides ry.

Next, if / is the least common multiple of @ and b and g is
ag.c.d (a,b), one has

lg=ab

If we consider N as a partially ordered set under the divisibility relation, the g.c.d
and l.c.m of a,b are their greatest lower bound and least upper bound respec-
tively in the lattice (N, <) where < is to mean ‘divides’. Lattices are discussed in
chapter 8.
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A number of the form f;, = 22" +1 is called a Fermat number when n > 0.
Fermat conjectured that f,, is a prime for all positive integers n. Euler proved that
641 divides f5. So, f5 is not a prime. It is likely that all Fermat numbers other
than fo, f1, f2, f3 and f1 are composite. It is true that Fermat aimed at generating
the primes belonging to N. He believed that { f,,} would generate primes.

If p1,p2,...,p: are Fermat primes, that is, primes of the form 22 +1 and
r=2%p1,p2, -+, pr (@ > 0), then the Euler function value ¢(r) is a power of 2.

Now, we write M), =27 —1. M), is called a Mersenne prime (Marin Mersenne
(1588-1648)). If M, is to be a prime, it is necessary but not sufficient to say that
p is a prime.

The 30" Mersenne prime

9216091 _

was discovered in 1985. Prof. Curtis Cooper and Prof. Steven Boone of Central
Missouri State University, Warrensburg, MO have reported (Dec 2005) that the
43 Mersenne prime M, is 27 — 1 where p = 30402457 and M, has 9152052
digits.

Next, we compare the nature of solutions of a linear Diophantine equation
and a linear congruence.

In the case of Diophantine equation

(1.7.1) ax+by=c
if d = g.c.d (a,b) divides c, writing a =da;, b=db,, c =dc;, we get
(1.7.2) aix+byy=c
It is easy to check that the equations in (1.7.1) and (1.7.2) have exactly the same
solutions.
In the case of congruence
(1.7.3) 18x = 30 (mod 66),

since g.c.d (18,66) = 6 and 6 divides 30, the congruence (1.7.3) has six
incongruent solutions. From (1.7.3) division by 6 yields

(1.7.4) 3x =5 (mod11).

Since the g.c.d (3,11) =1 which divides 5, the congruence (1.7.4) has a unique
solution (modulo 11). The inverse of 3 (modulo 11) is 4 (modulo 11). Multiplying
both sides of (1.7.4) by 4 (mod 11), we get the unique solution as

(1.7.5) X0 = 9 (mod 11).

But, (1.7.3) is given modulo 66 so that its incongruent solutions are integers
among the numbers 0,1,2,---,65. The incongruent solutions of (1.7.3) are given
by

y=9+11k, k=0,1,2,3,4, and 5.

So the solutions of (1.7.3) are [9], [20], [31], [42], [53] and [64] and they are
six distinct residue classes satisfying (1.7.3) and incongruent modulo 66. The
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summary is that a unique solution of (1.7.4) gives rise to six distinct solutions of
(1.7.3).

The next observation is about Fermat’s little theorem. A direct converse of
theorem 2 is false. It is not true that if » does not divide a and

(1.7.6) a™' = 1(mod r)

then r is necessarily a prime. As noted in Hardy and Wright [4], it is easy to check
that if a is prime to 561 =3.11.17, then

a’®® =1 (mod 561)

However, 561 is not a prime!
A valid converse of theorem 2 is the following.

Theorem 6 : For a > 2 and prime to r, if @’~' = 1(mod r) and a® # 1(mod r) for
any divisor d(1 <d <r—1) of (r—1), then r is a prime.

Proof: As g.c.d (a,r) =1, if d is the order of a in the group of units of Z/rZ,
then, d|¢(r). We are given that

a’ # 1 (mod r)

for any divisord of r—1 (1 < d < r—1). So, as a' = 1(mod r), (r—1) divides
o(r). If r is composite, then r has a divisor ¢ such that 1 < ¢ < r. Further, we note
that there are at least two integers #; and f, among the numbers 1,2,---,r which
are not relatively prime to r, namely ¢ and r themselves. So, ¢(r) < (r—2) < (r—1).
So, if (r—1) divides ¢(r), (r—1) has to be equal to ¢(r) and in that case r is a
prime. U

Remark 1.7.1 : For an account of Euler’s ¢-function and its generalizations, see
the expository articles [11], [12] and [13].

Definition 1.7.1 : Let b be a positive integer. If r is a composite number and
b" = b(mod r)

then r is called a pseudoprime to the base b.

For example 341 =11 x 31 is a pseudoprime to the base 2, as

2340 = 1 (mod 341)
Definition 1.7.2 : Let r be a positive composite integer such that
a™' = 1(mod r) for all a with g.c.d (a,r)=1.

Then, r is called a Carmichael number.

It is verified that 561 is a Carmichael number and it is the smallest such num-
ber. We state, without proof, a
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Proposition 1.7.1 : An odd composite number r is a Carmichael number if, and
only if, r is square-free and p—1 divides r—1 for every prime p dividing r.

In 1994, Alford, Granville and Pomerance [A1] have shown that there are
infinitely many Carmichael numbers. While discussing sums of squares, we gave
certain number-theoretic aspects only. For an advanced level reading of the theme
on sums of squares, see Olga Taussky [A4].

1.8. Worked-out examples

a) What is meant by a ‘primality test’ ?

Answer: The problem of distinguishing primes from composites has attracted
the attention of those who are interested in some kind of a numerical compu-
tation. By a ‘primality test’, we mean a test that will check whether a given
number is composite or not. To say that a positive integer r passes a primality
test is to conclude that when the test is executed, r is shown to be composite.
If r fails a primality test, then r is a prime. The basic idea is that on account of
Fermat’s little theorem, if we can find an integer a such that

(1.8.1) a" # a(mod r),
then, r is composite.

Remark 1.8.1 : Suppose that r is composite. We write r = r|r,; where

1 <ri,ra <r. So, we will have r; < +/r, since, otherwise, r, > ry > +/r
implies that ryry > /r.\/r = r, which is impossible. As every positive integer
has at least one prime factor, r; has a prime factor p < /r. For instance,
every composite number < 100 has a prime factor < /100 = 10. Since the
only primes < 10 are 2,3,5 and 7, we have only to check each number < 100
for divisibility by 2,3,5 and 7. Crossing out such multiples of 2,3,5 and 7
we arrive at integers > 1, which are primes < 100. This procedure is known
as the sieve of Eratosthenes (276196 B.C.) who belonged to the school of
Alexandria. He devised a systematic method (the sieve method) for attaining
all primes up to a given number r.

Remark 1.8.2 : A recent efficient algorithm known as AKS algorithm
(Aggarwal, Kayal and Saxena (2002)) is known to determine whether a given
integer is prime. See Andrew Granville [A2].

O
b) (Ralph G. Archibald) It is known that the polynomial x> +x+41 yields a prime
forx=0,1,2,...,39, but is composite for x =40 and 41. Show that there does
not exist a polynomial f(x) of degree m > 0 and having integer coefficients
such that f(x) yields primes for every integer value of x or every integer x > ng

(a specified integer).
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Answer: Let g(x) be a polynomial of degree n and having real coefficients. We
write

g =aoX" +ai X" +. . +a,1x+ay,
which is the same as

(18.2) R R )
X X Xt

for sufficiently large x, in numerical value, g(x) has the same sign as that of
aox”. Further,

asx — 00, |gx)| — oo.

We write
(1.8.3) F) = boxX™ +bi X"+ 4By x+ by
Assume that by > 0. Let xy be an integer such that
(1.8.4) fxo)=g>1.

For x > t, suppose that f(x)—g > 0. We use Taylor expansion of f at x =x¢+sq
where s is arbitrary.

_ , S2 q2 . §m qm -
(1.8.5) f(X0+S4)—f(xo)+5f]f(xo)+2—!f (xo)+---+Wf (x0)-

Now, % f(’)(xo) has integer coefficients for 1 < r < m. So, for s an integer, as
fxo)=¢q (1.8.4)

, qu . qum_l )
Fo+sq)—g=q{sf (xo)+ o [ @)t — (x0) }
=gM( say).
So, when x = x¢+sq, f(x)—q is a multiple of ¢ and is positive when x > ¢. So,
(1.8.6) fx)=q(1+M).
Therefore, we have exhibited ¢ (> 1) as a divisor of f(x) for xo+sg > t. So,
f(x) is composite for sq >t —xo. We have only to take xo =. O

¢) (Ethan D. Bolker) (i) For r > 2, let U(r) denote the group of units in Z/rZ. If
U(r) contains an element of order r—1, show that r is a prime.
(ii) Given r > 2, show that r is a prime if, and only if, every linear polynomial
with coefficients in Z/rZ has at most one zero in Z/rZ.
Answer: (i) Let [a] be an element of order (r—1) in Z/rZ. It follows that

[a]" =[1].

That is, @’~! = 1(mod 7). As ¢(r) is the order of U(r), r— 1 divides ¢(r). But,
¢(r) < (r—1). Hence, ¢(r) =r—1 and so, r is a prime.

(ii) :=. Let r be a prime. Then, U(r) has order (r—1). A linear equation
having coefficients in Z/rZ has the form

(1.8.7) [alx+[b]=[0].
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When a #0, [a] has a multiplicative inverse [a]™!. So, solving (1.8.7), we get
x=—la]"' @[b]

which is a unique solution.

<«: To prove the converse, we use contrapositive argument. Suppose that r is
composite. As r > 2, the ring (Z/rZ,®,®) has divisors of zero. Suppose that
a,b are divisors of r such that 1 < a < b < r such that ab = O(mod r). Let [¢]
be a unit in Z/rZ. We consider the polynomial equation

(1.8.8) [t]x+[b]=[0].

One solution of (1.8.8) is x = —[t]”' ® [b]. However, multiplying both sides of
(1.8.8) by [a], we get
[a] @ ([r]x+[b]) = [O].

As [a] ® [t] #[0], we see that x = [0], which is another solution of (1.8.8). Or,
we have exhibited a linear equation having more than one solution. So, when
r is composite, we can find a linear polynomial having more than one zero.
In other words, if every linear polynomial having coefficients in Z/rZ, has at
most one zero, r cannot be composite. O

d) (Nicol and Vandiver) Given r > 1 and d a divisor of r, we consider the set
S= {n17n25 s 7”6}
where S is the set of positive integers less than and relatively prime to r.
¢ = ¢(r), the Euler ¢-function. Show that the number of elements of S which
are congruent to #(mod %) with g.c.d (7,5) =11is %gb(b) where b denotes the

greatest devisor of d such that g.c.d (b, 5) = 1.
Answer: Let

(1.8.9) T={z+j(£):j:0,1,2,...,(d—1)}.
Elements of T are integers which are relatively prime to 7, but not necessarily
prime to r.
Case: (i) Suppose that b > 1. We write the d integers 0,1,2,...,(d—1) as
(1.8.10) <m+hb >

wherem:O,1,...,(b—1)andh=0,1,2,...,(%)—1.
The values of j in (1.8.9) are reduced modulo b using (1.8.10) and we
obtain

(1.8.11) T’={t+m(§):m=0,1,2,...,(b—1)}

corresponding to each value of h=0,1,2,... ,(%)— 1.
Since g.cd (b,%) =1, the set T’ (reduced modulo b) is the same as
{0,1,2,..., (b—1D)}.

By definition, d can be written as d = d;b where each prime factor of d;
divides 4. To obtain those elements of T which are prime to d (and so prime
to r), it is enough if we select those which are prime to b, since they are prime
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to 5 and hence to d;. This subset of T becomes a subset W of T’ in which the
elements are relatively prime to b. So |W| = ¢(b). Now, there are % values of b
corresponding to each set T’ (1.8.11). Hence, the number of integers relatively
prime to r is (%)¢)(b), as required. U

Remark 1.8.3 : If b =1, each prime factor of d occurs in 5 so that each

element in S is prime to r. There are %qﬁ(l) = d such numbers in this case.

Remark 1.8.4 : The result in worked out example (d) is fruitfully employed
to evaluate Ramanujan’s sum C(n,r) (specifically, relation (5.4.4) of chapter
5). See [A3].

EXERCISES

1. Mark the following statements true (T) or false (F) justifying your answer
briefly.
a) Let N(> 1) be a given positive integer. All the positive divisors of N can
be determined from the prime factorization of N.
b) Let p be an odd prime and n > 1. Then, p"+1 is not a square.
c) Lett be an even integer. Suppose that a,b,c are integers having no com-
mon factor > 1, then, it is impossible to choose a,b,c such that

t*=a*+b*+c.

d) If n=3or 6(mod9), then n is not representable as a sum of two squares.

e) Let r be a square-free integer. It is certain that an abelian group of order
ris cyclic.

f) The matrix ring My(Z./27) has proper two-sided ideals. That is, My(7,/27)
is not a simple ring.

For any a € Z, show that a® —a = 0(mod 5).

Find the integral solutions of 6x+4y = 14.

4. Letay,ay,--- ,a; be integers. We define

“w N

I={axi+ax+ - +ax, 5, €Z, i=12--- 1}

Show that I is an ideal of Z, generated by g.c.d (ay,az,--- ,a;).
5. Find all integers a such that for 0 < a < 13,

x* =a(mod 13)

has a solution.

6. Let {c1,c2, ++ ,c;} where t = ¢(r) be a reduced residue system mod r. Show
that

ci+cy+--+¢, =0 (mod r).
7. Solve the congruence: 45x =36(mod 54).
Solve the Diophantine equation: 6x+15y=6.

S0
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11.

12.

13.
14.

15.
16.

17.

18.

19.

20.

—
—
—

(2]

(3]

(4]

CHAPTER 1

Solve the Diophantine equation: 8x+3y=28.
Let p be an odd prime. Suppose that g.c.d (a, p) = 1. Show that the congruence

x* = a(mod p')

has either no solutions or exactly two solutions modulo p'.

A Pythagorean triple is a triple (a,b,c) of positive integers such that
a*+b*=c* Let ¢c > 0. Show that there is a Pythagorean triple (a,b,c) if,
and only if, ¢ is divisible by some prime p with p = 1(mod 4).

We write A700(7) = {[x] € Z/700Z : [7][x] = [0]}.

Show that A700(7) is a field isomorphic to Z]1Z.

Find the least positive residue of (i) 232 (ii) 2% modulo 47.

Let f, =27 +1. f, is called a Fermat number. If f, is a prime, it is called
a Fermat prime. For m #n, show that f,, and f, are relatively prime to one
another.

(Gauss showed that a regular p-gon can be constructed with a ruler and com-
pass for those values of prime p for which p = f,; n=2 gives p=17.)

Solve the congruence T1x = 4 (mod 55).

Let n be a product of four consecutive positive integers. Prove or disprove:
(n+1) is a perfect square.

(Landau) Let m = 5(mod 12) and m > 17. Show that m is expressible as a
sum of three distinct positive squares.

Let r = x> +y? where g.cd (x,y)=1. Ifd(> 1) is a divisor of r, show that d is
also a sum of two squares.

(Ethan D. Bolker). Let r= p{' p5* - - - pi* where p1, pa, ..., pr are distinct primes.
We denote the (symmetric) group of permutations on n symbols by S,. Show
that the least value ofn for which S, contains an element of order r is
n=pl'+pP+---+pt.

(Thue) Suppose that r is not a perfect square. Let t € 7. Show that the
congruence tx =y (mod r) has a solution < x,y > in which |x| and |y| are
both < \/r and < x,y >#< 0,0 >.
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CHAPTER 2

The integral domain of rational integers

Historical perspective

Commutative algebra owes its development during the last two hundred years
or so, to the discovery of various algebraic properties of the set 7 of rational in-
tegers (as the set of integers forms a ring contained in the field Q of rational
numbers). Attempts to prove Fermat’s last theorem (FLT) — namely, if n > 2,
there exist no positive integers x,y and z such that x" +y" = 7'— led to the birth of
a new branch of number theory called ‘algebraic number theory’. It was found
out that the set of rational integers could be considered in a larger set-up giving
the notion of ‘rings of algebraic integers’. For many of these rings it was possible
to show that for very large values of n, x" +y" = 7" has no integer solutions. For
many values of n, nothing could be said about the truth or falsity of FLT. Andrew
Wiles (1994) of Princeton University proved FLT in the affirmative establishing
a conjecture in algebraic geometry, the so-called Shimura-Tanyama-Weil conjec-
ture. This was a remarkable achievement of Twentieth Century.

In 1843, Ernst Eduard Kummer (1810-1893) extended the definition of an
integer and gave a ‘proof 'of FLT. Peter Gustav Lejeune Dirichlet (1805-1859)
found that Kummer had made an incorrect assumption/statement about factor-
ization of numbers. Then, Kummer worked again and took pains to correct the
error in his ‘proof’. In order to rectify the incorrect factorizations, Kummer in-
troduced the notion of ‘ideal numbers’which enabled him to complete his proof
in certain special cases, as in the ring of integers of the number field Q(w) where
w =exp(2wi/23). His ‘ideal numbers’ were sets of numbers. Richard Dedekind
(1831-1916) used this latter observation to invent the notion of an ideal. It was at
this point of time that ring theory was born in a disguised manner as part of alge-
braic number theory. Leopold Kronecker (1823—1891) gave the name ‘order’ to
the ring of algebraic integers contained in a number field. However, it was David
Hilbert (1862—1943) who coined the word ‘ring’ for an algebraic structure with
two binary operations + (addition) and - (multiplication) satisfying the appropri-
ate axioms as we know. We owe this axiomatic approach to David Hilbert.

It was not until 1900 that a subject called ring theory appeared to have been
born. Commutative ring theory covers number systems and polynomials. Various
types of rings and their properties were established during the beginning of the
Twentieth Century. Factorial rings/unique factorization domains come from a
generalisation of the fundamental theorem of arithmetic.

29
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2.1. Introduction

The ring Z of rational integers is known to be an integral domain. We first
show that Z is an ordered integral domain.

The aim of this chapter is to discuss some properties of commutative rings
with unity. The ideal-theoretic analogues of the notions of l.c.m and g.c.d are
pointed out. The fact that Z is a Principal Ideal Domain (PID) makes it a Unique
Factorization Domain (UFD). The role of irreducibles and primes is important in
the context of uniqueness of factorization of a nonzero, non-unit in an integral
domain. The notion of a GCD domain due to I. Kaplansky is introduced. Not all
GCD domains are unique factorization domains. Further, Z[\/—_S] is shown as an
example of an integral domain which is not a GCD domain.

2.2. Ordered integral domains

The elements of Z could be exhibited in an ascending order as follows:
- ,=3,-2,-1,0,1,2,3,---.

For a,b € 7Z, we see that a > b if, and only if, a—b > 0. One distinguishes the
positive elements of Z by writing N for the subset of positive integers.

Definition 2.2.1 : An integral domain (D,+,-) is said to be an ordered integral
domain, if D contains a subset Dp with the following properties:

i. Ifa,b € Dp, a+b € Dp (closure under addition)

ii. Ifa,b € Dp, a-b e Dp (closure under multiplication)
iii. For each element a € D, exactly one of the following is true:

a=0, a€Dpor —acDp (law oftrichotomy).

Dp is called the set of positive elements of D. The nonzero elements of D which
are not in Dp are called the negative elements of D.

This is a clear generalization of Z.

Definition 2.2.2 : Let D be an ordered integral domain with Dp denoting the
subset of positive elements. If a,b € D, we say that
a>btomeana—b € Dpanda <bifa—b¢ Dp.

Clearly a > 0=-a € Dp. a > b means eithera=b ora—b € Dp.
The absolute value | a | of a € D is such that
(1) Ifa>0,|al=a
(2) Ifa<0,|al|=-a. So,ifa#0,

al>0

Definition 2.2.3 : Let S be subset of an ordered integral domain D. S is said to be
well-ordered, if each non-empty subset T of S contains a least element. That is,
for each subset T of S there exists an element ain T such thata < x forallx € T.

We deduce that N is well-ordered. However, if Q* denotes the set of posi-
tive rational numbers. Q" is not well-ordered, as the set of all positive rational
numbers has no least element.
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Theorem 7 : Let D be an integral domain in which the set Dp of positive elements
is well-ordered. If 1p denotes the unity element of D, then,

Dp:{mlD:mEN}
and D={nlp:neZ}.

Proof : If a € Dp, a > Op (the zero element of D).

For a,b € D, (—a) - (-b) = ab, since a- (—b) =—a - b and (—a) - (-b) = —(a - (b)) =
—(—(a-b))=a-b.

Ifa > 0p, a > Op. If —a > 0p, (—a)2 > 0p or a > Op. So, as 1p > Op, 1% =1p,
1,2j > Op. For each positive integer n, let S, be the assertion that nlp > Op.

As 1p = 1p, we note that Sy is true. Let kK € N such that k1, > 0. Then (k+1)1p =
klp+1p>0.

So, Si41 is true if Sy is true. So, by induction on n, S, is true for all n € N. So,
nlp € Dp for all positive integers n.

Claim : All elements of Dp are of the form m1p for m € N.
Since Dp is well-ordered, Dp has a least element. The least element is going
to be 1p. For, suppose that c is the least element of Dp and that

1p>c>0p

Solp-c>c2>0porc>c?>0p,sincec-1p=c. Soc? e Dpandc? < c. This
violates the assumption that c is the least element of Dp.
So, c is not smaller than 1p, that is, ¢ = 1p.

To show that every element of Dp is of the form m1p where m € N, we assume
the contrary. We pick some elements which are not of the form m1p.

Let T be a non-empty subset of Dp where each element of T is not of the

form mlp. T has a least element say d. Since 1p is the least element of Dp, we
should have d > 1p.
So,d—1p > Op. But then, d—1p € Dp and since 1p > 0p,d >d—1p. Sod—1p ¢
T. Therefore, by hypothesis d—1p =m'1p or d = (m'+1)1p and m’+ 1 € N. This
contradicts the fact that d € T. So T is empty. So every element of Dp is of the
form m1p where m € N.

Next, if a € D and a ¢ Dp, either a =0p or —a € Dp.

Ifa=0p,a=0-1p. If—a € Dp,—a=my1p, my € N. So, a=—m,1p where m, € N.
So every element of D is of the form nlp where n € Z.

Finally, if n;,ny € Z and n;1p = n1p we will have n; = n,. For, suppose not.
That is, we assume that n; % n,. Without loss of generality, we could take n; > n.
Then, ny —ny; > 0. So, (nj—ny)1p € Dp. Then, (ny —ny)1p > 0p orn;lp #nle,
a contradiction to the assumption n;1p =ny1p. So, njlp =nylp = ny =ny. This
proves theorem 7. O

Theorem 8 (A Characterization of Z) : Let D, D’ be two ordered integral do-
mains in which the sets of positive elements are well-ordered. Then, D and D’ are
isomorphic.
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Proof : Let 1p, 1p/ be the unity elements of D, D’ respectively.
By theorem 7,

D={nlp:ne€Z},D ={nlp :ne€Z}
We define a map ¢ : D — D’ given by
Y(nlp)=nlp né€Z.
1) is a homomorphism of D into D’ which is one-one. For,

P(n1p+nalp) =((n +n2)lp)
=(n+m)lp
=nilp +nylp
=1(ni1p)+1(n21p)

Similarly, v (nin21p)=1(n11p)y(n2lp)

Further, given n;1p, € D', there exists n;1p € D such that
Y 1p) =1y

Also ny1, =nylj = ny =ny and so nylp =nylp. So D and D' are isomorphic
ring-theoretically. (|

Corollary 2.2.1: Z is the only ordered integral domain up to isomorphism, as N,
the subset of positive integers is well-ordered.

Remark 2.2.1 : Theorems 7 and 8 have been adapted from N. H. McCoy and
Thomas Berger [4].

2.3. Ideals in a commutative ring

Commutative rings with unity are in plenty. Z is one such. Let (R,+,-) be a
commutative ring with unity 1z. We recall that by an ideal I of (R,+,-) we mean
an additive subgroup (I,+) of (R,+) satisfying the property that fora € I, r € R,
r-a=a-r € I. Henceforth, we denote (R, +,-) by R.

Definition 2.3.1 : If1, J are ideals of R, their sum [ +J is defined by
I+J={a+b:acl,beJ}.

We notice that 7+ is the smallest ideal of R containing / and J. For, if T is an
ideal containing / and J, then T contains [ +J.

Definition 2.3.2 : The product 1J of two ideals 1,J € R is defined by

IJZ{Zai-b,‘Za,‘EI,biGJ}.

finite
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It is easy to check that 1J is an ideal of R. In fact, IJ is the additive subgroup of
(R,+) generated by all products x-y wherex € I,y € J.

Next, the intersection I NJ of two ideals I,J of R is the largest ideal contained
in I as well as J.

In the case of Z, for a,b € Z, if I = (a), J = (b); the principal ideals generated
by a and b respectively,

2.3.1) I+J=(a)+()=(g) where g=g.c.d(a,b)

2.3.2) 1J = (a)(b) = (ab) the ideal generated by ab

(2.3.3) INJ=(@nN®»)=() wherel=1cm/(a,b).

For 1,J,K ideals of R, one has

2.3.4) IJ+K)=1J+IK

(2.3.5) JyCcinJ

(2.3.6) INJ+K)=INJ+INK, ifJCIor K CI (modularlaw)
2.3.7 d+HUNJ)C1J.

Details of verification of (2.3.1) to (2.3.7) are omitted.

Definition 2.3.3 : An ideal I of the ring R is said to be a nil ideal if each element
a in I is nilpotent. That is, there exists a positive integer n such that a" = Og. (n
depends on the particular element a).

Definition 2.3.4 : An ideal I of the ring R is called a nilpotent ideal if I" = (Og),
for same positive integer n.

We remark that I denotes the set of all finite sums of products of n elements

taken from /. It means that for every choice of n elements a;,a,...,a, € I, one
hasa;-a-...-a,=0g. So, a, =0 for all a € I. Thus every nilpotent ideal of R is
a nilideal.

Definition 2.3.5: Let {I,} (A € A, an index set) be a family of ideals of R. Their
sum Y, Iy is the ideal consisting of elements which are all possible finite sums of
elements drawn from the family {I,}.

That is,

Zb‘ = {Z ay : ay € I, all but a finite number of ay, are zero}.
A finite

Further, ), I is the smallest ideal containing every Iy, A € A.
In the case of intersection and product of members of a family of ideals, one
obtains

(2.3.8) m],\z{a,\:a,\ €I, foreach A € A},
A
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the largest ideal of R containing each I\(A € A), and

(2.3.9) [[:=0 aaa:ach,i=1.2,n}
i=1

finite
In particular,
(2310) ]”:{Zail.aiz...ain:ai‘(el (k:1’27n)}
finite

One easily checks that
IDIPDPD---DI"D---
In Z, one has
@)2H2@) 2 ;as(2)"'=(2"n>1.

Definition 2.3.6 : For ideals I,J of R, the quotient of I by J denoted by I : J is
defined by
I:J={a€R:aJ I}

Here, aJ means the set {as : s € J}. As R is commutative, aJ = Ja.
Ifa,bel:J, we get

ax—bx=(a—b)x € I, whenever x € J.

So,a-bel:J.
ForreR,raJ Crl Clandsora€l:J, wheneveracl:J.
That s, I : J is an ideal of R.
In the case of Z, for principal ideals (a), (b) in Z, one verifies that
a

2.3.11) (a): (b) =(c), where c = m

2.4. Irreducibles and primes

R denotes a commutative ring with unity. The notion of ‘divisibility’is viewed
from two aspects: (i) through irreducible elements and (ii) through primes.

Definition 2.4.1 : A nonzero element q € R is called an irreducible if, and only if,
q is not a unit (divisor of the multiplicative identity 1) and in every factorization
q=">b-cwithb,c € R, either b or c is a unit.

Definition 2.4.2 : A nonzero element p € R is called a prime if, and only if, p is
not a unit and for 0 # a, 0 # b elements in R whenever p | a-b, either p | a or p | b.

For x,y € R, we write x | y to denote that x divides y. When x does not divide y,
we express it as x1y. We recall that two elements a,b € R are said to be associates
if a is of the form b - u where u is a unit.

We write a ~ b to say that a and b are associates. ~ is an equivalence relation
on R. The equivalence classes are sets of associated elements. The associates of
1 are units. In Z, the associates of n € Z are +n. If a and b are associates in
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R, the statements: a | b and b | a are valid and the principal ideals (@) and (b) are
equal.

We note that any element which is an associate of an irreducible (prime) is
also an irreducible (prime). It is easy to check that if D is an integral domain, a
prime p in D is always an irreducible. The converse of this statement is not true,
in general. In Z[v/~5] = {a+bv/=5 :a,b € Z} one has 2-3 = (1++/=5)(1 —v/=5)
and 2 is an irreducible. However, 2 divides (1++v/~5)(1—+/=5) and 21 (1++/=5),
24(1—=+/=5). So, 2 is not a prime in Z[/=5].

In the context of a PID, the notions of an irreducible and a prime coincide.

Theorem 9 : Let D be a PID. A nonzero element p in D is an irreducible if, and
only if, p is a prime.

Proof : «<: If p is a prime, suppose that p = a - b, where a,b € D, then p | a-b.
Therefore, p | a or p | b. For definiteness, we shall take it as p | a. Then, by
definition of a divisor, we have a = p-c where c € D. Then, p=(p-c)-b=p-(c-b).
By cancellation law, ¢ - b= 1p. So, ¢ and b are units in D. Thus, p = a-b where b
is a unit. That is, p is an irreducible.

:= Suppose that p is an irreducible such that p | a-b where a and b are
nonzero elements of D. Then, p-c=a-b for some element ¢ € D. As D is a PID
the ideal generated by p and a written (p,a) is another principal ideal say (d),
where d € D. But, then, p =r-d where r € D, for some choice of r € D. Now, p
is an irreducible. So, either r or d is a unit. If d is a unit, (p,d) = D. There exist
elements s,# € D such that

Ip=s-p+t-d.
Then,b=b-1p=b-(s-p+t-d)=b-s-p+b-t-d.
Or, b=b-s-p+b-t-d.
Further, there exist x,y € D such thatd =x- p+y-a. So,
24.1) b=b-s-p+b-t-(x-p+y-a)
2.4.2) b=b-s-p+b-t-x-p+t-y-(a-b).

Or, pla-b. So, p|b. So, b= p so p | b. If, on the other hand, r is a unit, one could
similarly arrive at p | a. So, whenever p | a- b either p | a or p | b. Thus, p is a
prime. U

Next, we mention about prime and maximal ideals in a commutative ring
with identity 1g.

Definition 2.4.3 : An ideal I of R is called a prime ideal if for all a,b € R with
a-bel, onehaseitheraclorbecl

It is known [1] that an ideal I of R is a prime ideal < R/I is an integral
domain.

Definition 2.4.4 : An ideal M of R is called an maximal ideal if M # R and
whenever J is an ideal of R such that M C J C R, then, either J =M or J =R.
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In other words, it is not possible to squeeze in a proper ideal of R between a
maximal ideal M and the whole ring R. If M is a maximal ideal and if a € R and
a ¢ M is chosen, the ideal generated by the set M U {a} written (M,a) =R.

It is known [1] that M is a maximal ideal of R < R/M is a field.

In Z, an ideal (r) is a maximal ideal <> r is a prime. In fact, ideals generated
by primes in Z are maximal ideals. Clearly, in R, a maximal ideal M of R is a
prime ideal, as a field is an integral domain.

Proposition 2.4.1 : [Krull-Zorn theorem] In a commutative ring R with unity,
every proper ideal is contained in a maximal ideal.

For proof see D. M. Burton [1].
We deduce that u € R is a unit if, and only if, # belongs to no maximal ideal
of R. The ideal-theoretic version of theorem 9 is given in

Theorem 10 : Let R be a PID. A non-trivial ideal (a) of R is a prime ideal if, and
only if, it is a maximal ideal.

Proof : <: As a maximal ideal is also a prime ideal, (@) is a maximal ideal
implies that (a) is a prime ideal.

:= Let (a) be a prime ideal. Suppose that J is an ideal of R such that (a) CJ C R.
Since R is a PID, there exists an element 0 # b € R such that J = (b). Now, a €
(a) C (b) implies that a = r- b for some choice of r € R. Since (a) is a prime ideal,
r-b € (a) implies that either r € (a) or b € (a). If b € (a) one has (b) C (a) and
so(b)=(a). If re(a),r=s-aforsomes €R. So,a=r-b=s-a-b=a-(s-b).
Therefore, s-b = 1g or b is a unit. Then, (b) =R. So, (a) CJ C R => either J = (a)
orJ=R.

Thus, (a) is a maximal ideal of R. ([l

Theorem 11 : Let p be a nonzero non-unit element of an integral domain D.

(i) p is an irreducible element of D if, and only if, the principal ideal (p) is a
maximal principal ideal, that is, (p) is a maximal in the set of proper principal
ideals of D.

(ii) p is a prime element of D if, and only if, the principal ideal (p) # D is a prime
ideal.

Proof : (i) := Suppose that p is an irreducible element in D. Let (a) be a principal
ideal such that

P @cD.
As p € (a), we can write p =t -a for some r € D. As p is an irreducible, 7 or a is
aunitin D. If ¢ is a unit,

a=t"pe(p).So, (@) C (p), or, (p) = (a).

If a is a unit, then (a) = D. So, (p) is a maximal principal ideal in D.

<«: Conversely, let (p) be a maximal ideal in the set of proper principal ideals
of D. Suppose that p is not an irreducible element. Then, p =a- b, where a,b € D
and neither a nor b is a unit.
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Ifa € (p),a=s-pfor some choiceof s€ D. Then p=a-b=s-p-b=p-(s-b).
Using cancellation law (of D), s-b = 1p. That is, b is a unit—a contradiction to
the assumption that a, b are non-units. So, a ¢ (p). Hence, (p) C (a), as a | p.

If (@) = D, a is a unit contrary to the assumption that a is a non-unit. So,
(p) C (@) C D. But, then, (p) fails to be maximal in the set of principal ideals
of D—a contradiction. Thus, p =a-b = either a or b is a unit. That is, p is an
irreducible element in D.

(ii) := Suppose that p is a prime in D. To prove that (p) is a prime ideal in D,
assume that a-b € (p) for a,b € D. Then, a-b =x- p for some choice of x € D.
So, pla-b. As pis aprime, either p | a or p | b. That s, either a € (p) or b € (p).
Consequently, (p) is a prime ideal.

<: Conversely, let (p) be a prime ideal of D. Let p | a-b for a,b € D. Then,
a-b € (p). Since (p) is a prime ideal, either a € (p) or b € (p). That is, either p | a
or p | b. Hence p is a prime in D. (I

Fact 2.4.1 : Given a PI Domain D, a non-trivial ideal (p) of D is a maximal ideal
& pis an irreducible element. (p) is a prime ideal of D < p is a prime in D.

Theorems 9, 10 and 11 give us the following:

Fact 2.4.2: (a) In a PID, an irreducible element is a prime and vice versa. Conse-
quently a prime ideal is a maximal ideal. Therefore, if D is a PID, every nonzero
non-unit in D is divisible by some prime p € D.

(b) In an integral domain, once we locate irreducible elements in the sense that
there exist nonzero non-units that are irreducible, one can have an ascending chain
of principal ideals that terminates. One takes this as the ascending chain condition
on principal ideals, briefly written as ACCP. This idea will be explained when we
deal with GCD domains in section 2.5 of this chapter.

Definition 2.4.5 : An integral domain D is called a unique factorization domain
(briefly written as UFD) if
(i) every nonzero non-unit element a € D can be factorized into a (product of) a
finite number of irreducibles and
(ii) 0 # a € D has two factorizations into irreducibles, namely,

a:plpz...pn :qlqz...qm
n=m and there is a permutation 7 of the suffix set {1,2,-- ,n} such that p; and
G are associates (i=1,2--- ,n).

Indeed, Z is a UFD. In fact, we know that every PID is a UFD. An example
of an integral domain which is not a UFD, is given by

ZIV=-5]1={a+bV-5:a,bc 7}
For, 3 is an irreducible in Z[v/—5]. To see this, suppose that
3=(a+bV=5)-(c+dV-5)
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gives (taking conjugates)
3=(a—bV=5)-(c—dV-5)

and on multiplication,
32 = (@ +5b%) - (*+5d%)

So, a®+5b* | 9. But a®>+5b> # 1 and > +5d> # 1, if a+b\/5 and c+dV/5 are
both non-units. So, a?+5b* #9, as in that case ¢>+5d> would be 1. We are
left with @ +5b* = 3. This equation has no solutions (a,b) as a*>+5b> > 5 for
nonzero integers a and b. Similarly ¢?+5d* = 3 is not permissible. So, a non-
trivial factorization of 3 in Z[v/=5] is not possible. Therefore, 3 is an irreducible.
Similarly it can be shown that 2+ \/—_5 and 2— \/—_5 are irreducibles. But then,

one has
9=3-3=2+VvV-5)-2-Vv-5).
This gives two different factorizations of 9 into irreducibles and so Z[+/—5] is not

a UFD.
We state below, without proof, a consequence of theorem 9.

Proposition 2.4.2 : Let D be an integral domain in which every nonzero non-unit
is expressible as a finite product of irreducibles. Then D is a UFD if, and only if,
every irreducible is a prime.

For proof, see I. Stewart & D. O. Tall [5].

2.5. GCD domains

Following I. Kaplansky [2], an integral domain D is called a GCD domain,
if every pair of nonzero elements in D has a greatest common divisor. It follows
that in a GCD domain, any finite number of elements have a g.c.d.

Let D be a GCD domain.

Suppose a, b, c are elements of D.
The g.c.dof c-aand c- b exists and g.c.d (c-a,c-b)=c- g.c.d(a,b).
If g.cd(a,b)=1p=g.c.d(a,c)then g.c.d (a,b,c)=1p.

For ay,a;,---a, € D,

g.cd(ay,az, - ,a,) =gc.d(g.cdla,az, - ,au-1),a,), n>2.

Fact 2.5.1 : In a GCD domain D, every irreducible is a prime.
For, if p € D is an irreducible and p | a- b (a,b, € D) as g.c.d (p,a) divides p, the
g.c.d (p,a) is either p or 1p. Similarly, g.c.d (p,b) is either p or 1p.

Now, g.cd (p,a) = g.c.d(p,b) = 1p contradicts g.c.d (p,ab) = p. So when
p | ab, either p | a or p | b, thereby asserting that p is a prime.

From the definition of a GCD domain, we deduce that in a GCD domain D,
the ideal generated by a finite number of elements is a principal ideal. Further,
in a GCD domain every irreducible element is a prime. Since in Z[\/—_S], one
has irreducible elements which are not primes, we see that Z[\/—_S] is not a GCD
domain.
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Claim : In Z[+v/-5], the elements 9 and 3 - (2++/—5) do not permit a g.c.d.
We proceed as follows. In Z[+/—5], we have

9=3.3=2+Vv-5)-(2-Vv-5)
(see the example following definition 2.4.5).
The common divisors of 9 and 3-(2++/-5) and 1,3 and (2+v/-5). However,
3 is not divisible by 2++/=5 and vice versa. Therefore, a unique g.c.d of 9 and

3(2++/-5) fails to exist. Further, though 3 and 2++/-5 are relatively prime to
one another, the equation

(2.5.1) g.c.d9,32+v=5)=3- g.c.d (3,2+V=5)

is not valid in Z[v/—5]. See D. M. Burton [1]. We remark that if Z[v/—5] isa GCD
domain, we should have g.c.d (c-a,c-b)=c-g.c.d(a,b) for any three elements
a,b,c in Z[v/-5]. This, again, shows that Z[+/—5] is not a GCD domain.

Definition 2.5.1 : Let R be a commutative ring with unity 1g. R is said to satisfy
the ascending chain condition on principal ideals written ACCP, if every ascend-
ing chain of principal ideals terminates. That is, given a chain of principal ideals

(@) C(a2) C--- C(an) € -
there exists m € N such that (a,) = (a,,) for alln > m.

Itis clear that Z satisfies ACCP. We ask the question : When is a GCD domain
a UFD?
The answer is in

Theorem 12 : An integral domain D is a UFD if, and only if, it is a GCD domain
in which ACCP is satisfied.

Proof : <: Let D be a GCD domain. We have seen that D has the property given
in Fact 2.5.1. That is, every irreducible is a prime.
Also, here, D satisfies ACCP. Let a be a nonzero non-unit in D. Then, there
is a chain
(@)C(a1)S(a) S - Clan) S+
which terminates.
So, there exists m € N such that

(am) = (ame1) =--- .

So then, a,, is irreducible say p;.

Writing a = p; - by we check whether b; is an irreducible or not. If b; is an irre-
ducible, a is a product of irreducibles. Otherwise, we write b; = p, - ¢, where p;
is an irreducible. Continuing in this manner, we obtain,

(@ C (b)) C(by)---.

This breaks off with an irreducible element b,, = p,.4;.
Thus, we get
a=p1-bi=p1-p2by=---=p1-p2-pus.
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That is, a is finite product of irreducibles. By Proposition 2.4.2, we conclude that
D is a UFD as every irreducible in a GCD domain (see Fact 2.5.1) is a prime.
:= Conversely, if D is a UFD, we write a,b € D as

a=:u"p61“'p;2"'p(rb7 ai203i=172a'“7r;
b=V‘Plfl'sz"'Plr]ra bi207i=1727"'7r

where p, v are units in D. p; (i=1,2,---,r) are pairwise non-associated primes.
The g.c.d of @ and b is given by

g.cd (a,b)=wp] - p3?---p§r, where ¢; = min{a;,b;} (i=1,2,---,r)

and w is a unit.

So, D is a GCD domain. Further, every nonzero non-unit ¢ € D is a finite
product of irreducibles. We can make an ascending chain of principal ideals of
the form

HOCEH)CE) - C@)C -
where ¢, is an irreducible for an appropriate choice of n > 1. Then, the ascending
chain terminates, as whenever b | a, (a) C ().
So, D is a GCD domain in which ACCP holds. O

Remark 2.5.1 : The criterion for a GCD domain to be a UFD has been adapted
from G. Karpilovsky [3].

2.6. Notes with illustrative examples

We have observed that the set of integers has the properties of an ordered
integral domain in which the set of positive elements is well-ordered. It is possible
to assume simple properties of N, the set of positive integers and to derive all other
properties in a logical way. The idea is due to the Italian mathematician G. Peano
(1858-1932) who stated a few axioms to define N. They are called

PEANO’S AXIOMS:

Axioml: 1 € N

Axiom 2: To each element n of N there corresponds a unique element n’, called
the successor of n in N.

Axiom 3: For each n € N, n’ # 1. Or 1 is not the successor of any element of N.
Axiom4: If mne N, m' =n' = m=n.

Axiom 5: Let K be a set of elements belonging to N. Then K = N, if

(alek

(b) Given k € K, then k' € K.

Axiom 5 is the basis of proof by mathematical induction. Using the five axioms
one could define addition and multiplication in N and to prove that N has all the
properties of an integral domain except that 0 ¢ N and n € N has no additive
inverse. For addition, define n+ 1 =n’ and proceed to show that m+n' = (m+n)’.
For n € N, define n-1=n and for n € N, we get n-m’ =n-m+n. We have to
introduce negative integers and the zero element in Z.
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We write
S={(a,b):a,b e N}
We are to frame (a,b) as a—b. For (a,b),(c,d) € S, we say that (a,b) ~ (c,d) if
a+d=c+b. ~ is an equivalence relation on S. The equivalence class [a,b] is
given by
[a,b]={(x,y): x,y e Nand x+b=y+a}.
Let us define

(2.6.1) [a,b]+[c,d]=[a+c,b+d]

(2.6.2) [a,b]-[c,d]=[ac+bd,ad+bc]

Z is realised as an integral domain with the new notation for addition and mul-
tiplication given in (2.6.1) and (2.6.2). The zero element of Z is [c,c] for every
¢ € N. The additive inverse of [a,b] is [b,a], that is

_[a;b] = [b7a]'

Let N’ be the set of elements of Z of the form [x+1,1],x € N
The map ¢ : N — N’ defined by

on)=[n+1,11,neN

is one-one and onto N’. Addition and multiplication are preserved under ¢. We
can identify N’ with N and take n to represent [n+1,1] € N’. So, Z contains N.
If [a,b] € Z,
[a,p]=[a+1,1]+[1,b+1]
=[a+1,1]1-[b+1,1]
[a+1,1]and [b+1,1] are respectively elements a,b € N.
So then,
[a,pl=a-b

as desired. Thus, Z contains zero and +n for each n € N.

This argument parallels the method of construction of the set of rational num-
bers starting from the integral domain Z of rational integers.

Let D be a PID. Suppose a(#0) € D. A(a) is defined as the number of irre-
ducible factors of a. A(a) is called the length of a. A\(a) =0 if, and only if, a is a
unit in D. If a | b, A(a) < A(b). If a and b do not divide one another, there exist
P,q € D such that

A(pa+gb) < min{\a), \(b)}
If a has length n, it can be shown that there are at the most 2" ideals containing a,
in D. For, suppose

a=p1pa--- pn Where p; is irreducible

pi = pj fori= jis allowed.
The ideals generated by p; are maximal ideals of D. When p; # p;, i # J,
the set S = {p1,p2,---,pn} has 2" subsets. The subset containing k irreducibles
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generates a principal ideal containing a. Therefore, there are at the most 2" ideals
(of D) containing a.

Recalling the example of Z[v/-5], we note that g.c.d (a,b) may exist but
g.c.d (ta,tb) may not exist in an integral domain. Therefore, it is wrong to assume
always

g.cd(ta,th)=t g.c.d (a,b)
in an arbitrary integral domain, unless it is a GCD domain.
Next, the dual concept of g.c.d is that of l.c.m.

Definition 2.6.1: Leta;,as, - ,a, be nonzero elements of an integral domain D.
l € D is called a least common multiple (L.c.m) of ay,az,-- - ,ay, if
(i) aill, fori=1,2,---n.

(ii) ajlc, fori=1,2,---n implies that I|c.
One could verify that aj,as,--- ,a, have an l.c.m if, and only if, N(a;) is

principal. If D is a GCD domain, it follows that any finite number of nonzero
elements of D admit a L.c.m. Every principal ideal domain is a GCD domain
possessing the 1.c.m property also.

This chapter has touched upon the structure of Z. To supplement the con-
tent with related material bearing on Z, see A. G. Hamilton [A2]. See also
Aaboe [A1].

2.7. Worked-out examples

a) A ring R is said to be ordered when there is a non-empty subset P of R, called
the set of positive elements of R satisfying
()acPandbeP=a+bePanda-beP.

(ii) for each a € R, either a € P, a = O or (—a) € P. (law of trichotomy (see
definition 2.2.1 relating to an integral domain D.))

Prove that (i) In any ordered ring R, all squares of nonzero elements are posi-
tive (ii) Any ordered commutative ring R is an integral domain of characteristic
Zero.

Answer: (i) Let P be the set of positive elements of R. Suppose that 0z #a € R.
By the law of trichotomy, either a € P or —a € P. Since P is closed under
multiplication, a®> = (—a)? € P in either case, as asserted.

(i) R is an ordered commutative ring. Suppose that Og # a, Og # b where
a,b make a-b =0g. Then, (£a)-(£b) = 1g. By trichotomy law, one of +a and
one of b € P. So, some one of the four products (fa) - (£b) belongs to P—a
contradiction to Og ¢ P. So, R is an ordered integral domain. Since 1 € P,

lg+1g+---+1g(ntimes ) € P.

Therefore 1g+ 1g+- -+ 1g (n times ) # Og. That is, R has characteristic zero. [J

Remark 2.7.1: If 1z € R, 1; = 1y is always positive. —1 is never positive.
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b) Discuss the nature of Z, R, Z[\/i] and Q as ordered integral domains.

Answer: (i) There is only one way to make Z an ordered integral domain. (See
theorem 8.)

(ii) In the case of R, the field of real numbers, we make the observation that by
example (a), any nonzero square is positive, (in any ordering of the ring). The
positive real numbers have real square-roots, so real numbers remain positive
in any ordering of R. So, there is only one way to make R, an ordered integral
domain. Further, the monomorphism ¢ : Z — R given by ¢(n) = n.1 is order-
preserving.

(iii) In the case of Z[ﬁ], we have

ZIV2)={a+bV2:a,beZ}

Z[\/2] can be made an ordered integral domain by at least two choices of P
(the set of positive elements in Z[\/i]).
One ordering is given by the condition:

a+bV2eP, ifa>0anda® > 2.
The other ordering is given by the condition:
a+bV2eP, if b>0and 26* > d>.

Further details are to be verified, without any difficulty.
(iv) Q is the field of quotients of Z. Let P denote the set of positive elements
in Z.
For a,b € Z with b #0, we say that % € Py, the set of positive elements of

Q, if, and only if, a- b € P in Z. Now,

a 1 . 1 2. . .

b= (a-b)- PR is (E) is necessarily in P;.
So, % € Py, if,and only if, a-b € P;.
If$:7Z— Qisgivenby ¢p(n)=n-1¢€ Q, ¢ is order-preserving and so a-b € P,
if, and only if, a-b € P. So, P, is the set of positive elements of Q, provided
P is closed under addition and multiplication. This can be checked easily. [

Remark 2.7.2 : There is one and only one way of making QQ an ordered field.

¢) Let Z[i] denote the integral domain of Gaussian integer. For o, 3 € Z[i], we
define a = B (mod n) if QT_B € Z[i], (where n € Z[i]). Congruences are clearly
additive and multiplicative as for rational integers. Write down the residue
classes of integers of Z[i] modulo (2+i). Show that they form a field having 5
elements.
Answer: The zero residue class [0] contains multiples of (2+1i). The other
residue classes are determined by the rational integers 1,2,3 and 4.
The residue classes are {[1],[2],[3],[4],[0]}. They form a field having 5 ele-
ments. g
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Remark 2.7.3 : Z[i] is a U.ED. Further, (2+1) is a prime in Z[i], as norm of
(2+1) equal to 2°+12 =5 is a prime. So, Z[i]/(2+1) is an integral domain
which is finite.

EXERCISES

1. Mark the following statements true (T) or false (F) justifying your answer
briefly.

a) The ring Z/rZ is a principal ideal ring (r > 1)

b) Let I be an nonzero ideal of the ring Z of integer. The following state-
ment are equivalent:
(i) I is a prime ideal,
(ii) I is a maximal ideal,
(iii) I = (p), where p is a prime.

c) Z[V/3] is not a GCD domain.

d) A commutative ring with unity can be made an ordered ring.

e) D={x +y\3/§: x,y € Q} is an integral domain under ordinary addition
and multiplication.

f) A prime subdomain is of an integral domain D is one containing no
proper subdomains. Let 1 denote the unity element in D. Then,

D' ={nlp:n=0,+1,42,..}

is a prime subdomain of D with unity 1p.
(Note: Every integral domain D contains a unique prime subdomain
which is either isomorphic to Z] pZ (p a prime) or isomorphic to 7).

2. Z denotes the integral domain of rational integers. 1,J denote the principal
ideals of 7 generated by 36 and 49 respectively. Find [+J, 1J,I1NJ.

3. Z,. denotes the ring of even rational integers. (7. does not have a unity ele-
ment). Show that the principal ideal generated by 4 is a maximal ideal in 7.,
though Z./4Z. is not a field. What is your inference?

4. (a) What are the prime and maximal ideals in 7./367.?

(b) Discuss the general case when 36 is replaced by an integer r > 1.

5. Show that Z./vZ is a principal ideal ring for all r > 1 (it need not be a PID).

6. Give an example of a ring possessing a non-trivial prime ideal which is not a
maximal ideal.

7. Let P be proper prime ideal of a non-trivial commutative ring R with unity 1.
If R/P is finite, show that P is a maximal ideal of R.

8. Show that Z[\/—_S] is not a PID.

9. Show that Z[/—6] = {a+bv/=6 : a,b € Z} is not a UFD.

10. Give an example of a GCD domain that is not a UFD.
11. Let R be the ring of n X n matrices with entries from a field F. Show that R
has no right or left ideals other than [0] and R.
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12.  Prove or disprove : In an ordered field, the set of positive elements is not
well-ordered.

13. Let F be a field. The intersection of all subfields of F is called the prime
subfield of F. It is the subfield generated by 1. Show that in an ordered field
F, the prime subfield is isomorphic to Q.

14. Make the integral domain Z[+/3] into an ordered integral domain, by defining
P, the set of its positive elements.

15. By considering Z[w] where w = exp(%). Show that a rational prime of the
form 3k+1 is expressible in the form a> —ab+ b?.

16. Let 0= exp(%). We write

Z[0] = {a0+019+a292+a393 s ao,ar,az,az € L}.

Show that Z[0] is a PID.

17. (Charles Vanden Eynden) Given an integer r > 1, determine the set of integers
which can be written as a sum of two integers relatively prime to r.
(Ref: Problem 10338, Amer.Math.Monthly, 104 (1997) p 75).
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CHAPTER 3

Euclidean domains

Historical perspective

The making of algebra (where symbols replaced numbers) took roots in India
and Arabia around 400 A.D. Arithmetic became a discipline as a branch of math-
ematics at the hands of mathematicians in India and the Middle East. The origin
of the word ‘algorithm’ is traced back to the Arab mathematician Al-Khowarizmi
(825 A.D.) who computed via algebra areas of rectangles and used them to rep-
resent algebraic quantities and vice versa. But, it was not until 1637 when Rene
Descartes (1596—1650) invented Analytical Geometry, a mixing of algebraic and
geometric concepts took place. (Descartes made use of ‘x’ and other letters near
the end of the alphabet to represent an ‘indeterminate’.) In fact, the ideas of al-
gebra and geometry were brought together in a recognizable way. That was a
great event in the history of mathematics. For, it helped the invention of Calculus
by Isaac Newton (1642—1727) and Gottfried Wilhelm von Leibnitz (1646-1716)
during the early years of eighteenth century.

As years passed by, one could interpret the set 7. of integers in many ways.
The efforts to prove Fermat’s last theorem paved the way for the development of
new concepts in Ring theory. A close examination of certain types of integral do-
mains which are number rings corresponding to algebraic number fields (which
are finite extensions of the field Q of rational numbers) was done. Thanks to the
efforts of Kummer, Kronecker, Dedekind and others, factorization of elements in
commutative rings was analysed in depth. It was found that uniqueness of factor-
ization of elements was possible in certain integral domains such as a Euclidean
domain. The structure of a Euclidean domain (whose properties are discussed in
this chapter) arises from the notion of the ‘division algorithm’ property occurring
in the integral domain Z. The idea of a ‘Euclidean norm’ works out beautifully
well in a general set-up.

3.1. Introduction
The purpose of this chapter is to highlight the properties of

(1) Euclidean domains
(2) the ring of integers of Q(y/m), m an integer,

47
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and to point out the well-known example of Z[v/6] where 6 = ”Tm, which is a
PID, but not a Euclidean domain. We also observe that Z is characterised by its

‘double-remainder property’.

3.2. Z as a Euclidean domain

We denote the set of non-negative integers by Z. We observe that Z is an
example of a Euclidean domain whose definition is shown below:

Definition 3.2.1 : A Euclidean domain is an integral domain D together with a
Sfunction g : D* — 7 (D* is the set of nonzero elements of D) such that

(1) g(ab) > g(b) for all a,b € D*,
(2) ifa € D,b € D*, there exist elements q,r € D such that

a=bg+r
where either r =0 or g(r) < g(b).
We write (D,g) to say that D is a Euclidean domain with the associated
function g. We assume that D is not a field. As D is commutative, g satisfies
g(ba) > g(a) also.

It is easily verified that when (D, g) is a Euclidean domain, the following
statements hold:

(3.2.1) For each a € D*, g(a) > g(1p).
3.2.2) If a,b are associates in D, g(a) = g(b).
(3.2.3) u € D is aunit if, and only if, g(u) = g(1p).

Theorem 13 : Let (D,g) be a Euclidean domain. For a € D,b € D*, one has
a = bqg+r where either r =0 or g(r) < g(b). Then, q and r are unique if, and only

if,
(3.2.4) g(a+b) < max{g(a),g(b)} for a,b € D*.

Proof : <: Suppose that (3.2.4) holds. We claim that ¢,r are unique. On the
contrary, assume that g, 7 are not unique. That is, let

a=bq' +r where r' =0 or g(') < g(b)
for another representation of a in terms of ¢’, r'. Also, let r #r', g #¢'. Then,
8(b(qg—q")) > g(b)

But, g(b(g—q")) = g(r' —r) < max{g(r'),g(-n)}.
That is,

(3.2.5) g(b) < max{g(r"),g(-r)}, by definition (3.2.1)

(3.2.5) is possible only when one of ' —r or g—¢'’ is zero. For,

g(r) < gb), g(=r)<gb)
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If ¥ —r 0, g(r) and g(+’) are nonzero and so one of g(r), g(+') has to be less than
g(b). (3.2.5) contradicts this situation. So, when once r =1/, g = ¢’ follows and
vice versa. Therefore g, r are unique.

:= We are given that in a = bg+r with r=0 or g(r) < g(b), g and r are unique.
We have to establish (3.2.4).

If possible, assume that

gla+b) > max{g(a),g(b)}
Then,
b =0pla+b)+b
(3.2.6) { b =l1pla+b)—a
Also, from (3.2.6) g(—a) = g(a) < g(a+b) and

g(b) <gla+b).

We observe that we get a contradiction to the uniqueness of ‘g’and ‘r’. So, we
must have

gla+b) < max{g(a),g(b)}, fora,be D".
[l

Remark 3.2.1 : (i) The above criterion for uniqueness of ‘quotient’ and ‘remain-
der’ has been adapted from D. M. Burton [1].

(i1) A commutative ring R satisfying the conditions in definition 3.2.1 is called a
Euclidean ring.

Remark 3.2.2 : (Z,g) is a Euclidean domain with g(a) =| a | for all a € Z. But
(3.2.4) does not hold for the absolute value function. In the division algorithm
a=bg+rwith r=0or | r |< b, g and r are not unique. However, in a = bg+r
with 0 <r <| b |, g and r are unique. This is what we use in number-theoretic
situations.

We state, without, proof
Fact 3.2.1 : Every Euclidean domain is a PID.

For proof, see I. N. Herstein [6]. The converse is not true in general. See
theorem 19 below. See also [A2].
3.3. Quadratic number fields

Q denotes the field of rational numbers. Let C denote the field of complex
numbers. A subfield K of C which is finite extension of QQ is called an algebraic
number field. It is known that K is of the form Q[«/] for some « € C. If the degree
of K over Q (written [K : Q]) is equal to n, then,

(3.3.1) Olal = {ap+aja+---+a, 10" 1q;€Q,0<i<n-1}.
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In fact, {1,a,0?,--- "'} forms a basis for Q[«] considered as a vector space
over Q. Also, « is a root of an irreducible polynomial of degree n having coeffi-
cients from Q.

Quadratic number fields are of the form Q[+/m] where m is not a perfect
square. Further, [Q[v/m]: Q] =2. {1,\/m} is a basis for Q[\/m] as a vector

space over Q. We have

(3.3.2) Qlvm]={a+bym:a,bcQ}
Q[+/m] is called a real quadratic field when m > 0. It is called an imaginary
quadratic field when m < 0.

We recall that if w = exp(%) (m any positive integer), Q[w] is called the m""
cyclotomic field. The irreducible polynomial of w is the cyclotomic polynomial
of degree ¢(m), where ¢ is the Euler ¢-function. If p = exp(%)

Qlpl={a+bp:a,beQ}
and the irreducible polynomial of p is x> +x+1, as p>+p+1=0.

Definition 3.3.1 : A complex number o is called an algebraic integer if, and only
if, ais a zero of a monic polynomial (leading coefficient 1) with coefficients from
Z.

As examples, we have algebraic integers such as 1+ V2, _'+T‘/§i, exp(%)
etc. However, if 7 is a rational number of the form ¢, b #0, g.c.d (a,b) =1, § is
not an algebraic integer.

Fact 3.3.1: Let f be a monic polynomial with coefficients from Z. Assume that
f = gh, where g and h are monic polynomials with coefficients from Q. Then, g
and & have coefficients from Z.

For proof, see D. A. Marcus [8, lemma p 14].

Lemma 3.3.1 : Ler « be an algebraic integer. Suppose that o satisfies a monic
polynomial f (of lowest degree) with coefficients from Z. Then, f is irreducible
over Q.

Proof : On the contrary, suppose that f is reducible. Take f = gh where g and &
are non-constant polynomials with coefficients from Q. g and 4 can be considered
as monic polynomials (division by a suitable rational number will help). From
fact 3.3.1, we see that g and & are monic polynomials with coefficients from Z.
But then, « is a zero of either g or 4 which are of lower degree than that of f. This
contradicts the status of f as a monic polynomial of lowest degree and having «
as a zero. So, f is irreducible. O

Remark 3.3.1 : The notation : Q(«).
In general, parentheses are used when one wishes to indicate that the set is a field,
although no harm would be done by using Q[«a] to denote

{a0+a1a+~~~+an_1o/’_] 1a; €Q,0<i<n-1}.
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Z[v/2] is the ring of integers of Q(WV2). Z[\V2] is merely a ring where as Q(V2)
is a field. Usage of a single bracket rather than a square bracket, conveys a bit
more information about the set.

Let F be a field. By convention, we write F[x] to denote the ring of polyno-
mials in x. F[x] is, indeed an integral domain. The field of quotients of F[x] is
denoted by F(x). If f(x) is the irreducible polynomial of « (an algebraic number)
of degree n, we get an extension of Q by considering Q[x]/(f(x)). We write Q(«)
to denote the finite extension of Q by adjoining o to Q. It can be shown [6] that

Qo) = Q[x1/(f(x)).
Qo) = {a0+a1a+~~~+an_1o/’_1 1a;€Q,i=0,1,2,--- ;n—1}.

Evidently, Q(«) and Q[«] are one and the same, in the present context.

Remark 3.3.2 : The monic irreducible polynomial of « has coefficients from Z
when « is an algebraic integer.

Remark 3.3.3 : If « is an algebraic integer and o € Q, then o € Z. That is, if a
rational number is an algebraic integer, it is a rational integer.

When the context is clear, the ring of algebraic integers contained in a number
field K is referred to as the ring of integers of K. Properties of the ring of integers
of a number field are treated in chapter 13.

Theorem 14 : Let m be a square-free integer. Then the set R(m) of algebraic
integers in Q[\/m] is given by

{a+by/m:a,beZ}, ifm=2or3 (mod4)
R(m)= atby/m _ . —
{=3* :a,b € Z,a=b (mod2)}, if m=1 (mod 4)

Proof : o € Q[y/m] is of the form a = ?+?\/171 where a,b,t € Z and t > 0.
We may assume that ¢ and % are in their lowest terms. That is, a,b,t have no
common divisor > 1. When « € R(m), « satisfies a monic polynomial f of degree
2 with coefficients from Z. The zeros of f are o, @ where & is the conjugate of a.
Then,
a’—b*m

2

Jf) =(x—a)(x—64):x2_?x+

The coefficients of x and x? in f are rational integers. So, 27“ € Z and “2;# € Z.
Asg.cd(t,a)=1,7[2. So,r=2ort=1.
Ift=2,a*~b’>m=0(mod4). Ast=2and g.c.d (t,a) = 1, a is odd. This forces b
to be odd. So, a and b are odd. Then,

a>=1(mod4), b*>=1 (mod4).
Therefore, a® —b*m = 0 (mod 4) happens when m = 1 (mod 4) only.
Then, a> —b*> = 0 (mod 4). This shows that a and b have the same parity. That is,
a = b(mod 2). Thus, @ = 2" a5 required.

2
Conversely, if m = 1 (mod 4), when a and b are odd, a?>—b*m =0 (mod 4) and
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a€Z. So, a= “”;ﬁ satisfies a monic polynomial with coefficients from Z. So,
R(m) = {@ ta,b € Z,a=>b(mod?2)} when m = 1 (mod 4).

If m =2 or 3 (mod 4), from 27“ € Z,whent #2,we gett=1and a?-b*meZ.
a and b could take odd or even values in any manner. In all such cases,
a=a+b+/mis an algebraic integer, whenever a,b € Z and m # 1 (mod 4). Hence,
R(m) has the structure as prescribed in the theorem. ]

Remark 3.3.4 : The spirit of theorem 14 is that R(m) is expressible in the form

Rom = {Z+\/;71Z, if m # 1 (mod 4)

Z+0Z,  if m= 1(mod 4) where 0 = Y™

In other words,

(3.3.3) R(m) = {Z[\/f%] if m# 1 (mod 4)

Z[0]  ifm=1 (mod4).

Definition 3.3.2 : For a € Q[\/m], if « = a+b+\/m, a,b € Q, we define the norm
of a, written N(«), as N(a) = aa = a?-b*m.

It is clear that for o, 8 € Q[/m],
(3.3.4) N(af) =N()N(B).

We observe that R(m) can be made a Euclidean domain by defining a function
g:R*(m) — 7 by g(a) =| N(«) | where R*(m) = R(m) \ {0}; ae R*(m).

Let o, B € R(m). If o | 3, one has g(«) < g(3). Further, given «, § € R(m)
with 8 #0, one can find  and § in R(m) such that

(3.3.5) o= [y+3, where either 6 =0 or g(9) < g(0),
provided one shows that for § € Q[+/m] there exists € R(m) such that
(3.3.6) g@—-n) < 1.

If (3.3.6) is satisfied, R(m) becomes a Euclidean domain.

Theorem 15 : (R(m),g) is a Euclidean domain if given 6 € Q[\/m], we can find
1 € R(m) such that (3.3.6) holds.

Proof : In order to show that (R(m), g) is a Euclidean domain, we need to show
that the division algorithm shown in (3.3.5) holds for any pair «, 3 of elements of
R(m) with 3 0.

We are given that § € Q[/m]. We write 6 = % where o, 3 € R(m), 3#0. In
fact, one has only to multiply 6 by an algebraic integer 3( 0) and take 56 = a.
(i) If @ € R(m), from (30 = o we see that § divides « and so the ‘remainder’on
division of « by [ is zero.

(ii) If 6 & R(m), we are assuming that we can choose an 1 € R(m) such that

g@-m=|N@O-n)| <1
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Now, g(B(0—-m)) = g(8)g(0—n) = g(cr= ) as 6 = 5. So, writing § = o=, we
see that
8(6)=gla—pn)=g(B)g—mn) < g(B),as gf-n) < 1.

So, o = fn+ 6 holds and either § = 0 or g(d) < g(3). This makes (R(m),g) a
Euclidean domain. ]

Remark 3.3.5 : The multiplicativity of g is essential in the context of the number
ring R(m).

Remark 3.3.6 : The essence of theorem 15 is that in order to show that R(m) is
a Euclidean domain, one need only establish the sufficiency condition stated in
(3.3.6).

Theorem 16 : R(m) is a Euclidean domain for m =—-1,-2,-3,-7 and —11 with
associated function g : R*(m) — 7 given by

gla)=| N(a) |, fora € R*(m).

Proof : We have only to show that given 6 € Q[+/m ], one can find n € R(m) such
that

(3.3.7) | N(O—n) |< 1.

Let 0 =r+sy/m, r,s € Q. If m £ 1 (mod 4), take 1 = x+y+/m, x,y € Z satisfying
(3.3.7).
That is, | (r—x)>—m(s—y)* |< 1.
Case l: m=—1 orm=-2.

Take x,y to be integers nearest to r and s respectively.
Then, | r—x|< 1 |and [ s—y|< 5.
Therefore, | (r—x)*>—m(s—y)* | < | (%)%2(%)2 |= 3 < 1. n € R(m) exists and is
such that | r—x |< 4 and | s—y |< 1. Further, (3.3.7) is satisfied.

So, R(m) is a Euclidean domain.
Case 2: m=-3,-7or—11.

We have 0 =r+sy/m,m=1 (mod 4). Let us take n :x+y(%) withx,y € Z.
Then,

| (r—x—%)z—m(s—g)2 | should be < 1.
Take y as the integer nearest to 2s so that | 2s—y |< % We can find x € Z such that
| r—x—1%|< 1 for giveny. Then,

|(r—x—%)2—m(s—%)2|§|%+” 15

— ==«
6 16

So, for m =-3,-7,—11; given § € Q[+/m], we can find € R(m) such that (3.3.7)

holds. This proves theorem 16. ]
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Remark 3.3.7 : Form=-1,
R(-1)=Z[i]={a+bi:a,bc Z,i=V~1}

is the familiar ring of Gaussian integers and it is a Euclidean domain. It is a PID
and so a UFD.

Remark 3.3.8 : When m is negative, it can be shown that R(m) is not Euclidean
for m < —11. We conclude that for m negative, R(m) is a Euclidean domain if, and
only if, m=—-1,-2,-3,—7 and —11.

Remark 3.3.9 : For m > 0, it is known that R(m) is a Euclidean domain if, and
only if, m=2,3,5,6,7,11,13,17,19,21,29,33,37,41,55 and 73.
See Chatland and Davenport [3] and K. Inkeri [7].

Remark 3.3.10 : C. F. Gauss had stated that for m < 0, R(m) would be a UFD for
m=-1,-2,-3,-7,-11,-19,-43,-67 and —163. In 1968, H. M. Stark [10] proved
that when m < 0, R(m) is a UFD precisely for these values of m. For a study of
other significant contributions of Stark, H. M. see W. Narkeiwicz [9]. As we have
seen, for m =—1,-2,-3,-7 and —11, R(m) is Euclidean domain and so a UFD.
The case m =—19 is discussed separately. See Section 3.4.

3.4. Almost Euclidean domains

There exist integral domains which resemble a Euclidean domain in certain
respects. The following theorem is due to Helmut Hasse (1898-1979). It is also
contained in a paper of R. Dedekind under a slightly different version. We will
call it Dedekind-Hasse theorem.

Theorem 17 (Dedekind-Hasse) : Given an integral domain D, suppose that a
function g : D — Z satisfies the following conditions:
(i) gla)=0< a=0p, a € D, (Op being the additive identity),
(ii) g(ab) = g(a)g(b) for all a,b € D,
(iii) Whenever b does not divide a and 0 < g(b) < g(a), there exists a pair {(x,y)
of elements in D with
0 < glax—by) < g(b),
then D is a PID.

Proof : Let I be a nonzero ideal of D. We consider the set
S={x:x=g(a),acl,a#0p}.

As S is a subset of Z S has a minimal element say xg. If g(ap) = xo is the least of
the g-values of nonzero elements of 7, then 0 < g(ap) < g(a), if ap does not divide
a.

By (iii) for Op # a € I, there exists a pair (x,y) of elements in D such that

0 < glax—agy) < glao).
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This contradicts the choice of ay, since ax—agy € I. Therefore, ag | a or a =tay
for some ¢ € D. Thus, I = (ayp), the principal ideal generated by ay. Thatis, D is a
PID. O

Remark 3.4.1 : K. R. Nagarajan has rightly asked the following question: should
the function g be multiplicative? Clearly, we have not used the condition of multi-
plicativity in the proof of theorem 17. In the case of rings of integers of algebraic
number fields, multiplicativity of norm of an element holds. So, the same is re-
tained. Moreover, the existence of a function g : D* — Z satisfying the conditions
of the theorem is not always guaranteed. Theorem 17 has been adapted from W.
Narkeiwicz [9].

Our aim is show that R(—19) is a PID.

Theorem 18 : R(—19) is a PID.

Proof : We write § = =12 A5 —19 = 1 (mod 4), R(~19) = Z[4].
For a = a+b6 € R(—19), the norm of « written N(«) is given by

(34.1) N(a) = (a+b0)(a+b0) = a®> +ab+5b.

N:R(-19) — 7 satisfies
(i) N(af) = N(a)N(B) for all a, 3 € R(—19).
(i) N(a)=0< a=0.
(iii) N(c) > 0 for o #0 in R(-19).
In view of theorem 17, we get through if the following condition is estab-
lished: For o, 5 € R(—19), where (3 does not divide o and
0 < N(B) < N(«) there exist, v,0 € R(—19) such that

3.4.2) 0 < N(ary—09) < N(B)
To arrive at (3.4.2), we proceed as follows: We assume that 5 0. Then,

(3.4.3) %:a+b9;a7be Q

and at least one of a, b is not an element of Z. This is okay as the inverse of 6 (as
a complex number) is in Q[6].
The following situations are to be handled:
Case l:beZ,a 7.
Let {x} denote the integer nearest to x.
Take v=1and 6 = {a}+D0.
e «
g B
As|a—{a} |< 3,0 <N(§y—0) <y < 1. This makes
N(ay—[0) <N(B).

y—0= d=a-{a}
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Casg: 2(a): a €Z,5b & 7.

Asf=1-0,
%é: %(1 —0) = (a+bO)(1-0) from (3.4.3)
=a—al+b0—-b0?=a(l-0)+b0—b(O-5)
or,
o -
—0=a+5b—ab
B
Take v =0, 6 = (a+5b)—af
Then,
« o =
—~v—6=—=0—-(a+5b)+al=0.
377°" 3
So,

N(%’y—cS) <1
That is, N(ay—(39) < N(0) as in case 1.
Case 2(b): a € Z,5b € Z. Take y =1, 6 =a+{b}0. Then,
%7—5= %—5=a+b0—(a+{b}0)
=(-{b}Ho
So, N(%v—é)=N((b—{b}9>=N<b—{b}>N(0>

=(b-{b})00
=5(b—{b}), as 00 =5.

Or, N(%fy—é) =5b—{5b} =0 < 1. So, N(ay—36) < N(0) as in case 1.
Case 3(a) a and b are not elements of Z, but 2a,2b € Z.
It can be shown that

%9:—5b+(a+b)0 and a+b € 7.

Taking v =6 and § = {-5b} + (a+b)b, we get

o} a
N(=v—-0)=N(=0-9)
B B
=N(-5b—{-5b})
1

<-<1.

=7 <
So, N(ary—35) < N(f3) as in case 1.
Case 3(b): a,b are not elements of Z,2a and 2b are also not elements of Z. Then,
either | b—{b} |[< % or | 2b—{2b} |< 1. In the former case, we take v = I,
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d={a}+{b}0. We arrive at
0 < N(G7=0)=Nia—{a}+b-{b}0)

=(a—{a})*+@—{a})(b—{b})+5(b—{b})’

<l+l+§(—§)
~4 6 9 36
<.

In the latter case, take v =2 and ¢ = {2a} +{2b}0

we getN(%fy—é) < % <1.

Case 3(c): a,b are not elements of Z, but 2a € Z and 2b ¢ Z.
When 5b € Z, take v =5 and 6 = {5a} +5b0.

When 5b & Z, take v =20 and § = {2a+ 10b} —2a6. This leads to

N(%fy—cS) < 1 as in the earlier cases.

Case 3(d): a and b are not elements of Z, 2a &€ Z, but 2b € Z.
Take v =2, 6 ={2a}+2b0. Then,
@
p
So, N(%v—é) < % < 1 and hence N(ay—(9) < N(0) as in the earlier cases. This
exhausts all possibilities for the choices of a,b in & = a+b6. Thus, (3.4.2) holds

B
and the proof is complete. O

v—30=2(a+b0)—{2a}—-2b0=2a—-{2a}.

Theorem 19 : R(—19) is not a Euclidean domain.

Proof : Let R(—19)* = R(-19)\ {0}. To show that R(—19) is not a Euclidean
domain, one has to establish that R(—19) does not admit a function

g R(-19) =7

where (i) g(a) < g(af) for a #0,3 #0 in R(—19)
(ii) given «, [ nonzero elements in R(—19), there exist v, € R(—19) such that
« = [+ 9 with either § =0 or g(d) < g(0).

Assume the contrary. That is, assume that there exists a function
g:R(-19)* — 7 with the properties given above.

Take g(a) = N(a) = acx for o« € R(—19). The group of units in R(-19) is
{+1,-1}. We have seen in (3.4.1) that if &« = a+ b0 where 6 = @

N(a) = a@ = (a+bb)(a+bb) = a* +ab+5b*.
Also, the norm is multiplicative. Further,
(3.4.4) N(a) =N(@) = (a+b)>—ab+4b*

If « is a unit, then N(a) = 1.

© 2007 by Taylor & Francis Group, LLC



58 CHAPTER 3

We introduce two sets S and T defined by
(3.4.5) S={a€R(-19): a#0,1 or —1}
(3.4.6) T={N():a €S}
T has a minimal element say n > 0.

We claim that 2 and 3 stay as primes in R(—19). Applying the division algo-
rithm to 2 with n as divisor (in Z) we get

2=gn+r with | r|<|n]|.

ris one of 0,1,—1. So, either n|2 or n|3. We show that n = +2 or n = £3.

If 2 is not a prime in R(—19) we could write

2= (a+bl)(c+db)

where a+ b6, c+d0 are in R(—19) and are nonzero non-units.

NQ2)=4=N(a+bO)N(c+db) = ((a+b)>—ab+4b*)((c +d)*—cd+4d>)

From ((a+b)>—ab+4b*) =2, considering the cases ab > 0 and ab < 0, we note
that » = 0. In the same manner, d = 0. So then, 2 = ac is a factorization in Z
—a contradiction. So, 2 stays prime in R(—19). Similarly, it could be shown that
3 stays prime in R(—19).

Applying the division algorithm in R(—19) to 6 with +2 or 43 as a divisor,
we see that if § = 2v+ 4 either § =0 or N(d) < N(2).
0 =0= 0 is divisible by 2. 6 = £1 would give 6 £ 1 is divisible by 2. Similarly,
either 6 is divisible by 3 or § £ 1 is divisible by 3. But this is impossible since

N@)=5=N@®-1)and NO+1)=17,

NR2)=4and N(3)=9.
The minimal element of T (3.4.6) being 2 or 3 is not allowed. This contradiction

asserts that our assumption about the existence of a function g : R(—-19)* — Z with
the stated properties is wrong. So, R(—19) is not a Euclidean domain. (I

Remark 3.4.2 : Theorems 18 and 19 have been drawn from Oscar A. Campoli [2].

The Dedekind-Hasse theorem (theorem 17) says that a PID is near to a
Euclidean domain. John Greene [5] remarks that the structure of R(—19) along
with the norm N(a), o € R(—-19) makes us suggest that R(—19) is ‘almost
Euclidean’.

Definition 3.4.1 : An integral domain D is called ‘almost Euclidean’ if there is a
function g : D — 7 satisfying the following conditions:

(i) g(0p) =0 and g(a) > 0 for 0 #a € D. (Op being the additive identity)

(ii) for 0 # a, b elements in D, one has

glab) > g(a) forallae D
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and
(iii) either a = bq, for some q € D or
(iv) 0 < glax+by) < g(b), for some x,y € D.

Theorem 20 : An integral domain D is a PID if, and only if; it is ‘almost Euclidean’.

Proof : <: Dedekind-Hasse theorem (theorem 17) shows that if D is
‘almost Euclidean’, then it is a PID.

For, g(ab) = g(a)g(b) satisfies g(ab) > g(a)g(b) for all a,b € D. Let I be a
nonzero ideal in D. Among the elements x € I, let x = b be an element such that
g(b) is minimal. For a € I, since ax+by € I for x,y € D one has

0 < glax+by) < g(b).

This is not acceptable as g(b) is minimal. So, a = bg must hold for some g € D.
Thus, I = (b) and so D is PID. B
:= Suppose that D is a PID. We define a function g : D — Z as follows:
g(0p)=0.ForOp #a € D, leta=¢€ pyp,--- p, where e is aunit and py,ps,---,pu
are irreducibles in D.

Let g(a) = 2", n denoting the total number of irreducible factors of a. (repeti-
tions being allowed)

Since g(ab) = g(a)g(b), g satisfies conditions (i) and (ii) of definition 3.4.1.

Let a,b € D with b #0p. We write

I={ax+by:x,y € D}

Since I is an ideal in D, I = (d), the principal ideal generated by d (say an element
of I).

If a = bg for some g € D, I = (b). Otherwise, I # (b). Since b € I, b = td for
some t € D. So, g(b) > g(d). Since I #(b), t is not a unit in D. So g(¢) > 1. So,
g(b) > g(d). If d = axy+ by, for some xg,yy € D,

0 < g(d) < g(b) gives 0 < g(axo+byo) < g(b).
This shows that either a = bq or there exist x,yy € D such that

0 < glaxg+byy) < g(b).

That is, D is ‘almost Euclidean’. O

Remark 3.4.3 : Theorem 20 has been adapted from John Greene [5].

Next, the division algorithm in Z says that for a,b € Z (b #0), we can find
q,r such that

(3.4.7) a=bg+rwith0<|r|<|b|

In (3.4.7), we have considered the absolute-value norm. If r > 0, we see that
0 <r<|b|. When g #-1 we also have

(3.4.8) a=b(g+1)—t
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with r=b—t ort =b—r where |t |<| b |. If g=-1, a=—b+r is the same as
a=0-b—twheret=—a=(b—r)and |1 |<|D]|.

(3.4.7) and (3.4.8) together suggest that the remainder on division of a by b is
not unique and it is said to have a ‘double-remainder property’ abbreviated d.r.p.
Following Steven Galovich [4], we make the

Definition 3.4.2 (Steven Galovich) : A Euclidean domain (D, g) is said to have the
double-remainder property (d.r.p) if, for each pair of elements a,b (a € D,b € D*)
such that b does not divide a, there exist exactly two pairs (q;,r;) (i=1,2) such
that

a=qib+ri(i=1,2)
where g(r;) < g(b) (i=1,2).
Further, a = r; (mod b) and a = r, (mod b).

Next, we show that d.r.p characterizes Z among Euclidean domains. See
Steven Galovich [4].

Let (R,g) be a Euclidean domain possessing d.r.p. R is assumed to be an
infinite set. U(R) denotes the group of units of R. As usual, we write
R* =R\ {Og}. Let 1 denote the multiplicative identity in R.

Definition 3.4.3 : Given a Euclidean domain (R,g), a subset R\ of R* is defined
by
R ={xeR":g(x) < gy forally e R*}

If u € UR), g(u) = g(1g). Further, g(1g) < g(a) for all a € R*. Also, ift € Ry,
g(t) < g(1g). But, g(lg) < g(t). So, g(t) = g(1g) or t € U(R). That is, Ry is
precisely the set U(R) of units of R.

Definition 3.4.4 : Forn > 2, we define
R,={x€R":g(x) < gy forally e R*\R,}

We need a series of lemmas (nine of them) to reach the desired goal.

Lemma 3.4.1: R* = UR”'

n=1
Proof : We have observed that R; = U(R). Now,
Ry={xeR":g(x)<g(y) forallye R"\R}.

If r € Ry, g(t) < g(y) for all y € R*. So g(r) < g(y) for all y € R*\ R; also. So,
t €R,. Thatis, Ry C R;.

We prove by induction on n that R, C R,y for all n > 1. The result is true for
n = 1. Assume that there exists m > 2 such that

Rm—] g Rm-
Rm—l g Rm = R* \Rm g R* \Rm—1~
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Lett € R* and t € R,, where g(¢) < g(y) for all y € R*\R,,. Then, ¢ € R4
or Ry, C Ryyyy. It follows that R, C R, for all n > 1. Thus, {R,} is an enlarging

oo
sequence of subsets of R*. If M = UR,,, M C R*.

n=1
Now, for s € R*, there exists R, contained in M such that s € R, for some

s € N. Thatis, R* C M and this shows that R* = M which proves lemma 3.4.1. [
Lemma 3.4.2: Ifu € U(R) and u # t1g, then 1g+u € U(R).
Proof : We note that if v € U(R), then
g(v) < g(a)foralla € R*\U(R).
No two of 1g, —u, u? are equal. However,
1g = —u = u*(mod (1g+u)).

So, if 1g+u ¢ U(R) we get the congruences

(3.4.9) {1R E—Zu(mod(lR+u))
Ig =uwu® (mod (1g+u))

(3.4.9) is due to the fact that (R, g) possesses d.r.p. Further,

g-u) <g(lg+u)
gw?) < g(lg+u)

Next, when u € U(R), there exists v € U(R) such that uv = 1. Let I denote the
ideal generated by 1x+u in R. Then, as [ is a principal ideal, g(a) > g(1g+u) for
all a € 1. 1g+u is a nonzero non-unit and so [ is a proper ideal of R, provided
we assume that 1g+u ¢ U(R). The nonzero elements of / are contained in R,, for
some m > 1.

Now, lg+u=uv+u=u(1g+v). lg+u=#0g, asu=+1g. So, g(1g+u) < g(y) for
every y € R*\R,_1, as lg+u € R,. As UR) C R, and u € U(R),
g(1g+u) < g(u). Further, g(—u) < g(u) and so g(1g+u) < g(—u). As g(u) < g(uz),
we have g(1g+u) < 2(u?). Therefore, d.r.p does not work if 1g+u ¢ U(R). Thus,
lg+uc UR). O

(3.4.10)

Corollary 3.4.1: Ifu c UR), u# £1g, lg—u c U(R).
Proof follows on lines of proof of lemma 3.4.2.

Lemma 3.4.3 : Let S(R)=U(R)U{Or}. Then, S(R) does not form a field under
the ring operations in R.

Proof : Assume the contrary. That is, we suppose that S(R) is a field.
Let r € Ry \ R;. Since (R,g) possesses d.r.p, there exists u € U(R), u # 1 and
g € R such that

lrg=gqr+u
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By the assumption that S(R) is a field, gr = 1g—u € U(R), by Corollary 3.4.1.
Then, g and r would be units. But, we have taken 7 to be a non-unit. This contra-
dicts the field structure (assumed) of S(R). So, S(R) is not a field. O

Lemma 3.4.4 : Taking 1g+ 1 as 2g, 2x considered as an element of R is a
nonzero non-unit.

Proof : If 2z € S(R) = U(R) U {0}, then for all u,v € U(R) either u+v =0 or
u+v=u(lg+u"'v) € URR) by lemma 3.4.2. So, then S(R) becomes a field which
is not true by lemma 3.4.3. That is, 2 is a nonzero non-unit in R. O

Corollary 3.4.2 : The characteristic of R is not equal to 2 and 2g ¢ U(R). For,
2 is a nonzero non-unit of R and so 2g # Og.

We deduce that as R is assumed to be an infinite set, characteristic of R is
Zero.

Lemma 3.4.5: If R, is as given in definition 3.4.4, R, is a finite set.
Proof : We first show that R; = U(R) = {1g,—1g}. Suppose that there exists u € R
such that u € U(R) and u # +1g. Then,

u=u—2g (mod 2g)

u=u+2g (mod 2g)

Now, 2r+u=1g+(1g+u). Let v=1g+u € U(R). Then, 1g+v=1g+(1g+u) is
again an element of U(R), by lemma 3.4.2. So, 2g+u € U(R). Also,

u—2r=—(1g+{1g—u)) € UR).

Therefore, by d.r.p,

g(u—2g) < g(2r)

8(2r+u) < g(2g)
As 2 #0g, 2g belongs to R, for some m. So,

g(2r) < g(y) forally € R*\Ry-
Next, R; C R,,. So, if a property is true for all y € R,,,, it is true for all y € R;.
That is, g(2g) < g(y) forall y € R; = u(R)

In particular, g(2g) < g(u+2g) and g(2g) < g(u—2g) as u+2g,u—2p are in U(R).
This violates d.r.p. So, Ry = {1g,—1g}.

Next, we assume that R, is finite. Let x € R, \ R,—1. By d.r.p, each nonzero
coset of the ideal (x) (generated by x) contains exactly two elements of R,—;. By
hypothesis, R, is finite. We write

1
=14+ (#R,-1).
k +2( nl)

Then, R/(x) is a finite ring having k elements. So,if & denotes addition modulo
(), (R/(x),) is a finite group with k elements. In R/(x),

k(1g @ (x)) = klg ® (x) = (x).
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So, k1g € (x). That is k1g is a multiple of x. Since R is a UFD with a finite group
of units,

1
klgp=(1 +§(#Rn—l)1R
has only a finite number of divisors in R. So, R, is finite whenever R, is finite.

Since R; is finite, the induction is complete. O

Corollary 3.4.3 : Ifx € R*, R/(x) is a finite ring.

Remark 3.4.4 : Since R is infinite and for each n > 1, R, is a finite set, we note
that R, is strictly contained in R, forn > 1.

Definition 3.4.5 : For x € R*, #(R/(x)) denoted by N(x) is a positive integer and
N(x) is called the norm of x € R*.

Lemma 3.4.6 : The norm N(x) of x € R* is multiplicative.
That is, for x,y € R*,
N(xy) =N@)N(y).
Proof : For x,y € R*, we consider the quotient rings R/(x) and (y)/(xy). This is
meaningful as R is a PID. We define

P iR/(x) — (3)/(xy)
by ¥(a+(x)) = ay+(xy) where a € R. If b € R and ay+ (xy) = by+ (xy), we get
(a—Db)y € (xy). This yields a—b =0g or a =b. That is, ¥ is one-one. Therefore,
N(x) = #((3)/ ().

Further, R/(y) = R/(xy) / (y)/(xy). Thus, N(y) = A,’v‘g; which proves the desired

property of N. U

Lemma 3.4.7: Forn>2,
1
RA\R1={x€ER":Nx)=1+ 5(#Rn_1)}.

Proof : While proving lemma 3.4.5, we have observed that if
XER\R1,R/(x) has k=1+ %(#Rn_l) elements.
We set
An = Rn \Rn—l
and |
B,={x€R":Nx)=1+ 5(#R,1_1)}.
AnNA, = ¢ for m #n. Similarly B,, N\ B, = () for m # n. However,
we have

GAn = GBn =R*\U(R).
=2 =2

Also, A, C B,. For,if x € R, \ R,—1, N(x) = 1 + %(#Rn_l) and so x € B,,.
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We claim that A, as a proper subset of B, is impossible. Forif y € B,,, y ¢ A,.
So,y € Aj C B; is a contradiction as B;N B, = () for j #n. So, A, =B, forn > 2.
This completes the proof of lemma 3.4.7. ]

Lemma 3.4.8 : For x,y,€ R*, g(x) < g(y) & N(x) < N(y). In other words, the
Euclidean domain (R,N) also possesses d.r.p.

Proof : «: Let x,y, € R* such that

Nx)=1+ %(#R,,_])

1
N(y) = 1+§(#Rm—l)

xZy=n#m. f N(x) < N(y), #R,-y < #R,—1. As R, C Ry forn > 1, R, CR,,
when x € R, \ Ry—1; ¥y € Ry \ Ri—1. S0, when n < m, g(x) < g(y).

:= Suppose that g(x) < g(y). Choose n,m the least positive integers such that
X €R,,y €Ry,. Then, n < m.

R,={y€eR":g(y)<g@) forallt € R"\Ry1}

1
Ry—Rpy-1 = {y ER": N@y)=1 +§(#Rm—l)}
Now,
1 1
N@) =1+ Z#R) S NQ) = 1+ S #Rp-1).

Inequality is strict. For, otherwise, x € R, \ Ry—1.
So, g(x) < g(y) = N(x) < N(y). As N is multiplicative, (R,N) has also d.r.p. O

Remark 3.4.5 : Lemma 3.4.8 connects the function g with the norm N.

Remark 3.4.6 : #R,_; =2(N(y)— 1), whenever y € R, \ R,_.

Lemma 3.4.9 :
Ry \ Ry = {£2¢}.

Proof : By lemma 3.4.7,

1

RA\R ={xeR":Nx)=1+ 5(#R1)}.
As #R; =2, we have
Ry\R ={x€R":N(x)=2}.

N(x) =2 = #R/(x)=2. Therefore, 2(1g+(x)) = (x) or 2g € (x). There exists y € R*
such that xy = 2 (as 25 is a multiple of x.) We claim that N(y) = 1. This implies
that y is a unit and x = +2z. We proceed as follows:

‘We observe that
N(x*) = N(x)N(x) = 4.

1g =x=x* (mod (x—1g)).
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For,
lg=—(x—1g)+x
lg=—(x+ 1g)(x—1g) +x*
1z = Op(x—1g)+ 1.
If N(x—1g) > 4, then N(x) < N(x—1g), N(x?) =4 < N(x—1g). Also,

N(1g) < N(x—1g). As R satisfies d.r.p, there exist exactly two elements x,x, with
(x—1g) not dividing 1 such that

N(x1) < N(x—1g)
N(x) <N(x—1g)
and
1z = x; (mod (x—1R))
1g = x, (mod (x— 1))
This shows that # (R/(x— 1g)) = N(x— 1g) cannot exceed 4. That is,
(3.4.11) Nx—1g) < 4.
Arguing similarly, we show that N(+1z £x) < 4.
(3.4.12) Now, no two of =+ 1 =+ x are equal.
For,
If 1g+x=—1x+x, we have 2 =0.
If 1g+x=1x—x, we have 2zpx =0.
If —1g—x=1g+x, we have 2px =—2R or x =—1;.

But, x is a non-unit. So (3.4.11) holds good.
We observe that
1R+x = 2Rx+(1R—x)
lg+x=21g+(—1g+x)
1g+x=20g+(1g+x)
So, they are congruent modulo 2. So, by d.r.p, N(2g) < N(£lg £x) <4 or,
4> NQ2g)=NxN(y)=2N(y) as N(x) = 2. So, N(y) < 2. If all of (£1x +x) have
norm < 4, then,
N(Q2g) <4 orelse, d.r.pis violated.

If NQ2g) < 4,2N(y) <4 andso N(y)=1as N(y) < 2.
From the argument shown above, we arrive at the fact that N(y) = 1.
So, we can assume without loss of generality that

N(lg—x)=4and N(y) = 1.

N(a) =4 = #R/(a) = 4. Since any element of norm 4 is a product of irreducibles
dividing 2, we suppose that ab =4y for some b € R. As Ris a UFD, ab =2 - 2.

© 2007 by Taylor & Francis Group, LLC



66 CHAPTER 3

Suppose that xy = 2. Then, N(1g —x) =4 = x divides 1z —x or y divides
Ig—x. If x divides 1g—x, 1g—x € (x). So 1g—x+x =1 € (x). This shows that
x has to be a unit which is not the case. So, y divides 1x—x and N(y) = 2. So,
1—x=4y2

Now,

Rz\R] = {x €R* :N(x) 22} = {ix,iy}
Furthermore, if N(1x —x) =4, 1gx —x must be of the form a;a, where a;,a, are xy
or yX.
R3\Ry={x € R* : N(x) =4} = {+x? +xy, +y*}
Since N(1g+x) < 4, x does not divide 1g+x and 1z +x# 1g—x. So, 1g+x # +y?
or 1gx+x=+y. Therefore,
Y = (Ig+x)* = £(1g—x).

If (1g+x)%> = (1g—x), then, 1g+2gx+x> = Ig—x or x(x+3g) =0. So, x =-3% and
y =42, which implies that x = =1g, a contradiction. So,

(1g+x)* =—1g+x

or x2+x+2R =0.

So, x= miESVAVETY Vzl"'_g'* That is,
(3.4.13) 2x+1r=+/-Tr €R.
A]so,y:—]R—x:—(@),x—yz 1g+2x.

Now, #R3 = #(R3—R) +#(R,—Ry)+#R; = 12. So, by lemma 3.4.7
R4\R3 = {t ER":N() =7}
If z € Ry \ R3, z divides v/—7g. Thus z divides v/—7g = Ig+2x=x—}y.
Therefore, x2 = Xy = y2 (mod z) which contradicts d.r.p. So, we conclude

that N(y) = 1 and so R, \ R; has elements 2g and —2¢ as desired. This proves
Lemma 3.4.9. O

Theorem 21 (Steven Galovich (1978).) : If (R,g) is a Euclidean domain with
d.rp, then R = 7.

Proof : Proof is by induction on the norm function N given in definition 3.4.5.
We have seen that Ry =U(R)={£1g}. By lemma 3.4.9, R, \ R| = {£2g}. Further,

UR)={x€R* :N(x)=1}.
Let
ng=1g+1g+---+1g(n times)

N(ng) =nis true for n =1 and 2. Suppose that N(kg) = k for all
k < (n—1). If n is composite, N(ng) = n by induction on n, as N : R* — N is
multiplicative.
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Let n be an odd prime. Then,

N((n+1)R)=N(@)

2.(53)

=(n+1).
Since ]R = ]R—I’lR = (I’l+ l)R (mod I’lR),
N(ng) < (n+1) as N(n+1)g)=(n+1).

But, 1 has additive order n in R/(ng) and so n divides N(ng). Therefore, N(ng) =
n. Next, let y € R*

(3.4.14) #HxER" :N(x) <N} =2(N()—1).
For, if y € Ry, \ Ry1 = {y € R* : N(») = 1+ 3(#R,, 1)}
{XxER":N(x) <N} =R,

and #R,,—; = 2(N(y))— 1. Writing y = ng in (3.4.14) and noting that N(ng) = n, we
obtain

{XE R* :N(x) < I’l} = {ilR,iZR,--- ,E(n— I)R}

As U{x ER*:N(x)<n}=R",R=Z or R=7Z up to isomorphism. This shows

n=1
that the double-remainder property characterizes Z among Euclidean domains.

O

Remark 3.4.7 : Proof of theorem 21 has been adapted from [4].

3.5. Notes with illustrative examples

One need not confine oneself to integral domains while discussing the ‘divi-
sion algorithm’. Euclidean rings could be studied. So, then, there are principal
ideal rings.

The study of the ring of algebraic integers of Q[+/m] has arisen from a class
of Diophantine equations

¥ -my*=n
where | m | is given and n is arbitrary. In the case of

x*—y* = p (a prime)
we have (x—y)(x+y)=p. One hasx—y=1and x+y=p and so x = pT“ y= ”—;1

So, a prime p is a difference of two squares if, and only if, it is odd. For an odd

integer n, one can write
n+1 2 n—1 2
n=—\] —( ——
2 2
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and hence every odd integer is the difference of two consecutive squares.

So, we are interested in studying rings contained in Q[y/m] where
m € Z\ {0,1}, m square free. In the case of the ring Z[i] of Gaussian integers,
it can be shown that for any ideal I of Z[i], the quotient ring Z[i]/I is finite. As
I is a principal ideal, I = (&), a € Z[i]. The cosets I+ are those determined
by 6 = ay+ 0 where 0 € Z[i]. There are only a finite number of § for which
8B < g(a).

Now, given m; and m, square-free integers such that one does not divide the
other, it is easy to check that Q[,/m1 ] and Q[,/m; ] are not isomorphic as fields.
Further, for a given m, one can determine all the subfields of the quadratic field
Q[y/m] as [Q[v/m]: Q] =2. Regarding units in
Z[\/m], m > 1, Z[/m] has infinitely many units.

If (a1, b) is a solution of a®>—mb? = £ 1, (a;, by) is also a solution where
{ag,br) = (a1 +bi/m), k € Z. 1f {ay,b;) is a solution of a>—mb* = £1, then
ay+bi\/mis a unit. It follows that &(a; +b/m)¥, k € Z are all units. In particular,
the elements of the form +(1+v/2)¥, k € Z are units of Q[v/2]. See section 13.7,
chapter 13.

If m < —1 Z[/m] has units +1,—1. Further, Z[v/=5] is not a PID, as the ideal
generated by 3 and 2++/=5 is not a principal ideal. Z[/-5] deserves greater
attention. If p1, pa,---, px and g1,q2, - - - ,gm are irreducible elements of Z[v/—51,
such that py,p2,--- , Pk = 41,92, ,qm, then k =m. An integral domain which
satisfies this kind of property is referred to as a half-factorial domain (H.E.D). In
general, if H is a H.E.D, it happens that a finite set of elements of H need not have
a greatest common divisor. See Section 2.5, chapter 2. Half-factorial domains are
considered in Section 13.4, chapter 13.

3.6. Worked-out examples

a) Let K = Q[/m] where m > 0 and m = 2 or 3(mod 4). Show that the number
of fields K for which the ring R(m) is a Euclidean domain is finite.
Answer: Let us suppose that R(m) is Euclidean for m > 0 and m # 1 (mod 4).
Given 6 = Q[+/m], there exists n € R(m) such that

(3.6.1) g@-n <1

where g : R*(m) — 7 given by g(a) = |[N(a)|,« € R*(m).
Let 6 = r+sy/m, r,s € Q. n=x+y/m, x,y € Z and 0,7 satisfy (3.6.1).
Then, by (3.6.1),
|(r=x)? =m(s—y)’| < 1.
Take r=0, s : t/m where ¢ is an integer to be chosen. Then,
2 —m(y—t/m)*| < 1.

That is, |(my—1)>—mx?| < m. But, (my—1)>—mx?> = t*(mod m).
So, there exist rational integers x, z such that

(3.6.2) Z—mx* =*(mod m), |22 —mx*| < m.
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If m = 3 (mod 4), we choose ¢ such that 5m < > < 6m. This is possible when
m is large enough. By (3.6.2) z2 —mx? is equal to t*> —5m or > —6m. Therefore,
one of

(3.6.3) P2+ =m(-xY), ?-2=m6-x>
holds. Considering integers 2,72, x*,m modulo 8, we have
> = 1(mod 8)
2.x*=0,1o0r4(mod8), m=3or7(mod8)

>~z =0,1 or 5(mod 8)

5—-x*=1,4 or 5(mod 8)

6-x>=2,5 or 6(mod 8)
m(5—x*) = 3,4 or 7(mod 8)
m(6-x*) =2,3,6 or 7(mod 8).

whatever be the choice of m, each of (3.6.3) is impossible.
If m = 2(mod 4), we choose t odd with the property

(3.6.4) 2m < t* < 3m,
when m is large enough. (3.6.4) holds for large values of m. In this case, one
of

(3.6.5) =2 =m2-x>), -2 =mB-x%)

holds. But, to the modulus 8, m = 2 or 6 (mod 8). Then,
2—-x*=1,2 or 6(mod 8)
3—x>=2,3 or 7(mod 8)
m(2—x%) = 2,4 or 6(mod 8)
m(3—x%) = 2,4 or 6(mod 8).

Then, each of (3.6.5) is impossible.

Hence, if m = 2 or 3(mod 4) and m is large enough, the ring R(m) of integers
of Q(y/m) is not Euclidean.

This completes the answer. O

Remark 3.6.1 : Worked out example (a) is applicable to the case m = 1 (mod 4).
As noted in [A1], the proof is more difficult and so not attempted.

b) (Godement) Let R be a PID having F for its field of quotients. Suppose that
t € F is given by
a

oo RS

© 2007 by Taylor & Francis Group, LLC



70 CHAPTER 3

where p1, p2,...,pr aredistinct primes of R;a € R, a; > 1(i=1,2,...,k). Show
that there exist elements #;,7,,...# in R such that

t 1,
(3.6.7) 1= et
P Dy

(that is, every element of F' can be written as a sum of fractions of the form
b o

—,where b € R, paprimein R, r > 0).

pl"

Answer: We make the following

Observation: (i) If p1, pa, ..., pr are nonassociated primes in R, then, p
<Py (@i > 1;i=1,2,... k) are relatively prime to one another.
Observation: (ii) Suppose that by,b,, ..., b; are elements of R which are rela-
tively prime to one another. If

ay ay
1 apz )

: c
bi,by,... by
where ¢ € R, s € F and s can be expressed as
_ C1 C2 Ck

3.6.8 =—+ =+ +—
(3.6.8) o b be

N

where ¢; € R(i=1,2,...,k).

Observation (i) follows from the fact that if 4 is a g.c.d of p{" and pj’, i#]
and if d is a non-unit, d has a prime divisor p which divides p{" and pj’ .So, p
is an associate of p; as well as p; —a contradiction to the fact that p; and p;
are not associated. So, d is a unit and hence p¢' and pj.f are relatively prime to
one another.

Observation (ii) can be proved by induction on k, starting with k = 2.
(3.6.7) follows from (3.6.8). ([l

Remark 3.6.2 : Example (b) is useful when we consider R[x], the polynomial

ring with coefficients from R, the field of real numbers. R[x] is a PID. Its field
of quotients R(x) contains rational functions of the form % g(x) #0. By the
UFD property of R[x], we express g(x) as a product of irreducible elements of

R[x]. Then, % is expressible as a sum of partial fractions.

Illustration 3.6.1 :

X +2x+1 1 1 (x+1)
(3.6.9) TES1 x—1 204D 20240
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EXERCISES

1. Mark the following statements true (T) or false (F) justifying your answer
briefly.
a) d is a g.c.d of nonzero elements ay,ay,...,a, of a PID R. Then, d is
expressible as

d=xja;+xar+---+x,a,

where x1,X2,...,X, are elements of R. It is correct to say that xy,x3, . .., X,
are pairwise relatively prime to one another.

b) Let R be a PID. Suppose that p denotes an irreducible element of R.
Then the ideal I1(= (p)) generated by p need not be a prime ideal.

c) (Godement) Let d be an element of a commutative ring R with unity. In
R X R, we define addition and multiplication by

1)+, s)y=@+7,s+5)
(3.6.10) (r,8)-(r',s) = (r¥ +dss’ ,rs' ++'s)

(where r, r'; s, s' are elements of R) involving the given element d and
the laws of composition in R. We denote the new ring obtained from
R % R using (3.6.10) by R[\/d].
IfR=F, = 7/ pZ, where p is a prime, Fp[\/c_i] is a field having 121
elements, for d = [7] (element of F,) and p = 11.
d) The g.c.dof 11+7iand 18—iin Z[i] is 2+i.
e) Let R(3) denote the ring of integer of Q(v/3). The equation 2.11 =
(5+3)(5—-/3) does not contradict the UFD property of R(3).
f) Let 0= exp(%). Then, Z[0] is a Euclidean domain.
2. Let(D,g) be a Euclidean domain. For nonzero a,b € D, show that g(a) < g(b)
if, and only if, b is not a unit in D.
3. (Picavet) [A3] Let (D, g) be a Euclidean domain whose algorithm g satisfies
the following properties :
(a) g(ab)=g(a)g(b) for all a,b € D* witha+b =0
(b) g(a)=g(b) if, and only if, a and b are associates.
Show that D =7, the ring of integers.
Prove that 1 and —1 are the only units in R(—19).
Ifw= exp(%)7 show that Z|w] is a Euclidean domain.
Show that Z[/—101] is not a unique factorization domain.
Prove that for each of the number fields Q( /m) where
m=-13,-14,-15,-17,-21,-22,-23 and -26, the associated ring R(m) of
integers is not a U.F.D and so not a PID.
8. Show that R(10) and R(15) are not unique factorization domains. (Recall that
R(m) denotes the ring of integers of Q[/m]).
9. What is the irreducible polynomial of o = 1+/5 determining a number field
K such that [K : Q] = 3. Determine the ring of integers of K.

NS A
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10. Let a € Q. Suppose that « is a zero of x> —a. Find the number field K of
degree 2 over Q such that o € K. Describe the ring of integers of K.

11. Let K be equal to Q(\/3,i) where i denotes \/—1. Determine the ring of inte-
gers of K. Is it a Euclidean domain?
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CHAPTER 4

Rings of polynomials and formal power series

Historical perspective

Polynomials have played a major role in the study of algebra and geometry.
Even before the time of Euclid, Babylonians (586 B.C.) knew that a right-angled
triangle with legs each of unit length must have a hypotenuse \/2 units in length.
(The ancient Babylonian Empire was situated in Euphrates valley about 100 kms
south of Baghdad (Capital of Iraq which was formerly known as Mesopotamia).
Pythagoras (580-500 B.C.) is known by the theorem that bears his name, al-
though the theorem was known to Babylonians. It is reported that Egyptians were
familiar with methods of solving polynomial equations in special cases. From the
time of Hippocrates (c. 460 B.C.) till the time of Diophantos (c 250 A.D.), Greeks
attempted numerical problems which could be stated in terms of polynomials. In
Greek algebra, magnitudes were represented by line segments and the problem of
finding the roots of a quadratic equation meant a solution in the form of a straight-
edge and compass construction for line segments representing the roots. By 1100
A.D., Arabs developed algebra to the extent where they were conscious of tackling
cubic equations. In the sixteenth and seventeenth centuries, methods of finding the
roots of a quadratic, cubic and biquadratic equations were found out in the form
of ‘formulae for roots’. The contributions of Euler, Lagrange, Niels Henrik Abel
(1802—1829) and Everiste Galois (1811-1832) to the ‘insolvability of the quintic’
are well-known. As mentioned in chapter 3, when Rene Descartes (1596—1650)
invented analytic geometry, the door was opened for a fusion of ideas of Calculus
which unfolded itself at the hands of Newton and Leibnitz.

A major breakthrough was in sight when Poncelot (1788-1867) published
his work on projective geometry. Poncelot was in prison during 1813—1814 and it
was during this period he invented many outstanding results in geometry—mainly
his concept of central projection. Polynomials are studied in the context of cen-
tral projections. If we consider curves whose equations are given by polynomials,
central projections change these curves into other curves given by ratios of poly-
nomials. We examine the properties of a curve which do not change by such
projections. Those properties are called invariants. Invariants provide a ‘bridge’
between algebra and geometry. The idea of central projections gave place to
one-one onto mappings 0 of an n-dimensional space so that 6 and 0" were poly-
nomial maps. They are birational transformations. The question that was asked
is the following:

73
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What properties of curves remain invariant under certain kinds of transfor-
mations? In the general situation, polynomials with coefficients from a field were
considered. The ring F[x] is a PID. Polynomials in two indeterminates x,y be-
long to the integral domain F[x,y]. But F[x,y] is not a PID. We look at an ideal
I of the ring F[x1,xa,--+ ,x,] in n indeterminates. The question is : Is I finitely
generated? Hilbert’s Basis theorem says that I is finitely generated. It was P.
Gordon (1837-1912) who first proved this theorem for ideals of F[x,y] in 1868.
For the next 20 years or so, Gordon and others were able to extend this result to
certain special kinds of ideals in F[x1,x2,x3] and F[x1,X2,x3,X4]. Even though the
work was about the structure of ideals, they studied certain kinds of polynomials.
Indeed, D. Hilbert’s contributions are remarkable and his influence on modern
mathematics is profound.

4.1. Introduction

Polynomial rings are introduced. If F is a field, F[x] is a Euclidean domain
and the uniqueness of the division algorithm characterizes F[x] among Euclidean
domains.

The ring A of arithmetic functions under the operations of addition and
Dirichlet convolution is shown to be a UFD via the ring C,, of formal power
series in countably infinite indeterminates. This was proved by E. D. Cashwell
and C. J. Everet [2] in 1959. This is given in theorem 27.

When we consider polynomials over a finite field, say Z/pZ, p, a prime it is
possible to find a formula for the number of monic irreducible polynomials of a
given degree say m, via Mobius inversion. It is deduced that the number of monic
irreducible polynomials over Z/pZ is infinite. This is an analogue of Euclid’s
theorem on the infinitude of primes (done in arithmetic) in algebra. Noting that Z
is a PID, another analogue involving a PID (due to Fabrizio Zanello) is considered
in Section 16.3, Chapter 16. See Theorem 158.

4.2. Polynomial rings

Let R be a commutative ring with unity 1. A polynomial in x (an in-
n

determinate) with coefficients from R is of the form Zaixi. It is a sequence
i=0
(ap,a1,az,---) where a; € R and all the a; except a finite number of them are zero.
(ap,a1,az,---) and (bo,b1,by,- - -) are equal if, and only if, a; =b; fori=0,1,2,---.
Addition and multiplication of polynomials are defined by

4.2.1) (ap,ay,az,+ )+ (bo,b1,b2,--) =(ap+bo,a1+by,ar+bs,- )
and
4.2.2) (ao,ay,az, - )bo,b1,b2,- )= (co,c1,¢2,+)
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where
n
Cp = E ajb,,_j
=

The set of polynomials with coefficients from R is denoted by R[x]. R[x] forms
a commutative ring under operations of addition and multiplication given above.
The zero polynomial is

(Or,Or,0r; )
and x is denoted by (Og, 1g,--- .). It is a polynomial. The symbol x multiplied by
X, t times is the polynomial

(O, 0, -+, 1lR ,0R, ).

(t+1)place

Og is the additive identity and 1g, the unity element in R. With this notation, we
get

(423) (ao,CZ],az,--' ,an,OR,OR,---)zz:aixi.

i=0
It is easy to check that when R is an integral domain so is R[x].
If f(x)= Z?:o aix' € R[], deg f(x) = n when a, # Og. By convention, the degree
of zero polynomial is defined to be —co (negative infinity). Let R be an integral
domain. We observe that

4.2.4) deg(f+g)(x) < max{deg f(x),degg(x)}

(4.2.5) deg(fg)(x) = deg f(x) +degg(x)

When R is a commutative ring with unity, division algorithm holds in R[x]. We
state this property without proof.

Proposition 4.2.1 : Suppose that f(x), g(x) (0) are elements of R[x] such that
the leading coefficient of g(x) is a unit in R. Then, there exist unique elements
q(x),r(x) € R[x] such that

F0) =q(x0)g(x)+r(x)
where either r(x) = 0 or degr(x) < degg(x).

For proof, see D. M. Burton [1].

Remark 4.2.1 : When R = F, a field, the leading coefficient in g(x) is invertible
and so the condition that the leading coefficient should be a unit is not needed.

Corollary 4.2.1 : F[x] is a Euclidean domain.

For, one could define ¢ : F[x] — 7 (the set of non-negative integers), by
o(f)=degf, feEFIx]
Let f,g € F[x].
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®
O(f(x)g(x)) = deg(f(x)g(x))

= deg f(x) +degg(x)
>deg f(x), as degg(x)>0
=0(f(x))

(i) Given f,g € F[x], g(x) #0, one has, by proposition 4.2.1,
Jx0) = q(x)g(x) +r(x)

where either r(x) = 0 or §(r(x)) < d(g(x)). This proves corollary 4.2.1.

We prove in theorem 23 below that the division algorithm for polynomials
in F[x] gives a unique quotient and remainder. Such uniqueness characterises
polynomial rings among Euclidean domains.

Let D be a Euclidean domain with 1p #0p. Let D* =D\ {Op}. The function
g : D* — 7 has the property:

(4.2.6) If a,b € D and a is a proper divisor of b then g(a) < g(b)

and g(a) = g(b) if, and only if, a and b are associates.
Further by theorem 13, (chapter 3), the quotient and remainder on application
of division algorithm are unique if, and only if,

4.2.7) g(a+b) < max{g(a),g(b)} forevery pair (a,b) in D*.

Now, we may assume that g(1) = 0. If not, we could write

(4.2.8) ¢’ : D* — 7Z such that g'(a) = g(a)—g(1).

g’ also gives a Euclidean norm (function) in D* just as g does give.

Theorem 22 : If g’ : D* — Z is as given in (4.2.8) and for a € D*, g'(a) is a

positive minimum. Then for each b € D*, there exist unique elements
9041, -+ ,qx € UD)U{0p} such that

b= qd +qi1d + -+ q1+qo, qi #O0p (the zero element in D),
where U(D) denotes the set of units in D. Further, the map
¢:D — F[x]
k

given by b= quxj is an isomorphism, where F = U(D)U{0p}.
J=1

Proof : The sequence {g'(a")}, k=0,1,2,--- is a strictly increasing sequence as

a* is a proper divisor of a®*'. (k > 1).

(4.2.9) Ifb#0p,g'(d") < g'(b) < g'(a*") for some k > 1.

Then,
b= qkak +rwhere r=0or g'(r) < g'(ak).
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g #0p. We claim that g is a unit. If g; were not a unit, we will have

gr=la+m,m € F and | #0p as g'(a) is a positive minimum.

k14 mak. From

So, qkak =la
b=qd* +r,
we have
b=1d""+md" +r.

Now, [ and m are unique, as m is a unit.
So, by (4.2.7), g'(b—md* —r) = g'(b+ (—md*—r))
< max {g'(b),g'(md"+r)}
Further,
¢'(md*+r) < max{g'(md"),¢'(n}

< max{g'(d"),g'(r)}, as m is a unit.

=g'(a).
By (4.2.9), g'(b) > g'(a"). So, max{g/(h), g'(md*+r)} = g'(b).
Also, g'(b—mad*—r) < g'(b). But, b—mad—r = la"*!.
Therefore, g’(b) > g'(ld™") > g’(a®*") which contradicts the inequality
g'(b) < g'(@*")in (4.2.9). So, gy is a unit and b = gzak +r.

If r #0, we proceed as before and arrive at

k
(4.2.10) b=Y qja/, q;€F, j=0,1,2,--k.
J=0
The representation of b in (4.2.10) is unique.
For, suppose that

n

Zsjaj =0p,s; €F, s, #0p.

J=m

n
—Sp=da E sja/_m_1

Jj=m+1

Then,

Therefore, g'(s,,) = g'(1) > g’(a) which is impossible as, g’(1) = 0. That is,

Zsjaj =0p,=s;=0p, m< j<n.

Jj=m

It follows that the representation (4.2.10) for b is unique. ¢ : D* — F[x] is such
that

k
$b)= g’
j=0
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provides a one-one map from D* into F[x].

The question is : Is F a well-defined ring?

We answer this in the affirmative, once we claim that the sum of two units in
D is again a unit.

If uy,uy are in u(D)

0 < g'(ur+uz) < max{g'(u1),8'(uz)} = g'(1)=0.

So u; +ujy is a unit whenever u,u, are units.
If D=u(D)U{0p}(=F),D is a field. This completes the proof. O

Theorem 23 (M. A. Jodiet (1967)) : Let D be a Euclidean domain in which
1p #Op. If the quotient and remainder on applying division algorithm to every

pair {a,b) in D* are unique, the set F of units together with Op forms a field.
IfF#D, D= F[x].

Proof : If the quotient and remainder are unique, the function g’ : D* — Z could
be so defined as to make g’(1p) = 0. In this case D = F by theorem 22.

If D+ F, there exist nonzero non-units in D and then, by theorem 22, we have
a one-one map ¢ : D* — F[x] given by
o(b) = Zf':o qjx',q; € F, qx #0, b € D*. Let us map the zero element Op into the
zero polynomial in F[x]. We get a map ¢’ : D — F[x] which is a homomorphism
and which is one-one onto F[x]. For,

ko

ki
Fbr1+0)=0' O g+ i)

J=0 J=0
max{k; k> }
=¢'( Z tjaj) , where ¢; =qj+q3. eF;
J=0
max{k .k}
= Z tjxj.
J=0
Or, ¢/ (b1+by) = ¢/ (b1)+ ¢ (b2).
Also,
ki k
@' (b1b2) = fb’(z qa’ Z )
j=0 =0
ki+ko j
= ¢I(Z Cja’, where ¢; = Z%Q;—s)
J=0 s=0
ki+ko

- § ' )
= cjx
J=0

Or, ¢/ (b1b2) = ¢ (b1)¢/ (b2).
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So, D = F[x]. U

Remark 4.2.2 : Theorems 22 and 23 have been adapted from M. A. Jodiet [6].

Theorem 24 : Let D be an integral domain. Suppose that a function ¢ : D — Z
satisfies the conditions:

(a) for a,b € D whenever alb. ¢(a) < ¢(b) with equality if, and only if, a and b
are associates.

(b) If a,b € D* (= D\{0}) such that neither of them divides the other, then there
exist elements k,l,m with the property m = ka+1b and

¢(m) < min{¢p(a), ¢(b)}. Then D is a PID and conversely.

Proof : := D is an integral domain and ¢ : D — 7 is a function satisfying condi-
tions (a) and (b) of the theorem.

We claim that D is a PID.

To achieve this, we consider a proper ideal I of D. I #(0). We take an element
x among the nonzero elements of / such that ¢(x) is a minimum. We show that /
is the principal ideal generated by x.

Suppose not. Let y € I. If y is not a multiple of x, x cannot be a multiple of y
as g(x) < g(y) by condition (a). Applying (b) we note that there exist elements %,
[, m such that

m = kx+1y and ¢(m) < min{p(x), p(y)} = P(x)

This contradicts the minimality of ¢(x). So I is a principal ideal and 7 = (x). Thus,
Dis a PID. _

«: Conversely, if D is a PID we introduce a function ¢ : D* — Z as follows:
As D is a UFD, every nonzero element of D is a product of a finite number of
irreducibles.

For a € D*, take ¢(a) = the number of irreducible factors of a and write
¢(0p) = 0. Then (a) holds. For (b), take m to be a g.c.d of a and b. As D is a PID,
D satisfies the criteria for the function ¢ defined as above. O

Remark 4.2.3 : An integral domain D for which a function ¢ : D* — Z satisfy-
ing conditions (a) and (b) of theorem 24 does not make it a Euclidean domain.
For, condition (b) is not the equivalent of the ‘division algorithm’ property of a
Euclidean domain. So, theorem 24 does not hold good for Euclidean domains
though they are principal ideal domains. For instance, as in theorem 18, chapter
3, R(—19) is a PID and is not a Euclidean domain. Theorem 24 indicates that an
integral domain D could be ‘almost Euclidean’ as indicated in theorem 17, chapter
3 (see definition 3.4.1).

4.3. Elementary arithmetic functions

By an arithmetic function f we mean a mapping f : N — C where C denotes
the field of complex numbers. We denote the set of arithmetic functions by A. An
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arithmetic function is merely a complex-valued sequence: f(1), f(2), f(3),---.
For f,g € A, we define f+g by

4.3.1) (f+8r)=f+gr), r=1
Definition 4.3.1 : The Dirichlet convolution f - g of f,g € A is defined by
r
. = He(-
(/) th< )8()
where the summation on the right is over all positive divisors t of r.

Addition and Dirichlet convolution are associative. They are also commuta-
tive. Further, for f,g,h € A

43.2) f(g+h)=f-g+f-h

The function z given by

4.3.3) zZ(n=0, r>1

serves as the identity element for addition. The function e( given by
(4.3.4) eo(r) =[]

where [x] denotes the greatest integer not greater than x serves as the identity for
Dirichlet convolution (multiplication). It follows that (A,+,-) is a commutative
ring with unity ep. It is known [7] that f € A is a unit if, and only if, f(1) #O0.

Definition 4.3.2 : f € A is called a multiplicative function if, whenever

g-c.d(rs)=1, f(Nfs)=f(rs).

The function d where d(r) denotes the number of divisors of r and the Euler
totient ¢ are examples of multiplicative functions.

Definition 4.3.3 : For f € A, f £z, N(f), the norm of f is defined as the least
positive integer a such that f(a) #0. N(z) =0, where z is the zero function.

Fact 4.3.1 : Norm of an arithmetic function satisfies

N(f-8)=N(fIN(g) forall f,g € A.

For proof, see Sivaramakrishnan [8].

It is clear that N(f) = 1 if, and only if, f is a unit. If f € A is a unit, there
exists g € A such that - g=eo. We denote g by f~! and call it the Dirichlet
inverse of f.

If e(r) =1 for all r > 1, e, is a unit in A. The Dirichlet inverse of e is called
the Mobius function which is denoted by p. That is, ™! = 1. Accordingly, we
give
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Definition 4.3.4 : The Mobius function i is defined by

1

w(r)=< (DX, ifr=pips--- pr, where p1, pa,--- pi are distinct primes;,
0, ifa*lr, a>1.

, r=1;

W 1s multiplicative.
The relation e - 4 = e translates into

Z ([) _ 1, r= ]
Ho= 0, otherwise.

t|r
Further, we note that for f,g € A
fe=g&f=g-¢

This is the well-known Mobius Inversion formula namely:
for f,ge A

(43.5) Y =g & [ = gp)

tr tr
Let U(A) denote the group of units in (A,+,-). As remarked earlier, f € U(A) if,
and only if, f(1) #O0.

Lemma 4.3.1: (A,+,-) is an integral domain.

Proof : We have already seen that (A,+,-) is a commutative ring with unity e.
We claim that A has no divisors of zero. As the norm N(f) of an arithmetic
function f satisfies

N(f)=N(g-h)=N(g)N(h), whenever f =g-h;

N(f) =0if, and only if, N(g) or N(h) is zero. So, if gz, h #z,
f=g-h#z So, Ais an integral domain. O

We, next, mention some identities occurring in elementary number theory.
Let I € A be defined by

(4.3.6) Iry=r, r>1.
Then, if ¢ denotes Euler’s totient, Z ¢(t) = r is expressed by

l\r
QS'@ =I7
org=I-e'=Ip
That is, ¢(r) = Zl‘rt,u(f).

The number of divisors functiond =e-e, or d-e~! = e. That is,

> _dop)=1.

tr
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If w(r) denotes the number of distinct prime divisors of r

a0 =277 & [ u) =22 ).

t|r t|r
It is, in effect, | 11 | -e = \ where A\(r) =2“"). Or
[pl=A-e.

Many of the known number-theoretic identities can be brought under Dirichlet
convolution, using the calculus of multiplicative functions introduced by
R. Vaidyanathaswamy (1894-1960) [9].

4.4. Polynomials in several indeterminates

We begin with a commutative ring R having unity element 1z. Let S be a
subring of R and T a subset of R. The smallest subring of R containing S and 7T is
the intersection of all subrings of R which contain both § and 7. We denote it by
S[T] and S[T] is the subring of R generated by S and T'.

If T = {x1,x2, -+ ,x, } we get the ring S[x;,xp,---,x,]. It is the subring of R
generated by S and the x; (i = 1,2,---n). S[x;,x2,---x,] contains finite sums of
monomials

sx{'x52---xpr, wherea; > 0(i=1,2,---n), s € S.
So, S[x1,x2,- -+ ,x,] consists of all polynomials in xj,x,,--- ,x, with coefficients
from S. A typical polynomial in n indeterminates is of the form

(4.4.1) fOorx, )= Y sanay, @) XX
ar,az, a4, >0

where s(ay,as,--- ,a,) is written to represent an element of S which occurs as a

ap ,.a

coefficient of x{'x5* - - xi". f(x1,x2,---,x,) can also be written in the form

n n n
4.4.2) fx1,x2,++ ,x0) =a+ Za,—xi + Za,-,jx,-xﬁ Z Qi j I XiX X+ - -
i=1 1

i,j=1 i jk=
with coefficients a,a;,a; j,a; jx,- - all but a finite number of them being zero.
To obtain (4.4.2), we have considered the terms in (4.4.1) for which
ar+ay+---+a, =0,
ata+---+a, = ],
aitaxy+---+a,=2,

Now, S[x1,x2,---,x,] contains all polynomials shown in (4.4.1) and conversely,
every element of this ring is such a polynomial.

That is, S[x1,x2,--,x,] is precisely the set of elements y € R which are of the
form f(x;,xz,---,x,) given in (4.4.1). For, since the product of two monomi-
als in the x; (i =1,2,--- ,n) is another monomial in x; (i = 1,2,---,n), the set §’
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of polynomials (4.4.1) is a subring of R which contains S and x;,xz,---x,. So,
S" D S[x1,x2,- -+, x,]. But S[xy,x2,--- ,x,]1 2 5" and so,

S"=8[x1, %2, %]

When T = {x} we get S[x] to be the ring of polynomials in x with coefficients
from S. For example, C = R[i] where i> =—1 and R is the set of reals. Suppose
x = /2. The successive powers of x are

1,x,x2,2,2x,2x> 4, - -+

So, the subring Q[\‘Vf] of R is the set of all real numbers of the form
a+ba+ca? where o = real cube root of 2; a,b,c € Q.

Definition 4.4.1 : Let R be a commutative ring and S a subring of R. Suppose

X1,X2,+ - ,X, are elements of R. An algebraic relation between x1,x;,- -+ ,x, with
coefficients in S is of the form
(4.4.3) > stanay,an)x]xg X =0

ay,az,a, >0
where s(ay,ay,- - - ,a,) are elements of S and all but a finite number of coefficients
s(ay,az,--- ,ay,) are zero.
If (4.4.3) implies that each s(aj,a;--- ,a,) =0, then x;,x;,--- ,x, are said to be
algebraically independent over S. On the other hand, if there exists at least one
non-trivial relation (4.4.3), x1,x»,- - - , X, are said to be algebraically dependent.

In the particular case S[x], if x is algebraically dependent over S, that is, if
there exists a relation of the form

(4.4.4) ap+aix+---+ax' =0

for some ¢ > 1, and the coefficients a; € S not all of which are zero, then, x is said
to be algebraic over S. i = v/~1 is algebraic over Q.

Next, let R be a commutative ring containing S as a subring and generated
by S and (n—1) elements x;,x,, - - - x,—; which are algebraically independent over
S. Let T be the polynomial ring in one indeterminate x,, with coefficients from R,

then,

(4.4.5) T = R[xn] = S[x1,%2, -+, Xn-11[x]
(1) S[x1,x2,--- ,x,—1] is a subring of T'.

(2) x1,x2,---,x, are algebraically independent over S.

(3) T is generated by S and x1,x2,- - ,X,.

Definition 4.4.2 : T given in (4.4.5) is called the ring of polynomials in n inde-
terminates with coefficients from S.

f €T can be written as

(4.4.6) f= Zs(al JA2, e An)X] XS X
with the coefficients s(aj,as,--- ,a,) € S, all but a finite number of them being
Zero.
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For n =2, one has

(4.4.7) f= Y star,a)xy”

ar, a;>0
s(ay,ay) € S, all but a finite number being zero. f in (4.4.7) can be rewritten as
f=1500,0)+(s(1,0)x+s(0,1)y)
+(5(2,00x% +5(1, Dxy +5(0,2)y%)
+(5(3,0)2° +5(2, Dy +5(1,2)xy% +5(0,3)y*) + - -

with only a finite number of nonzero terms.

Fact 4.4.1 : In the case of S[x], if Sisa UFD, so is S[x].
In the case of S[x,x2,---,x,], we have

Fact 4.4.2 : If S is an integral domain, so is S[x, X2, - ,x,].

Fact4.4.3: If SisaUFD, sois S[xy,x2, -+ ,X,].
For proofs of facts 4.4.1,4.4.2, see R. Godement [3] and T. W. Hungerford [4].

4.5. Ring of formal power series
Let R be a commutative ring with unity 1. We consider an infinite sequence
“4.5.1) f=(ap,a1,az, -+ ,a,,---) wherea; €R,i€ 7

f is called a formal power series over R. The set of all such infinite sequences is
denoted by seq R. We introduce suitable operations of addition and multiplication
in seq R in order to make it a ring containing R.

For f,g € seq R, when f is as given in (4.5.1) and

(45.2) g=(bo,b1,ba, -+ \buy-- ;i €R, i € Z
f=gif, and only if, a, = b, for all n > 0.

Definition 4.5.1 : When f and g are as given in (4.5.1) and (4.5.2) respectively,
f+gand fg are given by

f+g=C(ao+bo,ai+by,---)
fg={(co,c1,02,7++)
where, for eachn >0, ¢, = Z?:o ajby_.
It can be checked that for f,g,h € seq R
f(g+h)=fg+fh
The zero sequence is given by
(4.5.3) z2=1(0g,0r,0g,--)
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where Og is the additive identity in R and additive inverse of f is given by

(4.5.4) —f=(ao,—ar,~az, -+ ,—an, )
Thus, the seq R forms a commutative ring with unity
(455) j:(]RaoRaORa'”)

The set S = {(a,0r,0g,---) : a € R} is a subring of seq R isomorphic to R.
Let x be an indeterminate. We define

(4.5.6) ax=(Og,a,0g,---), a€R

and then,

4.5.7 ax' = (Og,0g, - ,0g, T ,0p, <)t > 2.
(H—I)”’plarc

If

f=(ao,0r,---)+(Or,a1,0gr,---)+(0r,0r,a2,0r, )
+(0R70R7"'70R7 ap aORa"')+"'
l

(n+1) place

(4.5.8) f= Zanx"
n=0

f is now in the form of a formal power series, the form we want.
When we take

x=(0g, 1,0, 0g,---)
ax=(a,0r,---)(Og,1&,0r, ")
or, ax = (Og,a,0x,0g,---) as in (4.5.6)

Notation 4.5.1 : seq R is denoted by R[[x]], even though x need not be considered
as an element of R[[x]] when R does not have 1.
As an example, we take R = Z to obtain Z[[x]].
It is easily verified that
(1,0,1,0,1,0,-- )= 1+x2+x* +- 422"+ -

Definition 4.5.2 : If f(x) = > a,x" is a nonzero formal power series, then the
smallest integer n such that a, # 0 is called the order of f(x) and is denoted by

ord f(x).

Suppose f(x), g(x) € R[[x]] and ord f(x) =, ord g(x) =¢
then,

) =ax +ag x4 a,#0
() = b +b X+ b, 20
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Then,
f(x)g(x) = asb[x‘#l +(ags1b; +asbt+1)xs+t+l ..
If a, or b, is not a zero divisor in R, then, a,b, # O and so,

4.5.9) ord (f(x)g(x)) =s+¢t=ord f(x)+ord g(x)
So, if, by chance, a;b, = 0, we can very well write
(4.5.10) ord (f(x)g(x)) > ord f(x)+ord g(x)

with equality if R is an integral domain.
It can happen that f(x)g(x) =z (4.5.3).
In the same manner, one notes that if f(x) and g(x) are nonzero formal power

series,

4.5.11) ord (f(x)+g(x)) > min{ord f(x),ord g(x)}
Or, it can happen that f(x)+ g(x) = z (4.5.3). We also deduce that
4.5.12) if R is an integral domain, so is R[[x]].

Lemma 4.5.1 : Let R be a commutative ring with 1g. A formal power series
fx)= Z;:O ax" is a unit in R[[x]] if, and only if, the constant term a is invertible
in R.
Proof : := Let j denote the formal power series (1g,0g,Og,---) (4.5.5).
If f(x)g(x) = j where g(x) = b,x", then apby = 1 and so ay is invertible in R.
<«: Conversely, suppose that ag is invertible in R. We proceed inductively to
define the coefficients of a power series Y b,x" in R[[x]], given
F@=>"a,x". Take by = aal. Assuming that by, b, --- ,b,_; are already obtained,
let

b, = —aal (a1by_1 +asb, o +---+a,bgy)
Then, apbg = 1 and forn > 1

Cp= Z a;byi = aghp+a1bp_y + - - -+ a,by = 0. It follows that
i=0

D @y b = j = (1g,08,08, )
and so > a,x" has an inverse in R[[x]]. O

Remark 4.5.1 : If F is a field, F[[x]] is such that f(x) = > a,x" € F[[x]] has an
inverse in F[[x]] if, and only if, ag & OF.

Theorem 25 : Given a field F, F[[x]] is a PID. In fact, the nontrivial ideals of
F[[x]] are of the form (x'), t € N.

Proof : Let I be a proper ideal of F[[x]]. Either I = (z) in which case it is the
zero ideal or else, I has nonzero elements. Let f(x) € I with minimal order, say k.
Then

(4.5.13) f) = apxr +ap X+ =K agx+ ), a #0.
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So, the series
ar+aps1x+--- is aunit in F[[x]], by lemma 4.5.1

So, f(x)= xkg(x) where g(x) is a unit in F[[x]].
Then, x* = f(x)g~'(x) € I.
So the ideal (x*) generated by x* is contained in 1.

On the other hand, let 4(x) be a nonzero power series such that i(x) € [ and
h(x) is of order m. Since f(x) is assumed to have the least order k, k < m. Thus,
h(x) can be written as

h(x) = X (D™ + by XK ) € (26
So, I C (x*) and thus I = (x¥). O

Definition 4.5.3 : A commutative ring R with unity 1y is said to be a quasi-local
ring, if it has a unique maximal ideal.

On the basis of definition 4.5.3, we note that F[[x]] is a quasi-local ring as
(x) is its unique maximal ideal. We also note that any element f(x) € F[[x]] can
be written as f(x) = xkg(x) where g(x) is a unit in F[[x]] and k > O.

If we consider C[[x]], there is a one-one correspondence between
F(x)=>"a,x" and the arithmetic function

(4514) f:(a())ahaz;'“)

when the domain of definition of f is taken as Z. The set A’ of arithmetic func-
tions f (4.5.14) forms a commutative ring under the operations of ordinary addi-
tion and Cauchy multiplication given by

(fx)r) =Y fli)glr—i).
i=0
As C[[x]] is a UFD, we note that A’ is also a UFD. But Dirichlet multiplication
of arithmetic functions (see definition 4.3.1) is not that easy to handle. We need a
formal power series in countably many variables.
Let w = {x, : n € N} be a countably infinite set of indeterminates. We write

(4.5.15) Co =Cllx1,x2,x3,- 1]

to denote the ring of formal power series in the indeterminates x,,, n € N.
We connect the set A of arithmetic functions having domain N with C,. Our
aim is to show that (A4,+,-) = C,, and C,, is going to be a UFD.

Definition 4.5.4 : Let r = p{'p53---pl*, a; > 1, i =1,2,--- ,k be the prime
factorization of r with p; < py < --- < pr. Given f € A, we define a formal
power series relating to f by

(4.5.16) P(f)= Y fxixg -

a) . ay

where the summation extends over all r of the form p{'p3*--- pi*.
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P(f) is a formal power series in a countably infinite number of indetermi-
nates xj,xp,--- and having coefficients in C, the field of complex numbers. This
gives a one-one correspondence between the set A of arithmetic functions and C,,,
(4.5.15). Actually, only a finite number of x; will occur in any term of P(f). But,
infinitely many x; may also occur in the terms with non zero coefficients of terms
in P(f).

We examine .4 more closely. For f,g € A, suppose that there exists & € A
such that f = g - h (Dirichlet convolution of g and /). We say that g divides f and
we write g| f to express this fact. Two elements f,g € A are called associates
written f ~ g, if, and only if, f|g and g| f. Further, ~ is an equivalence relation
on A partitioning the set of arithmetic functions into mutually disjoint classes of
associates. The class [0] contains only z (4.5.3). The class [u«] of units is the group
of units in A. [u] consists of all the arithmetic functions f for which N(f) = 1.
Primes in N are called rational primes.

Lemma 4.5.2 : An arithmetic function f for which N(f) = p, a rational prime, is
an irreducible in A.

Proof : Since the norm is multiplicative, if 7 € A is such that N(m)=p, 1 =€ - €2
will imply that either €; or €, is a unit. So 7 is an irreducible in A. O

Definition 4.5.5 : f € A is called a composite function, if f is not an irreducible
in A

Lemma 4.5.3 : Every composite function f € A can be written as a finite product
of irreducibles.

Proof : Suppose that f #z is given. If fi | f, we can write f = f; - g1 where g; is
not a unit. Then, we call f; a proper divisor of f. So every composite function
f € A can be written as f = g-h where g and & properly divide f. As g,h are not
units, N(g) > 1, N(h) > 1. Also,
N(f)=N(gN(h)

where N(g) and N(h) divide N(f) properly. If N(f) = p a prime in N, f would be
an irreducible by lemma 4.5.2. So, N(g) < N(f) and N(h) < N(f) with N(g) #1,
N(h) # 1. Therefore, if g and & are not irreducibles they could be split further.
Also, N(f) has only a finite number of prime factors which are rational primes.
So, every chain of proper divisors of f terminates at an irreducible element of A.
Therefore, if f #z and f ¢ U(A), where U(A) is the group of units of .4, f has
an irreducible factor. Thus, a composite f can be expressed as a finite product of
irreducibles. O

Next, suppose that the uniqueness of factorization of an arithmetic function
into irreducibles is false. We will divide the set of nonzero non-units of A into
two mutually disjoint subsets:

(1) the subset E of normal elements whose factorization into irreducibles is
unique,
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(ii) the subset E’ of abnormal elements whose factorization is such that there
are essentially two different ways of factorization of an abnormal element
into irreducibles.

E #0, as irreducible elements of A belong to E. What about E’?
We have

Theorem 26 : If f is an abnormal element of minimum norm N(f), then f can
be expressed as

f=g1-8=h-h
where g1,82; hih, are distinct irreducibles having the same norm say N.

Proof : If f is an abnormal element, suppose that

f=g1-8gn=h-h-h,
where g1 -g>---gmn and hy - hy - - - h,, are essentially two decompositions of f into
irreducibles. Now, m # 1, n # 1, as an irreducible is a normal element. No g; is
an associate of an /. For, if so, cancellation will produce an element of norm
< N(f). Without loss of generality, let us assume that

N(g1) <N(g2) <+ < N(gm)
N(hy) < N(hp) <--- < N(hp)
and N(g1) < N(hy).

Then, N(g1 - h1) = N(g1)N(hi) < N(hi)N(h2) = N(hy - hy) < N(f).
If any of < is a strict inequality, we will have

(4.5.17) N(g1-h1) <N(f).
We claim that (4.5.17) leads to a contradiction.
For, let

y=f—ghy,

yFzas gr-gs - gm=h is false. Also, y & U(A), since g;|y. From the definition
of norm and the assumption (4.5.17) it follows that N(y) < N(f). This implies
that y is normal, since N(f) is minimal. g; and &, are not associates. They divide
y. So,
gr-hlf=81-88gn
f=g1-hi.s1 (say)

orgr-g3-8gm="n1-s1. Now, N(g2-g3--gm) < N(f).

S0, g2+ 83+ -8m = hy - 51 is normal by the minimality of N(f). So, h; is an
associate of some g; (j=2,3,---m)—a contradiction. So, we are forced to arrive
at N(g1 - hy) > N(f). So, together with N(g; - h1) < N(f), we get

(4.5.18) N(f) =N(g)N(hy).

From N(gy - h1) < N(h)N(hy), as we have N(g)N(h)) < N(h)N(hy) or,
N(g1) < N(hy). From N(g1-h1) > N(f) = N(hy - hy) we get

N(g1)N(h) = N(h1)N(hy) or N(g1) > N(h2). So, N(g1) = N(hy).

From (4.5.18) we get N(f) = N(h)N(hy). As N(g1) < N(h;) < N(hy) and as
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N(g1) = N(hy) we should have N(g;) = N(h)) = N(h,).
So, if N(g1) =N(h;) =N(h,) =N, we get

=N(f)=N(h)N(h2) = N(g1)N(82) - - -N(gm) = N".

Asm > 1,m=2. So, N(g,) = N. Hence, if the unique factorization property
fails in .4, we should have an element of the form g - g, = h; - h, where g1, g2, 1,
h, are irreducible elements of identical norm M. O

Lemma 4.5.4 : The integral domain A of arithmetic functions is isomorphic to
Co.

Proof : C, is the ring of formal power series in countably infinite indeterminates
X1,X2, -+, (4.5.15). For f € A, the associated formal series P(f) is as given in
(4.5.16). The correspondence f — P(f) preserves addition. For, if f,g € A

P(f+g)= Z @+

= Z SO x?-+ Z g(rx{'x? -
o az, az,
(4.5.19) P(f+g)=P(f)+P(g)

Dirichlet convolution (4.3.1) of f and g corresponds to multiplication of P(f) and
P(g) where ‘like terms’ are collected and arranged as a formal power series. For,

P(F)P(g) = ( Z f(r)x‘]"x‘;2~~~> ( Z g(r)x7’x§°"~>.

ap,az,--- ay,az,---

If[ = pf'pgz e pi s f - p(ll'_(s' p‘h_é7 e pz“_é".
O] x5 )05 BT = F()g (D xg? - x
So, like terms add up to Zf(t)g(%) X agt e xt

tr

We have
(4.5.20) P(f)P(g) = Z h(r)x{'x§2 -, where h(r) =Y _ f(H)g(%).
ar,az, tr
Thus, A= C,,. O

Definition 4.5.6 : C; = C[[x1,x2,-- ,x¢]] is the ring of formal power series in ¢
indeterminates xy,xp, - ,X¢.

By Krull’s theorem [7], Cy is a UFD. The units of C, are formal power series
with nonzero constant terms.
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We use the notation
(4521) P(f)e = C[[Xl,xz,)(?,, T ax27070707 o ]]

P(f) — P(f)¢ gives a ring homomorphism of C,, or C,, onto C; when m > ¢. We
also note that

(P(fIP(8)e = P(f)eP(8)e-

Let C[[0,0,0,---]1]1=0. If a series P(f) in C,, is neither zero nor a unit, there
exists a minimal L = L(P(f)) for which P(f), is neither zero nor a unit of C, for
¢> L. Since P(f) #0, P(f) must contain a nonzero term containing x{' x5* - - - with
(ar,az,--+) #(0,0,0,---). There is a minimal L = L(P(f)) with P(f)L #0,L > 1.
But then, P(f), is a nonzero non-unit for any ¢ > L.

We come to the crucial point. If P(f) is neither zero nor a unit in C,,, then,
for any P(f), irreducible in Cy where £ > L, P(f),, is an irreducible in C,, for all
m > { implies that P(f) is an irreducible in C,,. For such a P(f), there is a minimal
q = q(P(f)) > L(P(f)) such that P(f), is an irreducible in C, for all £ > g(P(f)).
We say that such irreducibles in C,, are ‘finitely irreducible’. The other possibility
is that for some P(f) nonzero, non-unit, one has P(f), as a composite power series
in C, for all £ > L(P(f)). Next, we need a lemma called the principal lemma. See

[2].

Lemma 4.5.5 (PRINCIPAL LEMMA) : All irreducibles in C, are finitely irre-
ducible.

Proof : Let P(f) be a fixed nonzero non-unit in C,, with L = L(P(f)).
P(f), is a nonzero non-unit for any ¢ > L. Let P(f)y = P(hy)¢P(h;)¢ where P(h;),
and P(h;), are non-units in C,. We say that P(h;),; and P(hy), are true factors of
P(f)¢ and P(h)¢P(h,), is a true factorization of P(f),. A true factor of P(f); is
thus a non-unit proper divisor of P(f), in C, and so has a companion of the same
kind.

We call any chain [P(h1)r, P(h1)r+1,- -+ ,P(h1)p] of true factors of the corre-
sponding P(f)¢, ¢ =L,L+1,--- /M telescopic if each

P(h1)e-1 € C[x1,x2,- -+ ,x¢-1,0,---1]
induces a true factorization of
P(f)m—l = (P(f)m)m—l = (P(hl)m)m—l (P(h2)m)m—l
= P(h)m-1P(h2)m—1

and so down to (P(f))r = P(h1).P(h2)r, where the chain of true factors is tele-
scopic (gradual reduction of number of indeterminates). In the above notation
(P(f)m)m-1 means C[[x,x2, - xpy-1,0,0,---]] considered as isomorphic to a sub-

ring (containing m— 1 indeterminates) of C[[x1,x2, -, Xpu-1,%m,0,0,---]].
The assumption on P(f) is as follows:
We assume the existence of sequence Ky, K;,K>, - defined via the true factors
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P(h1)ij;j=0,1,--- i of (P(f))r+;.
Ko =[P(h1)o0]
Ky =[P(hi)1,0,P(hi)1,1]
Ky = [P(h1)2,0, P(h1)2,1, P(h1)2,2]

We want to prove the existence of an infinite chain of true factors
(4.5.22) K* = [P(h)g, P(h1)7, P(h1)3,- -]

where P(h)f = [P(h1)io,P(h1)i1,--- ,P(h1);;] which is telescopic throughout. If
this is achieved, we would have

(P(f)1s) = P(h1); P(ho)’.
Clearly, the chain [P(h1)g, P(h1)},P(h1)3,---]1s also telescopic since

(P(h1) ;1 P(h2) ) j-1 = (P(h1) e j-1 (P(ha) 7L j-1
=P(h)j_ (P(h2)})1+j-1
But, any infinite telescopic chain defines unambiguously a series belonging to C,,,.
If P(hy)* and P(h;)* are the non-unit series defined by P(hl)_jf and P(hz)j chains,
we will have
P(f)=P(h)"P(h2)",
since we can prove the left and right coefficients of any term by considering
(P(f))1+j = P(m);P(hy);  for suitable j.

and then we are done with the principal lemma.

Since unique factorization holds in C, there are only a finite number of
classes of associates into which the true factors of any P(f), can fall. Hence,
by the pigeon-hole principle, an infinite set of the chains K; are such that they
have their first entry equivalent to some one true factor P(h1)g of P(f).. Choose
one of these and call it K. Belonging to this infinite set, there is an infinite subset
of K; whose second entry is equal to some one true factor P(h); of ((P(f))r+1-
Choose one and call it K].

Continuing in this way, we are led to a subsequence of telescopic chains

K =[P(h)pg, 5]
K1/ = [P(hl)/hovp(hl)/]ﬁ];"' )1
K3 = [P(1)5,0, P(h1)3,1, P(h1) 5,7+ ]
each of which extends at least to the main diagonal such that the entries of this
diagonal and below have the property that for each j=0,1,2,--- |
P(hy); j ~ P(hy); foralli > j.
We can now construct the telescopic infinite chain K* working only with the
main diagonal next below it as follows:
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Define P(h1); = P(h1); -
Since P(hl)’,ﬁ0 ~ P(hi)o ~ P(hy); in Cy, there is a unit Uy, of C, such that
P(h1)g = P(hy)] o U = (P(h1)} ;UL
Define P(hy)} = P(hl)’u Up in Cp1y. We note that P(h)] is a true factor of P(f)z+1,
P(h))} =P(hy); and
P(h)} ~ P(hy); in Cpy;.
To make the process clear and to avoid a formal induction we carry out the
construction through one more step.
Since P(hl)’l1 ~ P(h1); ~ P(h;)} in Cpyq, there is a unit Uzyy of Cpyy such
that
P(h)* = P(hl)lz,1UL+l = (P(hl)lz_yzULH)L-%—l
We define P(h;); = P(hl)’z’zULH in Cr4» and we observe that P(h,); is a true factor

of P(f)rs2. Also P(hy); ~ P(hy)2 in Cr4y. P(f) reducible in C; for £ > L implies
that P(f) is reducible in C,,. This completes the proof of the principal lemma. [J

Theorem 27 (Cashwell and Everett (1959)): C,, is a UFD.

Proof : We have seen that by lemma 4.5.4, A = C,,. Suppose that unique fac-
torization into irreducibles fails in A. Then, it fails in C,,. By theorem 26 an
abnormal element g has two factorizations f - g and & - k where f, g,h and k have
the same norm. Accordingly, we have a formal power series P(g) in C,, of the
form

P(q) = P(f)P(g) = P(h)P(k)
where P(f), P(g), P(h), P(k) are irreducibles in C,, and P(f) is not an associate
of P(h) or P(k). Since all irreducibles in C,, are finitely irreducible, there exists
an integer ¢ such that in the equations
(P(SIP()e = P(f)eP(8)e = (P()P(K))¢ = P(h)¢P(k)e;

P(f)e, P(g)¢, P(h)g, P(k)y are distinct irreducibles in C, for each ¢ > t. Since
factorization in each Cy; is unique, P(f), must be an associate of P(h), or P(k),
in C, for each ¢ > t. Hence, there must exist an infinite increasing subsequence
o ={m} of N (m > t) such that

P(f) is an associate of P(h),, in C,, or

P(f)m is an associate of P(k),, in C,,,

forallme o.
We shall use the notation ~ to mean ‘an associate of”’, in the context of C,,
or C,,. To fix ideas, we take

Then,
P(f)m =U,P(h),
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where U, is a unit of C,, for each m € o. If m,n are chosen from o such that
m<n,

UmP(h)m = P(f)m = (P(f)n)ma
where (P(f),)m is obtained from P(f), by substituting

Xm+1 =-xm+2:"'=-xn=0-

However,
(P(f)n)m =U)m(P(h)p)m = (Un)mp(h)m7

where U, is an extension of U,, by terms each of which involves the indeterminate
x; with i > m and so does not occur in U,,. Thus, {U,, }me, defines a unit U of C,,
and by an argument used to show that irreducibles in C,, are “finitely irreducible’,
we arrive at P(f) = UP(h). Thus, P(f) ~ P(h) in C,,. This leads to a contradiction.
Hence, the factorization of an element into irreducibles in C,, exists and is unique.

O

Corollary 4.5.1: (A,+,-) is a UFD.
This follows from the fact that A = C_, which is a UFD by theorem 27.

Remark 4.5.2 : The ring A also forms an algebra over C. It is called the
‘Dirichlet algebra’ of arithmetic functions, as multiplication is Dirichlet convo-
lution.

4.6. Finite fields and irreducible polynomials

It is known that the characteristic of a field is either O or a prime p. Given
a field K, if char K =0, K has a subfield isomorphic to Q, the field of rational
numbers. If char K = p (a prime), K has a subfield isomorphic to Z/pZ denoted
by F,. If K is a finite field, K has p" elements for some prime p and n € N.
Further, char K = p. K can be considered as an extension of IF, of degree n.
We write n=[K : F,]. Further, every element of K with p” elements is the zero
of a polynomial f(x) =x" —x € F,[x]. We express this by saying that K is the
splitting field of f(x) =x"" —x € F,[x]. Since any two splitting fields of a given
nonconstant polynomial are isomorphic, any two finite fields having the same
number of elements are isomorphic.

Now, x” —x has all its zeros in FF,[x]. So, every nonzero element of I, is a
zeroof xP1—1¢ F,[x]. Therefore,

' —1=@=1)x=2)--(x—(p—1))(mod p)
Putting x = o = 0 (mod p), we obtain
-1 =(-1)""(p-1)!(mod p).

So, for p > 2,(p—1)!+1 =0 (mod p) which is Wilson’s theorem. (See corollary
1.2.1, chapter 1).
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Lemma 4.6.1 : Given a prime p, let F (x) denote the product of monic irreducible
polynomials of degree d over F,,. Then,

(4.6.1) o —x=[[Faw.

d|n

Proof : 7(x) denotes a factor of x” —x. We claim that #(x) can occur only to the
first power. That is, if #(x) | (x*" —x), * { (x" —x). For,
ifx" —x= 12(x)s(x), by formal differentiation, we obtain

PO Y =1 = 2008 (0)s(x) +12(x)s’ ().
As charIF, = p, we get
—1 = 2t(0)F (X)s(x) +12(x)s" (x).
This implies that #(x) divides —1 which is not correct.
Next, we show that if #(x) is a monic irreducible polynomial of degree d, then
1) |x” —x < d|n.

Let « be a zero of #(x). Adjoining « to IF,, we obtain an extension IF ,(«) of degree
d over . That s, the extension IF ,(«) is such that [IF,(«v) : F,] = d. Each element
of F,(a) is a zero of

(4.6.2) xP = x=1(x)s(x)

As «ais a zero of ¢(x), from (4.6.2), a?" —a =0. Moreover, F,(c) is a vector space
(over IF,,) of dimension d and has a basis {1,a,a?,---,a?'}. v € F,() can be
written as

(4.6.3) v=bia +bya’? +- +bgja+by, b €F, (i=1,2,---d).
Then, as (a+b)” =a” +b?" fora,b € F,(a) (n> 1)
(b1a " + by by = by by
=bia™ '+ +by
orv” =vby (4.6.3), forevery v € F p(). Therefore, the elements of I, () satisfy
x" —x=0. Since the elements of F, () also satisfy X —x= 0, we see that
P —x|x” —x

or x (x*"~1 = 1) divides x(x*" ' = 1).

Further, for a € N, a® —1 divides a® — 1 if, and only if, | 5.

So, K1 =1 divides ¥ -1 = p?—1|p"—1. This, in turn, implies d | n.
Conversely, suppose that d | n.

Then x*' —x | x” —xand so 1(x) | " —x < d | n. For each d, a divisor of n, there is
at least one monic irreducible polynomial dividing x”" —x. Letd; = 1,d,,--- ,d, =n
be the divisors of n. By the definition of F,(x), d | n,

X" —x = Fy (x)Fy,(x)- - - Fy, (x) which is (4.6.1).
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O

Theorem 28 : If N(m) denotes the number of monic irreducible polynomials of
degree m in I¥,[x], then

1
(4.6.4) Nm = — 3" p'u(%)
d|m

where 11 is the Mobius function. (See definition 4.3.1).

Proof : By lemma 4.6.1, we have
W —x= HFd(x)
d|n

where F;(x) denotes the product of monic irreducible polynomials of degree d in
F,[x]. N(m) denotes the number of monic irreducible polynomials of degree m in
F,[x]. Replacing n by m in (4.6.1), we have

(4.6.5) o —x=[Faw.

d|m
p™ occurs as the highest degree of x on the right side of (4.6.5). So, we get

P = Z d N(d).
dlm
Using Mobius inversion (4.3.5), we obtain
mNm) = p’u(%)

d|m

from which (4.6.4) follows. ([

Corollary 4.6.1 : For every integer m > 1, there exists a monic irreducible poly-
nomial of degree m in I¥ [ x].

Proof : From (4.6.3), we have

1
(4.6.6) N(m) = —{p" -+ pyu(m)}..

We note that p(r) = 0 if r contains a squared factor > 1. So, the terms inside
the bracket on the right side of (4.6.6) will be a sum of distinct powers of p with
coefficients +1 and —1. So, N(m) #O0. (I

Remark 4.6.1 : The above theorem and corollary are adapted from K. Ireland
and M. 1. Rosen [5].

Remark 4.6.2 : For each m > 1, there is a monic irreducible polynomial of degree
m with coefficients from [F,. This enables us to state the following analogue of
Euclid’s theorem on infinitude of primes.
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Fact 4.6.1 : The number of monic irreducible polynomials over I, is infinite.

For a detailed study of finite fields and their applications, see Lidl and
Niederreiter [A2].

4.7. More about irreducible polynomials

Let p(x) be an irreducible polynomial in F[x] where F is a field. If p(x)
divides a product f(x) g(x) where f(x), g(x) are elements of F[x], p(x) divides
either f(x) or g(x). Further, F[x] is a PID. If f(x) € Z[x] and

4.7.1) f) =ao+aix+ax®---+ax", a,>0
f(x) is called a primitive polynomial, if ag, ay, . . . a, have no common factor other
than £1.

Fact4.7.1 : f(x) given by (4.7.1) is irreducible in Z[x] if, and only if, either

(i) f(x) is a prime number or

(ii) f(x) is a primitive polynomial which is irreducible in Q[x] (Q, being the field
of rational numbers).

Fact4.7.2 : Let f(x) =ap+ajx+-- ~ia,,x" € ij]. Let p be a prime not dividing
ay. If f(x) is reduced modulo p, say f(x), and f(x) is irreducible over Z/ pZ, then
f(x) is irreducible in Q[x].

Fact 4.7.3 : (Eisenstein criterion) Let f(x) =ag+ajx+---+ax" € Z[x].

For a prime p, suppose that

() p* f ao, (i) pla; i=0,1,2,...,(n—1)) and (iii) p { a,, then f(x) is irreducible
in Q[x]. If f(x) is also primitive, f(x) is irreducible in Z[x].

For proofs of Facts 4.7.1 to 4.7.3, see M. Artin [A1, chapter 11, pp 390-404].

In the case finite fields IF,, where ¢ = p™, p a prime; m > 1, the elements of
IF, are the zeros of the polynomial x? —x. x? —x factors into linear factor in I, as
remarked earlier.

Suppose that E denotes a field of characteristic p, a prime. We consider

F={a€E:«aisazeroof xY—x, where g=p";m > 1}.

It is verified that x? —x has no multiple roots in E and F is a subfield of E.

Let f(x) be an irreducible polynomial of degree ¢ in IF ,[x]. Suppose that f(x)
has a zero « in an extension E of F. We write E' = F,(a) where [E': F,]=t. Then,
|E’| = p'. Elements of E’ are the zeros of x4 —x where ¢’ = p'. If |E| = ¢ = p™,
(m>1), ais a zero of x? —x also. So, if f(x) is an irreducible polynomial of
degree t in IF,[x], f(x) divides x7—x.

Next, suppose that f(x) is an irreducible polynomial of degree ¢ and 7|m. Then
f(x) is a factor of x4 —x. For, as f(x) divides x4 —x where q =p', if m=ts, then,
as x7 —x divides x7 —x, we note that an irreducible polynomial f(x) whose degree
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t divides m is such that f(x) divides x —x. However, if f(x) is irreducible and its
degree ¢ does not divide m, since [E : F,,] =m, f(x) has no zero in E and so, f(x)
is not a factor of x? —x. We arrive at

Fact 4.7.4 : (a) Every irreducible polynomial of degree ¢ in IF,[x] is a factor of
x?—x, for some g = p™ (m > 1).

(b) A field F (g = p™;m > 1) contains a subfield F (¢’ = p*; t > 1) if, and
only if, ¢ divides m.

Proofs are omitted.

Remark 4.7.1 : In the case of Fg, having 23 elements, Iy is not a subfield of Fg,
as [[Fg : F,] =3, [[F4 : F,] =2 and 2 does not divide 3. But, in the case of Fg, Fy¢
contains [F4.

Remark 4.7.2 : If F, is a field having g = p™ elements, to obtain an irreducible
polynomial of degree ¢ in IF,[x], we have only to consider an irreducible polyno-
mial of degree f in F,[x].

4.8. Notes with illustrative examples

We begin with a UFD say R. K denotes the field of quotients of R. Suppose
that f(x) = ap+a;x+---+a,x" is a nonconstant polynomial in R[x]. Eisenstein
criterion says: For some prime p € R, suppose that p 1 a,, plag(k=0,1,--- ,n—1)
and p? f ap. Then, f(x) is irreducible in K[x]. As an example, one could prove
that for a # +1, a nonzero square-free integer, x" +a € Z[x] is irreducible over Q
for n > 2. Using the example of Z[x], one can also show that Z[x] has a prime
ideal which is not a maximal ideal. For, if

x) = {a1x+a2x2+---+anx” ra; €7,1 <i<n}

(x) is a prime ideal of Z[x]. For Z/(x) = Z is an integral domain. One also notes
that Z[x] is not PID, though Z[x] is a UFD. If we consider the ideal generated by
2 and x, (2,x) is the maximal ideal consisting of polynomials with constant terms
equal to an even integer. Further, (x) C (2,x).

Let F be a field. If n > 1, F[x,x5,- - ,x,] is neither a PID nor a Euclidean
domain. In fact, the ideal (x,x;) is not a principal ideal.

In the case of the ring A of arithmetic functions, we have thrown the problem
of uniqueness of factorization into the ring C,, of formal power series in count-
ably infinite indeterminates x;,xp,---. C,, is shown to be a UFD by an ingenious
method and so A is shown to be a UFD. As A satisfies ACCP (ascending chain
condition on principal ideals), it suffices to show that .4 is a GCD domain in order
to show that it is a UFD. The difficulty arises because of the fact that the linear
expressibility of the g.c.d is not to be presumed though g.c.d property holds.

Finite fields are easy to handle. Counting monic irreducible polynomials of
degree m in IF ,[x] involves the use of Mobius inversion. This is not the only place
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in algebra where we use Mobius inversion. This inversion technique is powerful
and can be used in many other contexts. Abstract Mobius inversion is an idea due
to G. C. Rota and it will be taken up in detail in chapter 9.

As an illustration of theorem 28, we observe that N(2), the number of monic
irreducible polynomials of degree 2 over IF, is given by

(4.8.1) N2 =1> plu)=ip*-p) =252
d|2

In the same manner,

(4.8.2) NQ3) = % Zpdﬂ(%) _ %(p3—p) _ (p—1)139(p+1)
d3
(4.8.3) N(4) = % Zpdﬂ(ﬁ) _ i(pzt_pz) _ pz([’—z)([?-%—l)
dl4

In the formula for N(4), we note that (p—1)p and p(p+ 1) are even numbers and
so p?(p—1)(p+1)is exactly divisible by 4.

4.9. Worked-out examples

a) R denote a commutative ring with unity. J,4; denotes the ideal of R[x], gener-
ated by X1 (n > 0). Show that S, = R[x] /Ju+1 is generated by R and \ where
N1 = 0. Describe the units in S,,.;.

Answer: S,4 is the ring of polynomials in A of degree < n, when they are
reduced modulo \™*!. The set {1g, A\, \?,...,\"} generates S,.;. The units in
Sn+1 are polynomials u(\), v(\) of degree < n such that

(4.9.1) u(Mv(N) = 1g(mod \™).

O

b) Let F, denote a field having g = p™ elements. (p, a prime; m > 1). Let

F'={x":x € F,:r, apositive integer}. If s =g.c.d(r,g—1), show that
F*={x":x€F,} and F" are identical sets.

Answer: It is known that F; = \{0} is a cyclic group of order (g—1). Let y be

a generator of IF}', so that y‘f" =lL.IfxeF,x= y' for some integer t > 1. So,

x"=y". Also, x" =y" and r = ().

So, X" =y = (y)§ = (y¥)* = (') for some x’ € F,. So, F" = F* where
s=g.cd(r,g—1). O

¢) (Mowaffaq Hajja) Find all infinite sequences ¢ = (cq, 1,2, .. .) of integers for
which the set

I== {Za;xi € Z[x] : Za[c; =0}
i=0 i=0
is an ideal of Z[x].
Answer: We prove
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Proposition 4.9.1 : [z is an ideal of Z|[x] if, and only if, there exist integers r,s
such that c; = r's, for all i.

Proof : := Given: I~is an ideal. If ¢ =0 and 1 € Iz, we must have 1 -x' € I
Then, ¢; =0 for all i. (We choose s =0 and 7 is arbitrary). On the other hand,

if cg #0, then ¢; —cox € I as agco+ajc; =0 for a; = —cy and ag = ¢;. This
requires that (¢; —cox)x' € I. We conclude that
(492) CiC1 —Ci+1Co = 0

Therefore, c¢;11 = rc; where r = f—(‘) This gives
(4.9.3) ci=rlcy (i>1)

r has to be an integer, since otherwise ¢; will not be an integer. When i is
sufficiently large, we choose s = c. This shows that the condition ¢; = rs for
all i, is necessary.

<: Suppose we are given that c; = rs for fixed integers r and s. If co =0,
then I>= Z[x].
If ¢ #0, then f € Iz if, and only if, f(r) = 0, where f(x) = Z?:o ax' € Z[x].
Thus, I is the set of polynomials in Z[x] that vanish at r. Clearly, Iz is an
ideal of Z[x]. To make I an ideal of Z[x], it is sufficient that ¢; = #’s for some
r,s € Z. O

Remark 4.9.1 : The above example has been adapted from problem 10399 in
Amer. Math. Monthly 104 (1997) pp 279-280 for which a composite solution
was provided by John H. Lindsey II and Nasha Komanda.

EXERCISES

1. Mark the following statements true (T) or false (F) justifying your answer
briefly.

a) Let F[x] be a ring of polynomials with coefficients from a field F. Con-
sider f(x) € Flx]. If f(x) =0 has a nonzero root in F that is twice
another root, then all the roots of f(x) =0 are in F.

b) Let p,q € 7. Consider x*+3x— pq € Z[x]. Then, x> +3x—pq is a prime
element of Z[x] for all primes p and q.

c) Let f(x) =x>=3x>—=2x+6 be an element of R[x] (R, the field of real
numbers). Then, f(x) is a product of 3 distinct primes in R[x].

d) Let
fx) = z(:)ajxj, glx) = Z(:)aj(x—k 1)/ (a; € Q; j=0,12,...,n).
J= J=

f(x) is composite in Q[x] if, and only if, g(x) is composite in Q[x].
e) fx)= X2 4+3x+2 € Z[x] as well as Z[[x]]. The assertion is:
f(x) is reducible in Z[x], but not in Z[[x]].

n
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f) The formal power series ring F[[x]] (F, a field) is such that F[[x]] is a
PID having the only ideals (Op) and (x*), k > 0.

2. p(x) =x*-2x—1 is irreducible over Q, the field of rational. However, it is
reducible for the finite fields 7./37Z, 7./5Z and Z]7Z. Is it reducible over
Z/ pZ, where p is a prime other than 3,5 or7?

3. Let o(r), d(r), denote respectively the sum and number of divisors of r(> 1).
Prove that

o(r)+¢(r) = rd(r);
if, and only if, r is a prime. (¢ denotes the Euler ¢-function).

4. LetF, denote a finite field of p elements. (p a prime). Let X =T, x ¥ ,. Make
X a field of p* elements by defining suitable laws of composition of addition
and multiplication in the cartesian product for X.

5. Let R be a commutative ring. If I denotes an ideal of R, show that I[x] is an

ideal of R[x].

Decompose 10x> +5x—5 into prime factors in Z[x].

1—xis a unit in C[[x]]. Find its inverse.

8. Let R be a commutative ring. t € R is called a nilpotent element if there exists
an integer n > 1 such that t" = Og.

(a) Ift is a nilpotent element of R, show that 1 —t is a unit in R.
(b) Show that the polynomial 1 —tx (t € R) is a unit in R[x] if, and only if, t is
a nilpotent in R.
(c) Show that the intersection of all prime ideals of R is the set of nilpotent
elements of R.
9. Let p be a prime. Show that the cyclotomic polynomial

NS

F)=xP 4 xP2 4 x+1

is irreducible in 7Z[x].

10. Let D be an integral domain. Show that a prime ideal P of D can be de-
scribed as an ideal whose complement is a multiplicatively closed set. (That
is, whenever x,y € D\ P,xy € D\ P).

11. Let R be a commutative ring with unity 1g. An ideal J of R is called a primary
ideal if whenever ab € J (a,b € R) and a ¢ J, there exists an integer n € N
such that b" € J.

In 7, the primary ideals are the principal ideals (p*) (k > 1, p a prime).
Considering F|x,y] (F a field), give an example to show that a primary ideal
need not be a power of a prime ideal. [Hint : Let I = (x,y). I is a prime ideal
of Flx,y]. Also

P =y Sy Cl

J = (x2,y) is a primary ideal but J #I" forn > 1.]

12. Let R be a commutative ring with unity 1g. If R is a quasi-local ring, (i.e.,
a ring in which there is a unique maximal ideal) show that R[[x]] is also a
quasi-local ring. Check that the converse need not be true, in general.

13. Show that the ideal M = (2,x,y) is a maximal ideal in Z[x,y].
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14. [R. Sridharan] R denotes the field of real numbers. Analogous to theorems
18 and 19 of chapter 3, if I(x,y) denotes the ideal generated by x> +y*+1 in
R[x,y], show that R[x,y]/I(x,y) is a PID, but not a Euclidean domain.

15. [R. Sridharan] Let C denote the field of complex numbers. If J(x,y) denotes
the ideal generated by x*+y*+1 in C[x,y], show that

Clx,y1/J(x,y) = Clt,t "]

and that (C[t,t_l] is a Euclidean domain. (Note the difference when R is re-
placed by C, in exercise 14).

16. Let A be a set and G be a group. If ¢ : G — S is a homomorphism of G into
the symmetric group S upon A, ¢ is called an action of G on A.

Let K be a finite field. The set G of all automorphisms of K is called the
Galois group of K. When K = GF(p"), the Galois group G is cyclic and is of
order n.

Letp=2"+1(m>1)

(a) Show that the group U of units of K = GF(2*") contains an element u of

order p.

(b) Show that K = Fo(u) where Fy = Z./27.
(c) Let G be the Galois group of K. Show that G has an action upon the
subgroup U’ of U generated by u and that this action is an isomorphism

of G.

(d) Show that 2m|(p— 1) and that m has to be a power of 2.

(Exercise 16 says that if 2™ +1 is a prime, m has to be a power of 2. Then,
2™+ 1 is referred to as a Fermat prime. See section 1.7 Chapter 1. Ref: N H
McCoy & T R Berger : Algebra : Groups, rings and other topics: Allyn & Ba-
con Inc. Boston (1977), Chapter 12 (problem 12) page 468.)
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CHAPTER 5

The Chinese Remainder Theorem and the
evaluation of number of solutions of a linear
congruence with side conditions

Historical perspective

The premise is a pair of linear congruences having the same modulus r. Let
ai,az; by,by; cy,cy be integers. One considers

a)x;+arxy; = ¢y (mod r)

(A) bix1+byxy = (mod r).
If
|ar a e by _|a
D= b by ,Dy = ¢ by ,Dp = a5 ,one gets
Dx; = Dy (mod r)
(B)

Dx, = D, (mod r)

Ifg.c.d(D,r) =1, the congruences (B) have solution {(t|,t;) where t,,t; are unique
modulo r. These give a solution of the system (A) above. In the same manner,
if there are m congruences in m unknowns all taken to the same modulus r, they
can be reduced to m independent congruences involving only one unknown as in
(B) above. These give a unique solution (mod r). A different context is when we
have a system of m congruences in a single unknown but taken to different moduli.
This problem was solved by Chinese mathematicians as early as the first century
A.D. The earliest reference is that of Sun Tsu [18]. But, at about the same period
Nichomachus (born in Gerasa, Palestine ¢ 100 A.D.) is known to have solved the
problem in his “Introductio to Arithemeticae”. An example is:

Find the least positive integer which upon division by 3 leaves a remainder 2,
upon division by 5 leaves a remainder 3 and upon division by 7 leaves a remainder
2. In symbols, one has

x=2(mod3), x=3(mod5) andx=2(mod7).

A common solutionis x =23 (mod 3-5-7). The gist of the idea is that the solutions
to

x=bimodr) (i=1,2,-,k)

105
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form a progression with period r;. The Chinese Remainder Theorem says that k
arithmetic progressions with pairwise relatively prime moduli have a non-empty
intersection. It is just an assertion of the fact that the cosets of the ideals r;Z
(i=1,2,--- k) fit nicely into a particular coset of the ideal NZ where N =rry - - - ry.
See T. W. Hungerford [11]. The 13th century Chinese algebraist Ch’in Chiu-Shao
used the Euclidean algorithm in his solution of the Chinese Remainder Theorem
(1247) (published in Shu-shu Chiu Chang, a mathematical treatise in 9 sections).

The second problem we consider is that of determining the number of solu-
tions of the congruence

n=x;+x+---+x, (modr),

when x’s are such that g.c.d (x;,r)=1 ({=1,2,---,5). If N(n,r,s) denotes the
number of solutions as specified above, H. Rademacher [14] gave the evalua-
tion of N(n,r,s) in 1925. Alfred Theodor Brauer (1884—1985) [2] verified it in
1926. An application of the Chinese Remainder Theorem shows that N(n,r,s) is
a multiplicative function of r.

5.1. Introduction

The Chinese Remainder Theorem is one of the landmarks of Number theory.
It is shown as theorem 29 given below. There are analogues of the theorem in
algebra. We give two of them: one in terms of direct sums of rings and the other
replacing Z by the ring F[x] of polynomials with coefficients from a field F'. See
[3] and [9].

N(n,r,s) denotes the number of solutions of a linear congruence

(5.1.1) X1+x+--+x, =n(mod r)

under the restriction g.c.d (x;,r)=1,(=1,2,---,s).
The formula for N(n,r,s) is derived using elementary methods. We remark
that Ramanujan sums defined by

27ihn
(5.1.2) C(n,r)= Z exp(——)
h(mod r), g.c.d (h,r)=1

where the summation is over a reduced residue system (mod r) plays an impor-
tant role in the derivation of formulae involving N(n,r,s). The notion of even
functions (mod r) due to Eckford Cohen [5] is discussed. The arithmetical repre-
sentation of an even function (mod r) is obtained by using an orthogonal property
of Ramanujan sums. See theorem 34. The Rademacher formula for N(n,r,s) is
deduced from David Rearick’s theorem which is shown as theorem 39.

5.2. The Chinese Remainder Theorem
We observe that the number of solutions of the linear congruence
5.2.1) ax=b(modr), abeZ,r>1

is the number of incongruent solutions ¢ (mod r) such that ar—b = 0 (mod r).
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Fact 5.2.1 : (5.2.1) has a solution < g.c.d (a,r) | b. When a solution exists, it
has d = g.c.d (a,r) solutions. If x = xo (mod ) is a solution, so is x = xo + (7)1,
(r=0,1,2,---(d-1)).

(This has been noted in an example in Section 1.7, chapter 1).

So, we replace (5.2.1) by x =d’ (mod r') where 1’ = g'c'd’(a 5 d = g'cg’za - for
a suitable u which satisfies
au r
522 — =1 d——).
( ) g.cd(a,r) (mo g.c.d(a7r))

Fact 5.2.1 is needed for later reference. See illustration 7.4.1, chapter 7.

Example 5.2.1 : The congruence 24x = 6 (mod 15) is equivalent to x =2 (mod 5).
For, g.c.d (24,15) = 3. Further application of (5.2.2) to 24x = 6 (mod 15) with
a=24,b=06,r=15yields

5.2.3) 8u =1 (mod 5).

The unique solution of (5.2.3) is u =2 (mod 5). Also, 63—“ = 2u where u = 2
(mod 5). So, the three solutions of 24x = 6 (mod 15) are given by x = d’ (mod 5)
where d’ = 2u = 4 (mod 5). That is, x =4 (mod 15), x =9 (mod 15), x = 14
(mod 15).

Next, we consider simultaneous linear congruences taken to different moduli.
Theorem 29 (The Chinese Remainder Theorem) : The system of simultaneous
congruences

x=cq (mod ry)

X = ¢y (mod rp)
(5.2.4)

X = ¢, (mod ry)

is solvable if, and only if, g.c.d (r;,r;) | ci—c; for every pair of subscripts i, j
satisfying 1 <i < j <k, any two solutions of the system are incongruent modulo
l.c.m of the moduli, written [r,r2, - ,ri].

Proof : := In order that the system (5.2.4) is solvable, it is certainly necessary
that every pair

x =c¢; (mod r;)

x=cjmodrj) (1<i<j<k
is solvable. So, we must have,

X=ci+trp,x=cj+srj, t,s€Z

ortr; = (c;j—c;) (mod r);. Such a linear congruence in  is solvable if, and only if,
g.c.d (r;,r;) divides (cj—c;). So, the conditions g.c.d (r;,r)|(ci—c;) (1 <i < j <k)
are necessary.
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«: Conversely, suppose that g.c.d (r;,7))|(c;—c;) (1 <i< j <k). We choose a
pair

x=c¢; (mod ry)

x=cj(modr;)
and claim that the system (5.2.4) is solvable. Starting from

x=cq (mod ry)

X = ¢y (mod rp)
we get a congruence tr; = (cy—cp) (mod r). This congruencein ¢ has g.c.d (r,72)
solutions modulo r,. But, it is uniquely determined modulo m. Therefore,

X=c1+tr

is uniquely determined modulo —— 5‘(7] 5
We write x = c¢j2(mod [ry,r,]) where ¢y is uniquely determined modulo [ry,7;].
We, next, show that every pair of the congruences

=[ry,r2], l.c.m of r; and r».

sns xEClz(mOd[rhrZ])
(5.2.5) x=c;(modry), 3 < j <K

is solvable. This needs the requirement
g.cd (rj,[ri,r]) | (cj—ci) 3<j<k)

This implies that g.c.d (r;,r;) | (¢;,¢j), 1 <i < j <k. This proves the sufficiency
condition.
Now, cy; is uniquely determined modulo [ry,7;].
Solving the congruences
X =ci2 (mod [r,r2])

(526) X=cC3 (mOd r3)

simultaneously, we arrive at
X =cio3 (mod [r,r2,73])

where c123 is uniquely determined modulo [r,7,,73]. Repeating the procedure a
finite number of times, we prove that the system (5.2.4) is solved simultaneously
and the solution is unique modulo [ry, 73, - , 7] ]

Corollary 5.2.1 : The system of congruences

x =ci(mod ry)

X = cp(mod 1)
(5.2.7)

x = cx(mod ry)

is solvable, if g.c.d (ri,rj))=1 (i # j;i,j=1,2,---k) and any two solutions of the
system (5.2.7) are congruent modulo the product riry - - - ry.
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Proof follows from the fact that r; and r; are relatively prime to one another
and conditions of theorem 29 are satisfied and [ry,r2,- -, ri] = rirp---ry, when
ged(rrp)=1i#j,i,j=1,2,--- k. See Hugh M. Edgar [10] also.

Remark 5.2.1 : The Chinese Remainder Theorem is about the existence of solu-
tion when a certain condition is satisfied and when the solution exists, the unique-
ness of solution is from a particular residue class modulo [ry, 7y, -, Fi].

Remark 5.2.2 : The constructive proof of the corollary emerges from the follow-
ing observation:
As g.c.d (r;,r;) =1for i # j we write

M
M=rr---rpandso, gcd(—,r)=1. i=1,2,--- k.
r:

l

Let ¢; denote the solution of

M
(5.2.8) —x= I(modr); i=1,2,---,k
Then, as
M ..
5.2.9) —t;=1(modr;) for Zi

l

we write xo = Zf;l %tici. Then, for 1 < j <k,xo= %tjcj =cj (mod r;), by (5.2.8)

and (5.2.9). This shows that x( is a solution of the system (5.2.7) and is unique
modulo ryry - - ry.

Ilustration 5.2.1 : Solve the system of simultaneous congruences

x=2(mod 3)
x=4(mod)5)
x=6(mod7)

Solution : Here, M =3-5-7=105.
35x = 1(mod 3) = x = 2(mod 3),
21x = 1(mod 5) = x = 1(mod 5),
15x = 1(mod 7) = x = 1(mod 7).

S0, x0=35x2%x2+21 x4x14+15x6x1=104 =-1 (mod 105) leads to the
unique solution xo = —1 (mod 105) which satisfies each of the given congruences.
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5.3. Direct products and direct sums
G and G’ are two groups with identity elements e, ¢’ respectively.

Definition 5.3.1 : The direct product of G and G’ is a group whose underlying
set is G X G' and whose binary operation is given by

(aaal) (b7b/) = (a-b,a'-b/)
where a,b € Gand d', b’ € G'.

Observation 5.3.1 : The identity element of the direct product, written
G x G, is (e,e'). The inverse of (a,a’) in Gx G’ is (a”',a’™") where a™! and a’™!
are respective inverses of a and a' in G and G'.

Observation 5.3.2 : [f the group operations are ‘addition’ in each of the groups
G, G, we express GX G' as GO G'.

Let {Gy : A € A} be a family of groups indexed by the set A. The direct prod-
uct of the groups Gy, (A € A) written HA G) or ZA @G is defined as follows:

Leta:AHUGA,b:AHUGA
A A

be two functions. Then, ab : A — U G, is the function given by
A

(5.3.1) ab(\) =a(MN)b(\) forall A € A
where a()\) € Gy, b(\) € Gy.

Definition 5.3.2 : The direct product (or the complete direct sum) of the groups
G, )\ € A is the set

HG,\(z Z@G,\) ={a: ais a function from A to UG such that a(\) € Gy }.
A A

Remark 5.3.1 : HGA is a group under the operation of multiplication given

A
in (5.3.1) and for each 6 € A, the map 7y : [I\G) — Gy given by a — a(f) is a
surjective homomorphism of groups (homomorphism onto).

Example 5.3.1: If A={1,2,--- ,;n} and G; (i € A) =(Z,+)
7" ={(a1,a2, - apn):a; €Z, (i=1,2,---,n)}
and for (aj,az,- - ,an), (b1,ba,-- ,by) €Z",
(ar,az, -+ ,a,) ®(b1,ba,- - ,by) =(a1+b1,a2+ba, -+ ,an+by)

Z" is the complete direct sum of n groups each equal to Z. (Z,+) is abelian. So is
(Z",®).
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Definition 5.3.3 : A group (G, ") is said to be decomposable into the direct product
of groups A, B if, and only if, G = A X B and AN B = (e), the subgroup of G
containing the identity.

It follows that if a group G is decomposable into the direct product of two
normal subgroups A and B of G, then every element of A commutes with ev-
ery element of B and an element x € G is uniquely expressed as x = a - b where
a € A,b € B. G is said to be indecomposable if G admits no non-trivial direct
decomposition.

Definition 5.3.4 : Let S be an arbitrary, but fixed, set. By a free abelian group
G on the set S, we mean an abelian group G together with a function f : S — G
such that for every function g : S — H where H is some abelian group, there is a
unique homomorphism h : G — H such that the relation ho f = g holds.

H

Figure 1

We express this in symbols as in figure 1 above. If for each s € S, h(f(s)) = g(s),
the diagram above is said to be commutative. There are two sets of arrows from
S to H. The composition of mappings 4 and f is the same as g. The composition
of maps depends only on the initial point and the final point and not on the path
chosen.

Fact 5.3.1: If Gis an abelian group and f : S — G makes it a free abelian group
on S, then f: § — G is injective (one-one) and its image f(S) generates G.
For proof, see Chih-Han Sah [17].

Observation 5.3.3: Let {Ay: A € A} be a collection of sets indexed by A. Then,
there exists a set B together with a collection of maps 0 : B — A which satisfies
the following universal mapping property namely:

Let C be any set and let ¢y : C — Ay be any collection of maps. Then, there
exists a unique map ¢ : C — B such that

Orxog =

In figure 2, ¢ is denoted by a dotted arrow and ¢ is not given in advance.
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¢
c~-—""~- > B
0
03 A
Ax
Figure 2

Universal mapping property characterises a cartesian product via maps.
Now, the definition of direct product of a family of groups can be recast as follows:

Definition 5.3.5: Let {G) : A € A} be an indexed family of groups. A group G is
called a direct product of the groups G, A € A if, and only if, there exist homo-
morphisms 0y : G — Gy (A € A) with the following universal mapping property:

For any group H and group homomorphisms ¢» : H — Gy (A € A), there
exists a unique homomorphism ¢ : H — G such that

9)\O¢=¢A7 AEA

That is, the diagram given in figure 3 (shown below) is commutative.

¢
H-~~77~7 =G
0
(03 A
G
Figure 3

Fact 5.3.2 : Let [ be the finite set {1,2,---,n}. A group G is a direct product of
the groups G; (i € ) if, and only if, there exist groups
H; C Gy, i € I such that the following conditions hold :

(i) H;isnormalin G foralli el

(i) H; = G, foralliel.
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(iii) each element g € G has a unique representation as
g=8182 "8 wWhereg; € H; (i=1,2,---n).

If G contains a finite number of subgroups H; that satisfy the conditions stated
above, G is called the internal direct product of the subgroups H; (i varying over
a finite set).

Remark 5.3.2 : A finite abelian group G is the internal direct product of uniquely
determined Sylow p-subgroups in which p runs through the distinct prime factors
of n=| G|, (the order of G).

That is, if n =[], pi%, p; primes, a; > 1 (i=1,2,---k), then G = [, H;
where H; is a Sylow p;-subgroup (of G) of order p;%. It is worthwhile noting that

R
(53.2) z/m = [ z/(p*).
i=1
Next, for technical reasons, the ‘dual’ of direct product of groups is obtained
by reversing the arrows in the commutative diagram mentioned in definition 5.3.3
and the resulting group is called the direct sum of groups Gx(A € A). Defini-
tion 5.3.5 is restated for abelian groups in the following manner:

Definition 5.3.6 : Let {G) : A € A} be an indexed family of abelian groups. An
abelian group G is called a direct sum of the abelian groups G, A € A if, and only
if, there are homomorphisms 0y : Gy — G (A € A) with the following universal
mapping property: For any abelian group H and homomorphisms ¢ : Gy — H,
A € A, there exists a unique homomorphism ¢ : G — H such that ¢ o0y = ¢y for
all x € A.

That is, the diagram given in figure 4 (shown below) is commutative.

0x

G G
I

I

I

K.

I

(N :

¥
H

Figure 4
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Remark 5.3.3 : Existence of direct sum :

Let G be the subgroup of the direct product [ [,., Gx which consists of the
elements gx, A € A such that g\ # ey (the identity in G) for at most a finite
number of indices A € A. (the finite number may vary from element to element).
The map 8 : G, — G is such that

(5.3.3) gx—(1,1,---,1,85,1,1,---) of G,

where 1 represents the identity element of the component of G. So, every element
of G is expressed uniquely as a finite product of elements of the form 0,(g»),
A € A and only finite products occur in G. This proves the existence of direct sum
of groups G, A € A.

Further, ¢ ((1,1,---,gx,1,1,---)) = ¢x(gx) € H.

Theorem 30 (Fundamental theorem of arithmetic) : Let Q* = Q\ {0} be the
group of non-zero rational numbers under multiplication. Then, Q* is the direct
sum of a cyclic group of order 2 and a countable number of infinite cyclic groups.

Proof : Let Gy be a cyclic group of order 2. That is, Go = {1,—-1}. Let p; be
the k'™ prime in N. pQ* denotes an infinite cyclic subgroup of Q* generated by
P (\ € Z). We consider a countable family of cyclic subgroups of Q* given in

{G()vpf\(@*vp%(@*v}a)‘ € Z.

Every element of Q is of the form + Hj‘:] pj:/' , pj are primes, a; is a positive or
negative integer. Then Q* is the direct sum of a cyclic group of order 2 and a
countable number of infinite cyclic groups generated by p*, p a prime and \ a
nonzero element in Z. O

Remark 5.3.4 : Theorem 30 has been adapted from Chih-Han Sah [17].

Next, we shall extend these ideas to the case of a family of rings.
Let {Ry : A € A} be an indexed family of rings. [], Ry is the direct product
of the additive abelian groups (Ryx,+), A € A.

(i) [, Rx is a ring with multiplication given by

(5.3.4) {ax}-{br} ={axbr}
(ii) If Ry (A € A) has multiplicative identity, then, ] R also has multiplicative
identity.

(iii) If Ry (A € A) is commutative, sois [], Rx.
(iv) Foreach 6 € A, the canonical projection 7 : I;IR A — Ry givenby {ax} — ag
is an epimorphism of rings
(onto homomorphisms)
(v) For each 6 € A, the canonical injection i : Ry — 1;\[R>\ given by ag — {ay}

where a) =0 for A # 6 is a monomorphism of rings
(one-one homomorphisms).
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Now, we translate definition 5.3.5 of direct product of groups to direct product of
rings.

Definition 5.3.7 : Let {R) : A\ € A} be a non-empty family of rings. A ring R is
called a direct product of rings Rx, X € A written [ [, Ry if, and only if, there exist
homomorphisms {¢y : R — Ry} (A € A) with the following universal mapping

property:
For any ring S and any ring homomorphisms 1y : S — Ry (A € A), there
exists a unique ring homomorphism ¢ : S — R such that

drog=1vr (AEA).
Theorem 31 : {A;: 1 <i<n}isa collection of ideals of a commutative ring R
with unity 1g such that
R=A1 +A2+- . '+An-
Suppose that for k (k=1,2,--- .n),
ArNAL+AY+ -+ A HFAp + - +A,) = (0g).

Then, there is a ring isomorphism R =[], A;.

Proof : From the given data, we are led to consider

0: ].n_‘[A,HR
i=1

given by 0((a1,az, - ,an)) =ay+ay+---+ay,, (@ € Ajyi=1,2,--- 'n). 0 is an
isomorphism of additive abelian groups.

Claim : 0 is a ring homomorphism.
Ifl?/j anda; EA,‘, aj EAj, aa; GA[ﬁAJ:(OR). SO, for all a;,b; GA[,

(ai+ax+---+a,)(bi+by+---+b,) = (a1b1 +aby+- - - +a,by).
So, 0((a1by,azb, -+ ,anby)) = 0((ar,az,- -+ ,an)) 0((b1,b2,- -+ ,by)). So, 0 is aring

homomorphism, which is both an epimorphism and a monomorphism. Thus,
R=TIL A U

Remark 5.3.5 : Theorem 31 suggests that the ring R (with unity 1) is the internal
direct product of the ideals A; (i=1,2,--- ,n).

Remark 5.3.6 : The idea of a direct product of k finite fields has already been
mentioned while expressing —1 as a sum of squares in Z/rZ in Section 1.7 of
chapter 1. See (5.3.2) also.

Definition 5.3.8 : Given a commutative ring R with unity 1g, and ideal I C R, we
say that for a,b, € R,
a=b(modl)=a-bel
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That is, a = b (mod I) < the cosets a+1 and b+1 are identical. Since R/I can
be made a ring, we deduce that :
Given a; = a;(mod I), by = by(mod I)
{ ai+by = ay+by, (mod])

(535) albl azbz (mod I)

Definition 5.3.9 : Tio ideals 1,J of a ring R are said to be comaximal, if [+J =R.

As an example, if we consider two ideals (a), (b) of Z where
g.c.d (a,b) =1, one gets (a)+(b) = Z and so (a) and (b) are comaximal. For, when
g.c.d (a,b) =1 there exist integers x, y such that
ax+by=1.

‘Comaximality’ among ideals corresponds to the notion of ‘relatively prime’ among
integers.

Theorem 32 (analogue of the Chinese Remainder Theorem.) : R is a commu-
tative ring with unity 1g. Let {I,, L, -- ,I,} be a set of n ideals (of R) which are
pairwise comaximal. That is, [;+1; =R (i # j). Let c¢1,c2,- -+ ,cn be elements of R.
Then, the system of simultaneous congruences

x=cimodl;) (i=1,2,---,n)

has a unique solution b satisfying

x=b(modI)
where
I=NL, 1.
This implies that
(5.3.6) R/NL L= [ R/
i

Proof : We define a mapping f : R — [[_, R/I; by
(5.3.7) f) =&+, x+Dh,--- ,x+1I,), x€R
Then,
fx+y) =f0)+f()
x,y €ER.
fay) =fore 7
If f¢) =11, Lp,--- ,1,), t € I; for each i and so
ten.I;

Therefore, kerf =N I;.

Our aim is to show that f is an epimorphism. Since I;+1; = R for i # j, there
exist elements a; € I;, b; € I; such that a; +b; = 1.

If ri=ayaz---aj-1Qj1 - Ap, 1y € ﬂi#jli.

Since 1g—a; € Ij the coset a;+1; = 1g+1; forall i # j. So,

aile(mode), l?/j
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Letx;,xp, -+ ,x, € R Ifx=3"" rix;, we will have
(538) f(x): (x1+117-x2+12)"' 7-xl1+1n)
For,

)C+Ij = Z(ri+Ij)(xi+lj)+(rj+1j)(xj+1j)
i7j
Since r; € I for i # j and r;+1; = 1z +1; (by comaximality among /;, I;), we get
xtlj=xj+1; (j=1,2,---n)
or,
x=xj(mod I;) j=12,---,n
Therefore, from (5.3.8) x = >, rix; gives (5.3.7) thereby showing that f is an
epimorphism. Now, ry,r,- - ,r, are such that
ri =0(mod ;) fori # j
and r; = 1g(mod /;)
So, ¢;r; = 0(mod I;) for i # j
and c;r; = cj(mod I}).
Ifb=3"_ ciri,b=cj(mod ;) for j=1,2,---n. So, the system
x=ci(modl;) i=1,2,---,n

has a solution b which is the preimage of (¢c; +1Ij,c2+1D,...,c,+1,) under f. If b’
is another solution of the given system of congruences,

b—b"=0(modI)

where I =N I;. So, the solution is unique modulo /. Since ker f =1, this is also
expressed by the isomorphism shown in (5.3.6) which is a consequence of the
fundamental homomorphism theorem. |

Observation 5.3.4 : The corollary 5.2.1 of theorem 29 (the Chinese Remainder
Theorem) is a special case of theorem 32.

For, if x = ¢;(mod r;) (i=1,2,--- ,k) with g.c.d (r;,r;) = 1, these congruences
admit a simultaneous solution modulo ryr; - - - ry.
We consider principal ideals (r1),(2), - - - , (rr) which are pairwise comaximal

and note that

ﬂle (r;) = the ideal generated by r=ryry - ry.
Remark 5.3.7 : The form in which theorem 32 is stated gives the natural exten-
sion of the Chinese Remainder Theorem to commutative rings having a given set

of pair-wise comaximal ideals. See Thomas W. Hungerford [11] and David M.
Burton [3].
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Now, we observe that Z is a U.F.D. So, we replace Z by a U.ED, say, F[x],
the integral domain of polynomials with coefficients from a field F. Let a(x) and
r(x) be polynomials in F[x]. We look for a polynomial #(x) modulo r(x) such that

(5.3.9) a(x)u(x) = b(x) (mod r(x)) ,

where b(x) € F[x] is already given. (5.3.9) is a congruence in which we solve for
u(x). (We can compare (5.3.9) with ax = b(mod r) of number theory). We state
below an analogue of the Chinese Remainder Theorem in the context of F[x].

Theorem 33 : ri(x) (i=1,2,---k) are given polynomials in F|x] and ri(x) and
rj(x) are relatively prime whenever i # j. Suppose aj(x) (i=1,2,---k) are polyno-
mials for which a;(x) and ri(x) are relatively prime to one another (i=1,2,---k).
If bi(x) (i=1,2,---k) are arbitrary polynomials in F[x], then, the system of con-
gruences

ar(u(x) = bi(x) (mod ry(x))
(53.10) a(@u) = ba) (mod r>(x)

a(x)u(x) = by(x) (mod ri(x))

has a unique solution modulo r(x) where r(x) = ri(x)ra(x) - - - ri(x).

Outline of proof : On account of the linear expressibility of g.c.d, since
(ai(x), ri(x)) = 1r, we can find a polynomial c¢;(x) € F[x] such that

(5.3.11) ci(®ai(x) =1(mod ry(x)) (i=1,2,---,k)
So, (5.3.10) can be restated as
u(x) = ¢i(0)bi(x) (mod ri(x)), (i=1,2,---,k)

It is of the form
x=ci(modl) (i=1,2,---,k)

where I; (i=1,2,--- k) are ideals of the ring F'[x]. Further, /;,1; are comaximal for
i # j. Applying theorem 32 we obtain the unique solution u(x) = h(x) (mod r(x))
where r(x) = ri(x)ra(x) - - - re(x). O

Remark 5.3.8 : Theorem 33 has been adapted from C. Ding, D. Pei and
A. Salomaa [9].

Ilustration 5.3.1 : We take F = GF(2), the Galois field having two elements.
ri(x) = O+x+l
) =x>+x2+1
Let a\(x) =x*+x+1 and a»(x) = x+ 1.
ai(u(x) = 1 (mod x> +x+1)

has the solution
tx) = X
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as (2 +x+ D+ (+ D3 +x+1) = 1. That is, we have
(5.3.12) (Z+x+Dx>=1(mod (> +x+1))
So, here, ci(x) of (5.3.11) is ci(x) =x% Now,

a()u(x) = 1 (mod x> +x+1)
has the solution

s(x) = xz,

as 2x+ D +x3+x2+1=1. That is,
(5.3.13) (x+Dx? = 1 (mod (x> +x+1)).
We seek a solution of simultaneous congruences

b (x) (mod (x> +x+1))
by(x) (mod (x> +x%+1))

@ +x+ Du(x)

(5.3.14) { et L)

By theorem 33, (5.3.14) has a unique solution modulo r(x) where
r(x) = (& +x+ D3 +x2+1).

This is due to the fact that x> +x+1 and x> +x>+1 are relatively prime to one
another, as

(5.3.15) G+ DE+2+ D+ +x+ D=1

From (5.3.12), (5.3.13) and (5.3.14), we obtain

u(x) = x*b1(x)(mod (x> +x+1)),
(53.16) { u(x) = x*br(x)(mod (x> +x%+1)).
So, if
(5.3.17) d(x) = (x+ D +x2+ 1) ¥2b1 () + 26 +x+ Dby (x),
(5.3.18) u(x) =d(x)(mod (> +x+ 1) +x2+1)).

From (5.3.16), we notice that u(x) satisfies the congruence in (5.3.18) and as
(% +x+1Dx* =1(mod (x> +x+1)),

O +x+ Du(x) =@+ D3 +x2+ Dby (x) (mod (x> +x+1)).
But,

(x+DE+x2+1) = 1(mod (X +x+1)).

So, (x> +x+ Du(x) = by (x) (mod (x* +x+1)).
Similarly,

(x+ Du(x) = br(x) (mod ()c3 +x+1)).

Thus, (5.3.18) gives a common solution to either of the congruences in (5.3.14).
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5.4. Even functions (mod r)

Let r denote an arbitrary but fixed positive integer > 1. If n € Z, Ramanujan’s
sum C(n,r) (5.1.2) has the arithmetical representation [4] given by

(5.4.1) Cn= Y p(t)d, n>1,r>1
d|(n,r)

where d runs through the common divisors of n and r and y is the Mobius function
and summation is over a(modr) such that g.c.d (a,r) = 1.
C(n,r) is known to be multiplicative in r. That is,

(5.4.2) C(n,r)C(n,r")=C(n,rr') whenever g.c.d. (r,r') = 1.
If ¢ denotes Euler ¢-function, the Holder relation [4] for C(n,r) is
p(£)P(r)
(5.4.3) Cn,ry=—5—
()

1 and ¢ being the Mobius and Euler ¢-function respectively and g = g.c.d (n,r).

Definition 5.4.1 : By an arithmetic function f of two variables n,r, we mean a
map [ : Z x N — C, the field of complex numbers.

Definition 5.4.2 : An arithmetic function f (of two variables n,r) is said to be
periodic (mod r) if

f(n,r)=f(n',r) whenever n = n(mod r).

If f is periodic (mod r) and if d | r, then f is periodic (mod d), since
n=n'(mod r) = n=n'(mod d)
We note that C(n, r) is periodic (mod r).

Definition 5.4.3 : An arithmetic function f is called an even function (mod r) or
briefly ‘even (mod r)’ if f((n,r),r) = f(n,r) for all n; (n,r) being g.c.d (n,r).

Evidently an even function (mod r) is also periodic (mod r). An orthogonal

property of C(n,r) due to Eckford Cohen [4] states that if d, e are divisors of r,
. r o o ifd=e,
(5.44) ZC(?’d)C(;’t) - { 0, otherwise.
t\r

For proof, see [5].

(5.3.5) is exploited to obtain an arithmetical representation of an even func-
tion (mod ) via Ramanujan Sums. See [6]. This also enables one to consider the
set B,(C) of even functions (mod r) as a finite dimensional algebra over C, the

field of complex numbers. This aspect of the algebra of even functions (mod r)
will be considered in chapter 14.

Definition 5.4.4 : Let f, g be periodic functions (mod r). The Cauchy product [7]
of f and g is the arithmetic function defined by

hin,r= Y fla)gb)

n =a+b (mod r)
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where the sum on the right side is over all solutions {a,b)(mod r) of the congru-
ence
x+y=n(mod r).

It follows from definition 5.4.4 that 4 is also periodic (mod r).
Analogous to (5.4.4), one gets the orthogonal relation: If d, e are divisors of r,

_{ rCd), ife=d,
(5.4.5) ; ) )C(a,d)C(b,e) = { 0, otherwise.
n=a+b(mod r

For proof, see Eckford Cohen [7].

Next, we go to the arithmetical representation of an even function (mod r).
The two theorems that follow are due to Eckford Cohen [5], [6], [7] and they are
fundamental in nature.

Theorem 34 (Eckford Cohen (1955)) : Let f be an even function (mod r). Then,
f can be uniquely expressed as

(5.4.6) f(n,r)= Za(d,r)C(n,d), for all n;
d|r

where a(d,r) is given by

1 r r
4.7 d,r)=— - =0, d|r.
(5.47) a(d,r) r;f(t,r)C(d,), I
Proof : Suppose that al(d, r) are given by the formula (5.4.7) for all divisors d of
r. Then,
1 r r
> adnCd)y=—3> > f(.NC(50C(nd)
d|r d\r t|r
1 r r
=- th(;,r);C(E,t)an’d).

Now, C(n,d) = C((n,d),d) for all d|r, by virtue of (5.4.3). g.c.d (n,d)|n, for d|r.
So, g.c.d (n,d)|g.c.d (n,r). So, d runs through those divisors common to n and r.
Therefore, C(n,d) = C(d,d) = C((n,r),d) as d| g.c.d (n,r).

Consequently,
1 r r
(5.4.8) ;a(d,r)C(md) = lZﬂ;,r);C(;,t)C«n,r), d)

Let g.c.d (n,r) = g. Then the right side of (5.4.8) becomes
1 r r r
- - C(=,HC(+,d).
=D f(nY 0 S

tr d|r
The inner sum shown is zero when é Zt and is r if § =t by (5.4.4). So,

> ald,NCn,d) = f(g,) = f(n,n).

d|r
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This proves (5.4.6).
To show that the representation is unique, we prove that
Zd‘r a(d,r)C(n,d) =0 for all n = a(d,r) =0 for each divisor of r.
For, choosing n = 0 one gets
Z a(d,r)C(0,d) =0.
d|r
For divisors d, e of r, one has, using (5.4.5)
rC(0,d) = Z C(a,d)C(b,e¢) when d =e.
a+b=0(mod r)
So,
1 1
- Z a(d,nrc(0,d)= Z ald,r) Z C(a,d)C(b,e)=0
d|r d|r a+b=0(mod r)
That is,
1
- Z ad,r) Z Cla,d)C(b,e)=0
d|r a+b=0(mod r)
As C(0,d) = ¢(d), the Euler totient, C(0,d) #0 and so a(d,r) =0 foreach d|r. O

Remark 5.4.1 : The coefficients a(d,r) given in (5.4.7) are called the Fourier
coefficients of f. (5.4.6) gives a finite Fourier expansion of the function which is
even (mod r).

Theorem 35 : If f and g are even functions (mod r) with Fourier coefficients
a(d,r) and ((d,r) respectively, their Cauchy product h is even (mod r) with
Fourier coefficients ra(d, r)3(d,r) for all d dividing r.

Proof : Let n be arbitrary but fixed. By definition,
hn,r= > fla,ngb,r).

n =a+b(mod r)

But, f(a,r)= Zslra(s, r)C(a,s) and g(b,r) = Zt‘rﬁ(t, r)C(b,1). So,
hny= Y Y als,r)Cla,) Y Bt r)C(b,1)

n =a+b(mod r) s|r t|r
=3 > als,nBa,rn Y Cla,s)Ch,1)
slrt|r n =a+b(mod r)

Or,
(5.4.9) hn,r)= Z rafs,r)B(s,r)C(n,s) for s =t( by (5.4.5)).

s|r

As h is even (mod r), h has a finite Fourier expansion with Fourier coefficients
ra(d,r)B(d,r) for d dividing r, as stated in the theorem. O
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Mlustration 5.4.1 : If C(n,r) denotes Ramanujan’s sum
(5.4.10) > C-a,r)=urCn,n),
g.cd(a,r)=1

where i is the Mobius function and summation is over a reduced-residue system
(mod r).

Proof of (5.4.10) is by finding the Cauchy product % of p and C where p is
Kronecker function:

1, ged(n,r)=1
0, gcdnr)#l.

and C is Ramanujan’s sum (5.1.2). p and C are even functions (mod r).

(54.11) p(n,r)z {

If p(n,r) =Y _ a(d,r)Cn,d)

d|r

1
a(d,r) =3 p=.NCZ.0

tr

-1y
Ty " d’

gcd (f =1

For ¢ dividing r, (f,r) =1 if, and only if, r =¢. So,

1
(5.4.12) a(d,r) = —C(Z, .

r d
Also, when

Cn,r)=>_ B(d,r)C(n,d)

d|r
1, ifd=r,
pd,n) = { 0, if d %
Or,
(5.4.13) p(d,r)=P(d,r),

where P is the ‘principal function’ whose value is 1 when d = r and zero, other-
wise. By theorem 35,

1
g Cin—a,r)=r E ;C(é,r)C(n,d)=C(1,r)C(n,r)
a (mod r) d|r
(a,r)=1 d=r

As C(1,7) = u(r), (see (5.4.3)), (5.4.10) follows.
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5.5. Linear congruences with side conditions
A linear congruence in s unknowns xj,xz, - - - ,x; is of the form
(5.5.1) aixi+ayxo+---+axs =n(modr) ;a, € Z,i=1,2,---,s.

By a solution of (5.5.1), we mean a solution (mod r) namely, an ordered
s-tuple of integers (x,x,,--- ,x;) that satisfies (5.5.1).
Two s-tuples (x1,xz,---,xs) and (x],x5,---,x}) that satisfy (5.5.1) are counted as
the same solution if, and only if,

xi=xi(modr),i=1,2,--s.

We will count either all solutions of (5.5.1) or all the solutions that are restricted
in some way. A problem that is relevant to our context is counting those solutions
(x1,X2,++ ,x5) in which g.c.d (x;,r) =1,i=1,2,---5s. We may call this as a ‘side-
condition’ in respect of solutions of (5.5.1).

Theorem 36 (unrestricted case) : The congruence (5.5.1) has a solution if, and
only if, d|n where d = g.c.d (a1,ay,- - - ,as,r) and when this condition is satisfied,
it has dr*™" solutions.

Proof : := (5.5.1) has a solution implies that there is an s-tuple(t1,1,, - ;) such
that

aiti+axtr +- - - +ast; = n(mod r)
Ifd=g.c.d(ai,as, - ,as,r), d has to divide n. So, this condition is necessary for
the congruence to have a solution.
<: Suppose that d|n. We prove that the congruence (5.5.1) has a solution. We
show that it has dr*~! solutions by induction on s. For the case s = 1

ajxy

" r

yields that (5.5.2) has a unique solution (mod %) as g.c.d (%,5) =1. So,
aix; = n(mod r) has exactly d solutions namely

2 d-Dr
XL, X1+ G, X1+ 5,0 ,xﬁ-%.

Next, suppose that s > 1 and that the result is true for linear congruences with
(s—1) unknowns.
Let b=g.cd(az,as3,--- ,asr). Since d = g.c.d (a;,b) divides n, the congru-
ence
aix; = n(mod b)
has d solutions. Also, in every complete residue system (mod r) there are (i)d

solutions of (5.5.1).
Let ¢, be a solution of a1 x; = n(mod b). We take

arxp+---+ax; = (m—ajt;)(mod r).

Since b|(n—at,), it has br*= solutions by induction hypothesis. Therefore, (5.5.1)
with s unknowns has (%)dbr‘y‘2 =dr*~! solutions. This completes the proof.  [J
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Next, we proceed to obtain a formula for the number N(n, r, s) of solutions of
the congruence.

(5.5.3) X1+x2+--+x;, =n(mod r)

under the restriction g.c.d (x;,r)=1fori=1,2,---s.
When s =2, we have the special case of counting the number a of integers
1 <a < rsuch that
gcd(a,r)= gecd(m—a,r)=1.
We denote this number by 6(#, 7). One can show that

1 2
(5.5.4) omn=r [ a->]Ja->
p

plg.c.d(n,r) p}|(r

pin

See [6]. O(n,r) is referred to as Nagell’s totient in the literature. The first step
in the derivation of a formula for N(n,r,s) is to show that it is an even function
(mod r).

Lemma 5.5.1: N(n,r,s) is an even function (mod r).
That is, N(n,r,s) = N((n,r),r,s), where (n,r) = g.c.d (n,r).

Proof : Let n=mn’ with g.c.d (n’,r) = 1. We consider
(5.5.5) X1+x2+--+x, =m (mod r)

under the restriction g.c.d (x;,7) = 1.

Let (y1,y2,--+,ys) be a solution of (5.5.5).
Then (n'y,n'ys, -+ ,n'ys) is a solution of (5.5.3). So, to each solution of (5.5.5)
there corresponds a solution of (5.5.3) and vice-versa. That is , there is a one-one
correspondence between the solutions of (5.5.3) and (5.5.5). Also, g.c.d (y;,r) =1
(i=1,2,---,s) holds if, and only if, g.c.d (n'y;,r) =1 (i=1,2,---,5). Therefore,
we have

N(n,r,s)=N(m,r,s).

Using the Chinese Remainder Theorem, we also note that N(n, r,s) is multiplica-
tive in r. That is,

(5.5.6) N(n,r,9)N(n,r’,s)=N(n,rr',s)

whenever g.c.d (r,r/)=1.

So, it will suffice to show that N(n, r, s) = N((n,r),r,s) when n and r are powers
of same prime p.

Letn=pb,r=p“,a2 Lb>1.Itb<a, g.c.d(n,r):pb=n. So

N’ p®,s)=N(g.c.d(p’, p*), p®,s), whenb <a.
When b > a, p®+ p® = p°t where p{t. Further,
N’ p®,5)=N@"+p*,p",5) = NP1, p*,5) = N(g.ed (p1,p"), p*,5)
=N(p*, ps),as g.cd(p’t)=1.
This establishes the claim of the lemma (5.5.1). ([l
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Theorem 37 : Foralln € 7 and r > 1, the arithmetical evaluation of N(n,r,s) is
given by

(5.5.7) N, r.s) = %ZC(g,r)SC(n,d)
d|r

where C(n,r) denotes Ramanujan’s sum (5.1.2).

Proof : Proof is by induction on s. The congruence x; = n(mod r) with g.c.d
(x1,r) = 11is such that

N(n,r71)={

That is, N(n,r, 1) = p(n,r) (5.4.11).
We have seen that

1, ifgecd (n,r)=1,
0, otherwise.

p(n,r) =Y ald,r)C(n,d)
(5.5.8) dlr
where a(d,r) = %C(ﬁ ,r), whenever d|r (see (5.4.12)).
So, (5.5.7) holds for s = 1. Suppose that s > 1. Assume that the result holds for
s=s"—1. Then,

1 Y
Nen,rs' = 1)=~ ;C(g,rf “IC(n,d),n € Z.
By virtue of Cauchy multiplication (see definition (5.4.4)) we see that
Nen,rsh= > Nar,DNb,rs = 1).
n=a+b (mod r)

By induction hypothesis, (5.5.7) holds for s = s’ —1. Then, by theorem 34 and
the expression for p(n,r) as in (5.5.8), we deduce that (5.5.7) holds for s = s’
as the Fourier coefficients for p(n,r) are as given in (5.5.8). This completes the
proof. g

Remark 5.5.1 : The evaluation (5.5.7) was discovered by K. G. Ramanathan [15]
in 1944, Tt was rediscovered by Nicol and Vandiver [13] in 1954.
5.6. The Rademacher formula

Though theorem 37 gives an evaluation of N(n,r,s) in terms of C(n,r), it is
desirable to give it an explicit form. For this, we use the fact that N(n,r,s) is
multiplicative in 7 and that when » = p® (p a prime and a > 1)

Pl p=1), if piln
(5.6.1) Cn,p“={ —p*!, if p*!inand p®{n
0, otherwise.

If ¢ denotes Euler’s totient, C(n, p®) = ¢(p®) whenever p®|n. This implies that
(5.6.2) C(n,r) = ¢(r) whenever r|n.
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Notation 5.6.1 : We write e(x) to represent exp(27ix), i denotes v/—1.

Theorem 38 (David Rearick (1963)) : Let C(n,r) denote Ramanujan’s sum. If
N(n,r,s) represents the number of solutions of

X1 +x2+---+x, =n(mod r)

under the restriction g.c.d (x;,r)=1{=1,2,---,5), then

(5.6.3) C'(n,r)= Y Nlhrs)e(")
h(mod r)
and
1 S —hn
(5.6.4) Nn,r5) =~ h(gﬁc (h, ye(7).

Proof : From the definition of C(n, r), we note that

* *

C'(n,r) = Z e(X1) Z e(22)... Z e(52)

x1(mod r) xp(mod r) xs(mod r)

where Z means that the summation is over x(mod r) with g.c.d (x,r) = 1. (that

X

*
is, Z is over a reduced-residue system (mod r)). Therefore,

X

C'(n,r) = z*: z*: z*: o (Mtizrt) )

x1(mod r) xz(mod r) xs(mod r)

> e,
A

h(mod r)

k%

where Z stands for summation over s reduced-residues x;(mod r) (i=1,2,--- ,s)
X;

such that

X1+x+--+x, = h(mod r).

k%

We infer that Z 1=N(h,r,s). This proves (5.6.3). (5.6.4) is the same as the result

given in theorem 37. It is proved by the familiar orthogonal methods of Fourier
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coefficients. More specifically,

1 s sy _ L ~hn i
~ Y ClhuneEty=— > e@) Y Nk

h(mod r) h(mod r) k(mod r)

=1r S Nlkyrs)e("im)

h(mod r) k(mod r)

=1r > Nkrs) Y et

k(mod r) h(mod r)

The inner sum is zero unless r|(k—n). As k runs through a complete residue
system (mod r), (k—n) also runs through a complete residue system (mod r) and
| k—n |< r is what we need. It is so. Therefore, r|(k—n) if, and only if, k—n=0
and in such a situation the inner sum is r. This proves (5.6.4). O

Theorem 39 (David Rearick (1963)) : An evaluation of N(n,r,s) is given by

(5.6.5) N(n.r.5) = ¢>°'r<r> T+ Ccen),
plr

(=17
where ¢ denotes Euler’s totient and C(n,r) is Ramanujan’s sum.

Proof : From theorem 37, using Holder relation for C(n,r) given in (5.4.3), we
see that

(5.6.6) N(n,r,s) = C(n,d)

(1) —~ 1 (d)
r dzlr ¢*(d)

C(n,r) is multiplicative in r. So are ¢ and p.
It is easy to check that if f is multiplicative

(5.6.7) ST =]+,
d|r plr
where p runs through the primes dividing r on the right side of (5.6.7). Taking

fr= C(;"(rr)) , we get from (5.6.6)

G0 T, v
Vo= CO [+ e,

plr
As ¢(p) = p—1, we arrive at (5.6.5). (I
Corollary 5.6.1 : Rademacher’s formula for N(n,r,s) is
I (p=D{p-D""'- D)} I (p=1-C1y

s
plg.c.d (n,r) p plrptn P

N(n,r,s)=r"
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For, it is easy to note that C(n, p) = ¢(p) = (p—1) if p|n and C(n, p) = (1) if
p 1 n. Separating the prime factors p of r as those p for which p|n and those p for
which p 1 n and using the fact that

om=rla-pr=r][5"

plr

we get

i—1 —1)* 1 1 -1 —1
e C  ICT Iy R

plr plg.cd (n,r) p|rptn
_ sl e=-D{p-1" -1 (=1 ==1)°
=7 I (e P &5
plg.c.d (n,r) plrpin
which is as stated. O

Remark 5.6.1 : Theorems 38 and 39 have been adapted from David Rearick [16].

Remark 5.6.2 : In [1], Henry L. Alder defines the function ¢(n, r) as the number
of solutions (x,y) of the equation

xty=n+r

satisfying 1 <x<randg.c.d(x,r)=g.c.d (y,r)=1. ¢(n,r) is the same as N(n,r,2)
which is 0(n,r) (5.5.4).

For more results of this kind, see Eckford Cohen [6], [8]. See also
Paul J. McCarthy [12] for a beautiful exposition of counting linear congruences
with specified restrictions.

The use of computers for doing problems in elementary number theory espe-
cially in topics dealing with primality test, factorization and solving congruences
is recommended for practical training. Choosing PASCAL for programs, Peter
Giblin [A1] gives an interesting study of primes and programming touching upon
number-theoretic aspects of cryptography.

5.7. Notes with illustrative examples

During the 7th century A.D. the Indian mathematician Brahmagupta
(598-665 A.D.) posed the following problem:

Find a positive integer such that when divided by 3,4,5 and 6 it leaves the
remainders 2,3,4 and 5 respectively. The system of congruences would mean

x =2(mod 3)
x =3(mod 4)
x=4(mod 5)
x = 5(mod 6)
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Here, the moduli are not relatively prime in pairs. However, one could apply the
Chinese Remainder Theorem to solve the first three congruences simultaneously.
Taking M =3-4-5=60,r1=3,rn=4,r;=5 we have M, = 1;—4 and so

M, =20, M, =15, M3=12
Mt = 1(mod ry) gives

t; = 1(mod 3), ort; =2,
15t = 1(mod 4), ort, = 3,
12#3 = 1 (mod 5), or t3 = 3.

S0, x0=20-2-2415-3-3+12-3-4=359 = —1(mod 60) So, the general solu-
tion of the first three congruences is x = 60k— 1. But, then, 60k—1 = 5(mod 6).
So, the general solution is 60k—1 and the least positive integer satisfying all the
four congruences is 59. When the moduli are not relatively prime in pairs, one
has to do a ‘splitting’ of the moduli into relatively prime numbers and consider
the minimum number of congruences for forming a system. Let us look at the
simultaneous congruences

5x =2 (mod 24),
(5.7.1) 3x =62 (mod 88),
x =28 (mod 99).
In (5.7.1), the first is equivalent to x = 10(mod 24). The second is equivalent to
x=50(mod 88). So, we getx = 10(mod 24), x = 50 (mod 88) and x =28 (mod 99).

We factorize 24,88 and 99 and obtain a system of non-repeated simultaneous con-
gruences

x=2(mod 8),
x=6(mod 11)
and x = 1 (mod 9)

in which the moduli are relatively prime in pairs. The solution is x = 226 (mod 792).
When properly set, the Chinese Remainder Theorem holds in any commuta-
tive ring with unity. Theorem 32 is one such.
A generalization of N(n,r,s) was given by Paul J. McCarthy [12] in 1977. It
covered several other congruences under suitable side-conditions. For instance, if
Pi(n,r,s) (5.6.4) denotes the number of solutions of

Xi+x2+--+x;, =n(mod r)

under restriction g.c.d (x;,7) is a k"~ power (i=1,2,---,s), then,
1

5.7.2 P, =— Hi(%,1) C(n,d

(572) (1,75 = ;} K(5:1) Cn,d)
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where
(5.7.3) Hi(n,r)=_C(n, )
d|r

See Eckford Cohen [8] also.
In connection with the evaluation of N(n,r,s) (5.6.4), David Rearick [16]
obtained a ‘cross-correlation function’ of N(n,r,s) by showing that

(5.7.4) Z N(m,r,s)N(m+k,r,t) = N(k,r,s+1).
m(mod r)
The summation on the left of (5.7.4) runs over a complete residue system (mod r).
For each value of m(mod r) inside the sum, we note that N(m, r,s) gives the num-
ber of solutions of
Xi+x2+---+x; =m(mod r)
under the restriction g.c.d (x;,r)=1,i=1,2,---s.
N(m+k,r,t) gives the number of solutions of
yi+y2+---+y, =m+k (modr)
under the restriction g.c.d (y;,r) =1, j=1,2,--- 1.
Accordingly, there are N(m,r,s)N(m+k,r,t) solutions of the simultaneous con-
gruences

X1+x2+--+x, = m(mod r)
yity2+-o oty —x1—x2—---—xy = k(mod r)
with g.cd (x;,r)=1(@G=1,2,---,5),gcd(y;,n=1,(=12,---,1).
So, Zm(mod A N(m,r, S)N(m+k,r,t) yields the number of solutions of
(5.7.5) Yit+yo+- Ay —x1—x2—-—x; = k(mod r)

under the restriction g.c.d (x;,r)=1(i=1,2,--- ,5),g.cd (y;,r)=1,(j=1,2,--- ,1).

The number of solutions of the restricted congruence (5.7.5) is evidently

N(k,r,s+t)as g.c.d(r—u,r)=1for1 <u<r= g.c.d (u,r)=1. This proves (5.7.4).
As N(n,r,1) = p(n,r) (Kronecker function (5.4.11)), we get, from (5.7.4), the

relation
(5.7.6) Z N(m+k,r,t)=N(k,r,t +1)
m(mod r)
g.c.d(m,r)=1

(5.7.6) was also obtained by A. Brauer in [2].

5.8. Worked-out examples

a) (Underwood Dudley) Construct linear congruences modulo 20 that have
(i) no solutions
(ii) exactly one solution
(iii) more than one solution
(iv) exactly 20 solutions
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Answer:

(1) 15x = 14 (mod 20) has no solution as g.c.d (15,20) = 5 does not divide 14.
(i1) 13x = 14 (mod 20) has exactly one solution, as g.c.d (13,20)=1.

(>iii) 12x = 4 (mod 20) has exactly 4 solutions, as g.c.d (12,20) =4 and 4 di-
vides 4.

(iv) 20x = 0(mod 20) has 20 solutions. (|

b) (Ralph G. Archibald) Let p be an odd prime. Suppose that f(x), g(x) € Z[x]
are of degrees m and n respectively and x*! — 1 = f(x)g(x) (mod p) identi-
cally. Then, show that f(x) = 0(mod p) and g(x) = 0(mod p) have m and n
incongruent solutions, respectively, modulo p.

Answer: Two polynomials in Z[x] are said to be identically congruent to one
another modulo £, if the coefficients of like terms in the two polynomials are
congruent to one another modulo k. For instance, f(x) = 5x®—2x*>+x+5 and
gx) = 6x* —x*+10x>—5x—1 are such that f(x) = g(x) (mod 6) identically.

By Fermat’s little theorem, x"1 =1 = 0(mod p) has precisely (p—1) in-
congruent solutions modulo p, namely,

(5.8.1) x=1,2,3,...,(p—1) (mod p)

if x~! —1 is factorized modulo p into polynomials f(x), g(x) € Z[x],

f(x) =0(mod p) cannot have more than m incongruent solutions (as deg f(x) =
m). In the same manner, g(x) = 0(mod p) cannot have more than n incongruent
solutions. However, since

f(x)g(x) = 0(mod p)

has exactly p—1 = m+n solutions, f(x) = 0(mod p) cannot have fewer than
m incongruent solutions and g(x) = 0(mod p) cannot have fewer than n incon-
gruent solutions, modulo p. Moreover, f(x) = 0(mod p) and g(x) = 0(mod p)
cannot have a solution in common.

This completes the answer. (]

¢) (Nicol and Vandiver). Given » > 1 and

d(n,r)= M; g=g.c.d(n,r)(see (5.4.3)),
)
show that
(5.8.2) Y sd(s,r =" 2(r).

s=1

Answer: Let a = exp(@). From (5.1.2) and (5.4.3), we note that

(5.8.3) o(n,ry= > o™

g.c.d (k,r)=1
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So,
Seen=Ye Y o
s=1 s=1  gcd(kr)=1
or,
(5.8.4) D ss,ry= Y (@420 4 +ra)
s=1 g.c.d (k,r)=1

It is verified that

(5.8.5) a*+20% 4+ +ra = r(—+1)
ak—1
The cyclotomic polynomial F,(x) is given by
(5.8.6) Fw= J] @-ab.
g.cd (k,r)=1
Differentiating and letting x = 1, we have
F!(1) 1
(5.8.7) S Z —
(1) gcd (k=1 (@ =1)
A formula due to Holder says
(5.8.8) F/(1)= %qﬁ(r), r.not a power of a prime,
p"(p-1), ifr=p". m>1.

Further, it is known that

1
p, otherwise.

,  if r contains two prime factors;

(5.8.9) F(1)= {
From (5.8.5), (5.8.7), (5.8.8) and (5.8.9), we deduce that
Zs‘I)(s, r)= —@ +ro(r)
s=1

which yields (5.8.2). (I

Remark 5.8.1 : Worked-out example (c) has been drawn from [13, Theorem
I11].

EXERCISES

1. Mark the following statements true (T) or false (F) justifying your answer
briefly.
a) The number of solutions of 24x = 18 (mod 21) is four.
b) In order that 3* = 1(mod 10), one should have k > 4.
c) The congruence 4x” +x = 14 (mod 13) is solvable.
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d) The only solution t of the simultaneous congruences

S5x=6(mod 7)
4x =5(mod 9)
for which 0 <t <1001ist=53.
H(E(r)
e) Let ®(n,r)= ———; g=g.c.d (n,r). Forr > 1, one gets
o(%)
> oW, n=r[Ja-2/p.
djr plr

f) Let f(x) = a,x" +a X" '+ taix+ay € Z[x], a, #0. Suppose that
my,my,...,my are pairwise relatively prime positive integers. The num-
ber of solutions of

f(x)=0(mod mymy...my)
equals the product of the numbers of solutions of
f(x) =0(mod m,),
f(x) =0(mod m,),

f(x) = 0(mod my).
2. Find the least positive integer which simultaneously satisfies
5x =2(mod 13)

x = 1(mod 25)
3x=4(mod 11)
x =7 (mod 20).

3. Solve the congruence :
71x =4 (mod 55).
4. (Landau) Let m = 5(mod 12) and m > 17. Show that m is expressible as a

sum of three distinct square numbers.
5. Find the least positive integer N that satisfies

N=9(mod 11),
N = 13 (mod 28),
N = 7(mod 45).

6. Solve the congruences
5x = 2(mod 13),

x = 2(mod 35),
3x =13 (mod 77),
x = 7(mod 20).
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12.
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Solve the congruences simultaneously

x =2(mod 6),
x=3(mod 5),
x=5(mod 11).

Examine whether the following pair of congruences can be solved
simultaneously

5x =-2(mod 10),
x = 1(mod 4).
Suppose that a, b are positive integers which are relatively prime to one an-
other. Given an integer n, show that there exists an integer m for which
g.c.d(ma+b,n)=1.
Suppose that {ay,az,-+ ,a,} is a set of nonzero elements of a P1.D say D.

Assume that a; and a; are relatively prime to one another when i # j. If
a=lay,as,- - ,a,] (l.c.m), show that

D/@=&)  (D/(a))
i=1
Let F be a field of 3 elements. Solve the system of congruences
%+ Du(x) = by (x) (mod x> +2),
(x+ Du(x) = by(x) (mod x> + 1),

where the polynomials are from F|[x].

(Hint : GF(3)={0,1,a} where o> =1, a+1=0.

X +2=(x+1)(x+a)and g.cd *+1,22+2)=1.)

(Eckford Cohen) Let M(n,r,s) denote the number of solutions of
X1+x+--+x, =n(mod r)

under the restriction g.c.d ((x1,x2,---Xs),r) = 1. Show that

M(n,r,5)= (2" ¢5(8), g=gcd®nn

where ¢y (r) = ;u(g)ds.
(Eckford Cohen) Let M'(n, r,s) denote the number of solutions
x;(mod r), y;(mod r) (i=1,2,3,---,5) of the congruence
X1y1+xy24 -+ x5y = n(mod r).
Show that
M (n,r,s)=r" quﬁs(ﬁ) ; g=gcd(nr)
dlg

and ¢4(r) is as given in exercise 12.
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14. (Eckford Cohen) Let D(n,r,s) denote the number of solutions (mod r) of the
congruence

X+yi+y2+---+ys =n(mod r)
under the restriction g.c.d (x,r) = g.c.d(g.c.dy1,y2,---y5),r) = 1. Show that

, d
D(n,r,s)=r"""o(r) Y #,
d]

g.c.d (d,n)=1

where the summation on the right is over those divisors d (of r) such that
g.c.d(d,n)=1. For s =1, deduce that Nagell’s totient 0(n,r) is given by

w(d)

O(n,r) = 77

(n,r) = B(r) ; oD
g.c.d (dn)=1
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CHAPTER 6

Reciprocity laws

Historical perspective

By a quadratic congruence, we mean a congruence of the form

x* = a(mod m) where a, m are integers and m > 2. If it has a solution we say that
a is a quadratic residue of m, written aRm. Otherwise, a is said to be a quadratic
non-residue of m written aNm. More precisely, we give

Definition 6.0.1 : Let m > 1 and g.c.d (a,m) = 1. a is a quadratic residue of m if
x* = a(mod m) has a solution. Ifx2 = a(mod m) has no solution, a is a quadratic

non-residue of m.

It is convenient to suppose that the modulus m is a prime, say p. If x> =
a(mod p) has a solution, there are two distinct solutions x = av(mod p) and x =
—a(mod p). It is possible to show that there are two solutions of x> = a(mod p),
k > 1. The Legendre symbol (a|p) is given by

1, ifaRp,
(6.0.1) (alp)=4 -1, ifaNp,
0, ifpla.

If p and q are odd primes, the quadratic reciprocity law stated by Adrien-Marie
Legendre (1752—1833) in 1785 says that

(p=Dl(g=1)
(6.0.2) (Plo)glp)=(-1) =
See Gauss [5]. This was proved by Gauss. In fact, Gauss succeeded in discover-
ing eight different demonstrations of (6.0.2). Gauss made use of a lemma which
goes by his name. Many other mathematicians have given proofs. According
to Emil Grosswald [7], Paul Bachmann (1837-1920) counted 45 proofs. More
number of proofs were also coming up abundantly. One of Gauss’s own proofs
is due to his student F. G. Eisenstein (1822—1852). The shortest known proof is
due to Georg Frobenius (1849-1917). For a detailed account of different proofs
of quadratic reciprocity law, see F. Lemmermeyer [A2]. A new elementary proof
is found in Sey Y. Kim [Al].
It is known that x*> = -1 (mod p) has a solution if. and only if. p is a prime of the
form (4k+1). That is,

(-1lp)=1 < p=1(mod 4)

139
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For, if p=1(mod 4), -1 = {(pT_l)!}2 (mod p). That is, two of the square roots of
—1linZ/pZ are i(’%l)! Conversely, if (—1|p) = 1, there exists t € Z such that

1> = —1(mod p)

But, P! = 1(mod p). So, (tz)% = 1(mod p) or (—1)%I = 1 (mod p). That is, ”T_]
is even and so p = 1(mod 4). Thus, there is an odd prime p for which (—1|p) =
1 and that p = 1(mod 4). Each of the infinitely many odd primes p for which
(=1|p) =1 is of the form (4k+1). So, there are an infinite number of primes of
the form (4k+1). Legendre’s quadratic reciprocity law (also referred to as Gauss
reciprocity law) enables one to show that certain arithmetic progressions contain
infinitely many primes. Dirichlet’s theorem [1] states that there are infinitely
many primes of the form ax+b, where a and b are relatively prime to one another.
Undoubtedly, Legendre’s (Gauss) reciprocity law occupies a pivotal place in the
elementary theory of numbers.

6.1. Introduction

The aim of this chapter is to prove the quadratic reciprocity law using finite
fields. Eisenstein’s cubic reciprocity law is discussed by considering the ring Z[w]
where w is an imaginary cube root of unity. Reciprocity laws are also viewed in a
general setting. As pointed out by W. C. Waterhouse [13], the mode of formation
of reciprocity laws is suggested by Gauss lemma (stated in theorem 41).

6.2. Preliminaries

We begin with a polynomial f(x) = cox" +c1xX" ' +...+¢, € Z[x]. An integer
t which satisfies

(6.2.1) f(x)=0(@mod r) (r € N,and r arbitrary, but fixed)

is said to be a root of the congruence (6.2.1). If ¢ is a root, so is any integer
congruent to ¢ (mod r). Congruent roots are considered to be equivalent. When
the congruence has m incongruent roots, we say that the congruence has m roots.
There is no analogue of the fundamental theorem of algebra for polynomial con-
gruences such as (6.2.1). However, given a prime p, if f(x) = 0(mod p) with
co Z 0 (mod p), the congruence has at most n roots or n solutions modulo p. For
proof, see Tom Apostol [1]. Further, if f(x) = 0(mod p) has more than n roots,
then every coefficient ¢; (i=0,1,2,...,n) is divisible by p.
Fermat’s little theorem says that

¥’ =1 =0(mod p)

has (p—1) roots namely {t,,1,...,7,-1} where t; (i =1,2...(p—1)) are nonzero
residues (mod p) from a complete set of residues modulo p.
If d |(p—1), the congruence

x!—1=0(mod p)
has exactly d roots. See [1] or [8].
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Definition 6.2.1 : An integer a is called a primitive root (mod p), if [a] generates
the group U of nonzero elements of L/ pZ (The group U has order ¢(p) = (p—1)).

Thus, if a is a primitive root (mod p), (p—1) is the smallest positive integer
such that

(6.2.2) a”'—1=0(mod p)

and vice versa.
More generally, a is called a primitive root (mod r) (r > 2) if ¢(r) is the least
positive integer such that
a®”—1=0(mod r);

that is, if [a] generates the group U of units in Z/rZ.

6.2.1. EMIL ARTIN’S CONJECTURE: If a is not a square and a #—1, there are
infinitely many primes p for which a is a primitive root (mod p).
For a general exposition of this conjecture see L. J. Goldstein [6].

The conjecture remains unproven. Moving on to certain classes of number
fields, E. Artin conjectured that a ‘form of degree d’ in n > d* variables has a
non-trivial zero. This is proved by L. Carlitz for the special case where the form
is defined in relation to the field K of rational functions over a finite field IF,.

It is known [1] that an integer r possesses primitive roots if, and only if, r is
of the form 2, 4, p’ or 2p’ where p is an odd prime and ¢ > 1. It amounts to saying
that the group U of units in Z/rZ is cyclic if, and only if, r=2,4, p’ or 2p'.

Definition 6.2.2: Letr,n €N, a € Z and g.c.d (a,r) =1, a is called an nth-power
residue mod r, if
X' =a(mod r)
has a solution.
Theorem 40 : Suppose that r € N possesses primitive roots. Let g.c.d (a,r)=1.

Then a is an n"-power residue (mod r) if. and only if,
&)

(6.2.3) a v —1=0(modr)
where d = g.c.d (n,¢(r)).

Proof : := Let g be a primitive root (mod ).
Then, the numbers g, g2,...,g%" form a reduced residue system (mod r). So, as
g.cd (a,r)=1, we could write

a=g" (say) and
when g.c.d (x,r) = 1,x =g (say).
The congruence x" —a = 0 (mod r) is equivalent to g™ —g” = 0 (mod r). As
g is a primitive root (mod r), ¢(r) is the least positive integer for which

¢?" = 1(mod r)
and so, ny = 0 (mod ¢(r)) and b = 0 (mod ¢(r)).
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Thus,
(6.2.4) ny = b(mod ¢(r))

(6.2.4) is solvable if, and only if, d = g.c.d (n,¢(r)) divides b. Also, if there
is one solution for (6.2.4), there are d solutions for (6.2.4). If d|b,

o) b (1)
ad =g ¢ =1(modr).

That is, for a to be an nth power residue (mod r), it is necessary that (6.2.3) holds.
= Ifa’F =1 (mod r), then,

bo(r)

g ¢ = 1(modr).

As g is a primitive root (mod r), ¢(r)|¢(r)% or d|b. So, ny = b(mod ¢(r)) has a
solution. That is, x"—a = 0 (mod r) has a solution or a is an nth-power residue
(mod r). O

Corollary 6.2.1 (Euler’s criterion) : Let p be an odd prime.
aRp & at = 1 (mod p).
This follows from the fact that g.c.d (2,9(p)) = 2.

6.3. Gauss lemma

Givenr=2bp11’I ...pzk where b >0,b; > 1(i=1,2,...,k) and p1,p; ... p; are
distinct odd primes dividing r, we attempt to solve

(6.3.1) ¥’ =a(modr), gcd(ar)=1.

By the Chinese Remainder Theorem, we know that (6.3.1) is equivalent to
the system of congruences:

X% =a(mod 2%)

x* = a(mod p5")

For x? = a (mod 2%), we dispose of the cases b= 1,2 and 3. x* =a (mod 2) gives
x = 1(mod 2). x* = a(mod 4) givesa =1 and x2 = a (mod 8) givesa=1.

The values b =2, b =3 are such that 1 is the only quadratic residue modulo 4
as well as modulo 8. For b > 3, the structure of the group U of units of Z/ 207 is
such that U is not a cyclic group.

Lemma 6.3.1: [faisoddandb > 3,

& =1 (mod 2%)
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Proof : When b = 3, each element of the group U of units in Z/8Z is of order 2
and so U is not cyclic. Moreover, one has

1?=32=5=7?=1(mod 8)

proving the lemma for b = 3.

To prove the lemma for b > 3, we shall apply induction on b. Suppose that
the lemma is true for b = g (say) g > 3.

Then a*~ = 1(mod 29) or @*" " = 1+¢ 29, t € Z. Squaring

-2 2
(@) = 142020 +22%,

Therefore, =1 (mod 27+1). As the result is true for b = 3, induction on b
is complete. d

Remark 6.3.1 : Let G, be the cyclic subgroup of the group U of units in Z/2°Z,
generated by the element [5]. By lemma 6.3.1, one has 527 =1 (mod 2%). Also it
is verified that 52" is not congruent to 1 (mod 2%). The order of G, is 2°=2. But,
the order of U is 277!

As 57 is not congruent to —1 (mod 2b) for any f > 0, —1 is not congruent to
any power of 5 modulo 2°. That is, —1 € G,. As |G| is one half of |U|, the index
of G, in U is 2. Therefore, U is a disjoint union of the cosets G, and (-1) G,
(of G, in U). So the set S = {[-1],[5]} generates U. So, we could write U as
isomorphic to C(2) x G, where C(2) is cyclic of order 2 and G, is cyclic of order
262(h > 3).

The structure of the group U of units of Z/2°Z (b > 3) suggests that any
element y of U is of the form:

(6.3.2) y=45% chosen from the appropriate residue class (mod 2b),

1 <a<2r
Now, if 5% is a solution of (6.3.1) with r = 2b 2P _ 52 i5 also a solution. And,
5% = g (mod 2”) is such that 5**—a=m?2®, me€ Z or 1+4)**—a=m 2" or

1+4%¢42.4%— g =m 2 with b > 3. Then, a = 1 (mod 8).
The conclusion is that x> = a(mod 2°) has a solution

t=5%mod 2%) = a=1(mod 8), (1 <a <272

Fact 6.3.1: x> =a (mod2”), b > 3 is solvable if, and only if, a = 1 (mod 8).
When solutions exist, there are four of them (modulo 27). Further, x> = a (mod 8)
is solvable if, and only if, x> = a (mod 2°) is solvable for all b > 3.

Next, in the case of x> = a (mod pf”) i=1,2,...,k, we proceed as follows:
As pf.’i possesses primitive roots, by theorem 40, a is a quadratic residue (mod p;)
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if, and only if,

)

(6.3.3) a2 —1=0(mod p;")
This is okay as g.c.d (2,¢(p;—1)) =2. But ¢(p;") = pif_l(p[— 1). So, (6.3.3) reads

pi-l

(634) (a 2

)Pf"_I = 1 (mod p;").

If aRp;, by Euler’s criterion (corollary 6.2.1) ap"_z_I =1 (mod p;).
So (6.3.4) is satisfied and thus aRp?.
Conversely, if aRpf‘, from (6.3.4) letting m = a%.

(6.3.5) m?" = 1 (mod pl")
As the group of units of Z/p?Z is cyclic, mP) = 1 (mod pYyor
(6.3.6) m(”f"_pfyﬂ) = 1(mod pf’”).

From (6.3.5) and (6.3.6), we see that m”f‘ =1 (mod p?’). This implies that
m =1 (mod p;) or Euler’s criterion holds.

Fact 6.3.2: x> =a (mod p®) (b > 1), p, an odd prime, is solvable if, and only
if, x> = a (mod p) is solvable. Thus, it suffices to consider quadratic congruences
modulo a prime p. For proof, see [12].

Theorem 41 (Gauss lemma) : Let p be an odd prime. Suppose that

(p—1 —(p-3) (p-1)
S={-——7— =L 12,0 ——
2 3 2 ) 7 3 7 7 7 2
represents the set of nonzero least residues (mod p). Further, assume that p { a.
Let 1 be the number of least negative residues of the integers la,2a, - - - 7(p—;)a.

Then (a|p) = (-1~

Proof : We consider the products ta(mod p), 1 <t < ”T_l Let +b, be the least

residue of ta(mod p) where b, is positive. As 1 <t < pT_l w is the number of
negative signs arising in this manner.

Claim : b, #b, if t #s and 1, s lie between 1 and 2.

Assume the contrary. If b, = by, then ta = £sa (mod p). Since p does not
divide a, p|(¢ £ s). This is impossible since  #s and |r £s| < |¢t|+|s] < (p—1). It
follows that the sets {1,2,..., ”—;1} and {by,bs,...,bp1 } coincide. Now,

2
la = £b; (mod p)
2a = £b,(mod p)

-1
(pT) a= ipr-](mod D)-
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Multiplying the left sides and right sides, we get

p=1\ oty _ e (2L
< 5 >!a )= 1)#< 5 >!(m0dp).

This yields a = = (=1)* (mod p) and Euler’s criterion (corollary 6.2.1) gives the
desired result. O

From the definition of Legendre symbol (a|p) (6.0.1), we note that

(6.3.7) a'T = (a|p)(mod p)

(6.3.8) (ab|p) = (a|p)(b|p), foralla,b € Z
(6.3.9) (a|p) = (b|p), if b= a(mod p)

Now,

(6.3.10) 1= @7 —1)('T +1)(mod p)

But x*~' =1 = 0 (mod p) has (p—1) solutions [1],[2],...,[p—1].

AsxT =1 (mod p) has (p—;l) solutions, there are (”T_l) quadratic residues

(mod p). So, half of the nonzero residues [1],[2],...,[p—1] are quadratic residues
and the remaining half quadratic non-residues (mod p).
Using (6.3.7), one deduces that
(2|p) = 1if, and only if, p = 1 or 3 (mod 8).

6.4. Finite fields and quadratic reciprocity law

This section is meant to obtain Gauss quadratic reciprocity law, using Gauss’s
quadratic sum defined in terms of primitive p™ roots of unity, where p is a prime.
‘We have seen properties of finite fields in Section 4.6 of chapter 4.

Let p be a prime and s > 1. There exists a finite field F' having g = p* ele-
ments. F is a vector space of dimension s over Z/pZ. F* = F\ {0} is a cyclic
group of order ¢—1 and having ¢(g— 1) generators. Now,

xl—x= H(x—a),
acF

where x9—x € F[x]. Let b € K, where K is an extension of F. Then, b € F if, and
only if, b7 = b, as the zeros of the polynomial x? —x are precisely the g elements
of F.
Next, we take g to be a generator of the cyclic group F*. Then, g/ (1 <j<g-1)
is an nth-root of unity, if g/” = 1x. This happens in a cyclic group of order (g—1).
So, g/" = 1r < jn =0 (mod g—1). That is, the number of nth-roots of unity
contained in F* is equal to the g.c.d (n,g— 1), as the number of solutions of

nx =0(mod g—1)
is equal to g.c.d (n,q—1). If n|(g— 1), the powers of g namely
(n=1)j

gg¥, . ..g g =1p, (wherenj=(g—1))
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run through the n™-roots of unity. If g.c.d (n,g—1) =1, 15 is the only n'-root of
unity contained in F*. See Neal Koblitz [9].

We recall that a complex number ( is a primitive n'"-root of unity, if 7 is the
least positive integer such that (" = 1. ( is, in fact, a generator of a cyclic group
of order n.

Given an odd prime p, suppose that ¢ denotes a complex p"-root of unity.
We could take ¢ = exp(%). For p=5, we have ( = exp(%). ¢ is not an element
of Z/57Z as the nonzero elements of Z/57Z are {1,g,¢°,g°} with g* = 1. However,
we could adjoin ¢ to Fs = Z/57 and get an extension E of Fs where |E| =5% A
basis for E is {1,¢,¢?,¢3} where (> =1. When p=7 and w = exp(%), aswi=1,
2.3 =0 (mod 6) yields w = g where g generates the cyclic group of order 6,
namely F3 = Z/77Z\ {0}. The set {1,w,w?} forms a subgroup of F3 (of order 3).
Indeed, w and w? are in F3.

We fix an odd prime p. ( = exp(%) is a primitive p™-root of unity.

Definition 6.4.1 : A quadratic Gauss sum is defined by

p-1

G(a,0) = _(jlp)c.

j=0
In particular, we write
p-1
(6.4.1) G(1,0) =G =Y (ilp)¢/
j=0

Lemma 6.4.1: G(a,() = (a|p)G(()

Proof : If pla, (¥ =1for0 < j < (p-1).

Then, G(a,§) = Zl;é (jlp) =0, since the numbers 1 to (p—1) are such that half
of them are quadratic residues (mod p) and the remaining quadratic non-residues
(mod p).

And (a|p) =0 when p|a. So, the lemma is true for the case where p|a.

Next, assume that p does not divide a.

Then,
p-1 p-1
(alp) G(a,Q) =Y (alp)(jlp)C¥ = (ajlp)®,
J=0 J=0

as the Legendre symbol is multiplicative. But, then, since pta, aj
(j=0,1,..., (p—1)) constitute a complete residue system (mod p). So,

p-1
(alp)Gla, Q)= (klp) ¢t = G(O).
k=0
Since (a p)2 = 1, the lemma, for the case p not dividing a, holds. O

Lemma 6.4.2 : o
G* () =(-1)7 p.
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Proof :
We evaluate G*(¢) in two different ways. Firstly, summing for j=0,1,..., (p—1)
and secondly for —j = p,(p—1),...,1 in the reverse order. So,

p-1 1
GO => (P D (kp)*
=0 k=p
p-1
=> lp)kjlp)*
Jk=0
p—-1 p-1

=(1p)Y > (kjlp)/™.

j=0 k=0

It is known that (-1 |p) = (_1),%1 . For each value of j we make a change of variable
in the inner sum namely k — kj. That is, for each j, kj gives a set of residues
mod p, as k does. The summands depend only on the residues (mod p). So,

p-1 p-1
GO =D YD (Plp)
j=0 k=0
—1 p—l p—l .
=D Y kip) Yy ¢
k=0 =0

For k # 1, the inner sum gives the sum of the j™ powers of 6 = (!, a complex

p-root of unity. Therefore,

p-1

> ¢ =0 fork#1.

J=0

p-1
Whenk=15"¢"=pandso
J=0

GO = (=17 (I|p)p=(-1)T p,

as desired. O

Theorem 42 (Quadratic reciprocity law) : If p and q are distinct odd primes, then

(p=Dl(g=1)

(6.4.2) (ploglp) =1+

Proof : Since p and ¢ are distinct odd primes, they are relatively prime to one
another. So, there exists a positive integer n such that

q" = 1(mod p)

We remark that n could be (p—1). Let I, be a field having ¢" elements.
Iy =T, \ {0} is a cyclic group of order g" — 1. Let g be a generator of F.
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We set i = g* where \ = %, an integer. h” = g7 ' = 1. In fact, p is the least
positive integer such that 2” = 1. So, order of 2 in Fj is p.
Analogous to the definition of a quadratic Gauss sum (definition 6.4.1), we

write
p-1

(6.4.3) Xa,h=> (jlph, a€cl.
j=0

Ash e Fy, x(a,h) € Fy.

If p|a, h* = 1. Then,
p—1
X(a,h) = (jlp)=0=(alp),
j=0
(as there are b%l quadratic residues and b%l quadratic non-residues mod p). If
pta,
p-1
(alp)x(a,h) = (ajlp)h®
j=0

As j runs through a complete residue system (mod p), so is the case with aj,
as p 1 a. Therefore,

p-1
(alp)x(@.i)="Y_(k|p)i* = x(1,h) = x(h) (say).
k=0
Thus,
(6.4.4) x(a,h) = (a|p)x(h)
As in the case of lemma 6.4.2, one has
(6.4.5) (L) =) = (1T [p],

where [p] is the coset of p in Z/qZ. From (6.4.5), we note that
(6.4.6) (-1)T p|g)=1if, and only if, x(h) € Z/qZ.

Next, let K be a finite extension of Z/gZ. Then, « € K is in Z/qZ if, and
only if, a4 = a, since all the zeros of t7—¢ are in the field Z/gZ.

Therefore,
(6.4.7) ((—1)”77l plg) = 1 if, and only if, x9(h) = x(h).
Now,
p-1
XUhy= (D _Gjlp)n')!,  where h € F; and h¥ = 1.
j=0
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In a field F of characteristic g, when a,b € F, the relation (a+b)? = a?+b? holds.

So,
p-1
XUhy=> (jlp)h?, as char F, = q
j=0
Thus,
(6.4.8) x(h) = x(q,h), q € Zby (6.4.3).
Using (6.4.4), we get
(6.4.9) x(g,h) = (q|p)x(h).

Therefore, from (6.4.7) to (6.4.9), we note that

(1) p|g)=1if, and only if, (q|p) = 1.
That is,

(6.4.10) (~1)'F g)(plg) = 1 if, and only if, (g|p) = |

But, (-1|¢g) = (_1),%1 , as ¢ is an odd prime. So,
(DT =(DT)T =D
Thus, from (6.4.10), we deduce that

(p=Dg-1)

(6.4.11) (-1 (plg)=1if, and only if, (¢|p) = 1
Also,
(6.4.12) (—DW(PVI):—I = (qlp)=-1

(by the contrapositive argument applied to (6.4.11)). So,
(p=D(g-1)

D (ploglp =1,
which completes the proof of theorem 42. |

Remark 6.4.1 : In the proof of theorem 42, (6.4.5) mentions about [p], the coset
of pinZ/qZ* =F. Itrefers to aresidue class modulo g. As hisa p-root of unity
in 7, it is advisable to consider congruence modulo ¢ in the ring A of algebraic
integers. (We recall that an algebraic integer is a zero of a monic polynomial with
coefficients from Z. It is true that w € A can be a rational number and an algebraic
integer. If w € Q, w is necessarily an element of Z. That is, w is a rational integer.)

We introduce a congruence relation modulo w in A by writing
(6.4.13) a = b(mod w), where a,b € Z.

The above congruence means that a—b = cw when ¢ € Z. So, while considering
residue classes modulo g, we are actually working with congruences modulo ¢ in
the ring A of algebraic integers. This is a point to be noted, while giving the proof
of the quadratic reciprocity law using finite fields.
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Remark 6.4.2 : Quadratic reciprocity law is an essential tool to find out primes
p for which x> = a (mod p) has a solution (of course, for a given a). We have
pointed out that —1 is a quadratic residue of primes p of the form 4k+1. Similarly,
by using the formula

Qlp) =D

one obtains that 2 is a quadratic residue of a prime p of the form 8k+1 or 8k+7.

Fact 6.4.1 : -3 is a quadratic residue of primes p of the form 12k+1 or 12k—5.

For proof, see Emil Grosswald [7].
For more examples and illustrations, see Tom M. Apostol [1], K. Ireland and
M. I. Rosen [8] or Don Redmond [12].

6.5. Cubic residues (mod p)

a denotes a fixed integer and p a prime. When x* = a(mod p) has a solution,
a is said to be a cubic residue modulo p.

A reciprocity law similar to that of theorem 42 is obtainable in the context
of cubic residues. The result is due to Eisenstein [3]. The candidate for cubic
reciprocity is the ring Z[w] of Eisenstein integers where w = exp(%), This ring
is described as

(6.5.1) Zlwl={a+bw: a,beZ}
Lemma 6.5.1 : Z[w] is a Euclidean domain.

Proof : It is easy to check that Z[w] is an integral domain. For o € Z[w], we
define the norm N(«) of a by

N(o) = aa=a*—ab+b*>, where o =a+bw.
Let0# 3 € Z[w].
a af
— = — =s+tw where s, € R.
B BB
aff € Z[w] and (3 is a positive integer.
We find integers m,n such that [s—m| < 1/2 and |t—n| < 1/2.
Asmn € Z,y=m+nw € Z[w].
Also, N(§—7) = (s—=m)>—(s—m)(t—n)+(t—n)? < 1/4+1/4+1/4 < 1.
If § = a— (3, then either § =0, or

M®=Mm%—w)

o
= N(B)N(= -
(5)) (5 v)
< N(B).

© 2007 by Taylor & Francis Group, LLC



RECIPROCITY LAWS 151

Thus, N : Z[w] — N determines a Euclidean norm in Z[w] satisfying the condi-
tions for making Z[w] a Euclidean domain. ((3.3.6) of chapter 3 gives a criterion
for Euclidean domain property). (]

Remark 6.5.1 : a € Z[w] is a unit if, and only if, N(a) = 1.
For,if a =a+bw, N(a)=1=a*—ab+b* =1

or, 4a*—ab+b*) =4

or, 2a—b)>+3b* = 4.
The following possibilities arise:

(i) 2a-b=+£1,b=*1

(i) 2a—-b=+£2,b=0

Solving the above six pairs of equations, we geta=1,b=0;a=-1,b=0;
a=0,b=1;a=0,b=-1;a=1,b=1anda=-1,b=-1.

As l+w+w? =0, w? =—1—w, the units in Z[w] form the set
{1,-1,w,-w,w?,—w?}. For each of these, the norm N takes the value 1.

Facts 6.5.1 :

a) If 7 is a prime in Z[w], N(7) = p or p*> where p is a rational prime.
b) If N() = p?, 7 is an associate of p.

¢) If € Z[w] and N(7) = p, then 7 is a prime in Z[w].

d) 1-wisaprimein Z[w] as N(1 —w) =3, a prime in Z.

For, if N(m)=n (n > 1). 7m=n € Z as n is a product of primes, 7 divides
a rational prime p. There exists 7 € Z[w] such that 7 = p. Then, N(m)N(n) =
N(p) = p*. So, N(n) is either p or p>. If N(n) = 1, w and p are associates.

If N(m) = N(n) = p, m = up’ where u is a unit and p’ is a rational prime. Then,
p=p ? leads to a contradiction. So, 7 is not an associate of a rational prime.
Then, 7 is a prime in Z[w], since p = 7n with N(7), N(n) > 1 is impossible.

Next, 1 —w is a prime in Z[w] as N(1 —w) = (1 —w)(1 —w?) = 3 a rational
prime.

In what follows, we denote Z[w] by D. We can introduce the notation of congru-
ence among the elements of D.

Definition 6.5.1 : For o, 3, v € D with v #0, we say that « = 3 (mod ), if v
divides (a—[3).

As in Z, the congruence classes (mod ), form a ring called the residue class
ring modulo v, denoted by D/~D.

Lemma 6.5.2 : (a) If p is a prime = 2(mod 3), then p is a prime in D.
(b) if p is a prime = 1 (mod 3), then p = ww where 7 is a prime in D.

Proof : (a) We are given that p =2 (mod 3).
If p were not a prime in D, p = 71, where N(7),N(n) are greater than 1.
Then, p> = N(7)N(n). So, N(m) = N(n) = p. Writing 7 = a+bw, a,b € Z, we
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get p=a’*—ab+b? or 4p = (2a—b)*>+3b*. That is p = (2a—b)*(mod 3). If 3
does not divide p, as 1 is the only square such that 1 = (2a—b)*(mod 3), p has
to be congruent to 1 (mod 3). So, p = mn with N(7),N(n) > 1 is impossible when
p = 2(mod 3). This proves (a).

(b) If p = 1(mod 3), using quadratic reciprocity law,

- - 2 e
3lp)=1p)@Blp) = (DT DT (p|3)
=(p[3)
=1, as p=1(mod 3)
Therefore, we can find ¢ such that > = -3 (mod p).
That is, p divides (t++v-3)(t—v-3) = (t+ 1 +2w)(t — 1 —2w) = af (say) where
w= 1+_\2/f3 If p were a prime in D, p will divide either o or 5. As p #2 and p is

odd, if p > 7, p divides neither a nor 3. So, p = a3 where a3 are non-units in D.
Therefore,

p*=N(@N(B)
gives p = N(a) = a@ or p = N(3) = 3. This proves (b). [l

Remark 6.5.2 : From lemma 6.5.2, we get the structure of a prime (in D) other
than 1 —w. See [8, chapter 9].

Theorem 43 : Let m € D be a prime. Then D/wD is a finite field with N(r)
elements.

Proof : As D is a Euclidean domain, D is a PID. As 7 is a prime in D, the prin-
cipal ideal 7D is a prime ideal of D. So, D/7D is an integral domain. We get
through if we show that D/7D is finite.
Let o € D and « is not congruent to 0 (mod 7). It means that 7 { «. So, there
exist 8, v € D such that
fa+vymr=1p (1p=1, here)
So, Ba =1 (mod 7). So the residue class of « is a unit in D/7D.
Claim : D/7D has N() elements.
Case 1. Suppose that 7 = p;, a rational prime congruent to 2 (mod 3).
Let u=m+nw € D.
We apply the division algorithm in Z to m and n taking p, as the divisor. Then,
m=pis+a,
n=pit+b;
s,t,a,beZand 0 <a< p;,0<b< p;. Then = a+bw (mod p;). Suppose
that a+bw = a’ +b'w (mod py).
0<a<p,0<b<p;0<d <p,0<b <p.
— A b_b/
a—a N ( Jw
P1 P1

Then, isin D.
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So, then, ) )
a—a ez b-b
P1 P1

This is possible only if a=a’, b=1'.

So, the set S={a+bw: 0<a < p;, 0<b< p;}isacomplete set of coset
representatives in D/p;D. So, D/piD has p? = N(p,) elements.
Case 2. Let p;, be a rational prime = 1 (mod 3). Then, p, = w7 where 7 is a prime
in D. See (b) of lemma 6.5.2.
Now, let 7 = a+bw. Since p; = a>—ab+b?, it follows that p, { b. Let j1 = m+nw.
There exists an integer s such that bs = n(mod p,). Then, p—sm = (m—sa) (mod p,).
Therefore,

SYA

w = (m—sa)(mod )
So, every element such as y is congruent to a rational integer (mod 7). If ¢ € Z,
we write
c=gqpy+rwhere q,r € Z,0 <r < ps.
Then, ¢ = r(mod p;) and as 7|p,,

¢ = r(mod 7).
So every element of D, by reduction modulo p,, is congruent to an element of
{0,1,2,...,(p2—1)} modulo 7.
If r = ¥/ (mod =) with r,7’ € Z, we have
0<r<py 0<Zr <p;
and then (r—#") = w¢ for some ¢ € D. Therefore,
(r—r")* = N(m)N(0) = pN(8) which implies that pa| (r=7").

So, then, r = #'. Thus, D/mwD has N() = p, elements.
Case3. m=1-w. If r=1-w, N(m) =3 and by an argument similar to that of
case 2, D/7D has 3 elements.

Hence D/nD is a finite integral domain and so D/7D is a field. O

Remark 6.5.3 : When 7 is a prime, the multiplicative group of D/xD has N(m)—1
elements. The multiplicative group is cyclic.

When [a] € D/7D, if 7 { «, one has

(6.5.2) o™ = 1 (mod 7)

which is an analogue of Fermat’s little theorem relating to Z[w].

Since {1,w,w?} is a cyclic group of order 3 contained in D/7D, we also see
that 3 divides N(m)—1.

Lemma 6.5.3 : Let 7 be a prime such that N(r) #3 and that w1 o (o € D). Then,
there exists a unique integer m belonging to the set {0,1,2} such that

N(m)-1 m
a 3 =w"(mod 7).
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Proof : By (6.5.2), w|(aV™1-1).
However,

N(m)-1 Nn— N(m)-1

6.5.3) AN =5 — D@5 —w)a T —wd).

Since 7 is a prime, m must divide one of the factors on the right side of (6.5.3).
It can divide at the most one factor only. For, if m were to divide two of the factors,
it would divide their difference which would mean that 7 will divide either 1 —w,
1-w?orw(l-w). Asl-wisa prime in D and w or 1 +w is a unit, 7 divides
one of the factors on the right side of (6.5.3). So Q" = 1, w or w? (mod 7), as

claimed. O

Definition 6.5.2 : Let 7 be a prime in D. If N(7) #3 and « € D, the cubic
character of o modulo w denoted by (a|)3 is defined by

(i) (a|m)s =0 if |,
(ii) ™5™ = (a|m)s (mod ),

where (a|m); = 1,w or w?.

Remark 6.5.4 : («|7); is the analogue of the Legendre symbol (a | p) where a € Z
and p is a rational prime.

Lemma 6.5.4 : The following statements hold in respect of («|r)3.

(i) (a|m)3 =1 if, and only if, x> = a(mod 7) has a solution in D.
(i) o5 = (a|m); (mod )
(iii) For a,3 €D, (a|m)s(B|m)s = (af|m)3

(iv) fa=p(modm), (afm)s=(B|r);
Proof: (i) We appeal to the following particular case of theorem 40. Suppose

that F is a finite field having ¢ elements (¢ a prime). Let o € F*. Then,
X" = o has a solution in F if, and only if,

aqz;il =1 Whered=g.C~d (naq_])

In the case of D/7D with N(r) elements, as 3|(N(m)—1), x> = o has a
solution in D/7D if, and only if,

N(m)-1
3

« =1
This proves (i).
(i1) is a consequence of lemma 6.5.3.
(iii) For «, B € D,
N(m)-1 N(o)-1 N(m)-1
-85 = (alm)s(B]m); (mod )

(@flms = (@B =a
@iv) If o = (B (mod )

N(m)-1 N(m)-1

(alm)yz=a 3 =43 =(B|m)3(mod )
So, (a|m)3 = (B|m)3. O
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Notation 6.5.1 : If a is a complex number, a denotes the conjugate of a. The
cubic character of « (mod 7), namely, («|7)3 is hereafter denoted by x(«, 7).

We verify that
(6.5.4) X(a, ) = x(a, ) = x(a?,7) as (a|7); = 1,w or w?.
(6.5.5) x(a,m) = x(@,7)
(6.5.5) is a consequence of the fact that
aw = x(a, ) (mod 7)
implies (
a5 =X(a,m(mod )

But, N(7) = N(7) and so, x(&,7) = x(«a, ) which is (6.5.5).

Lemma 6.5.5: Let q be a prime congruent to 2(mod 3) and suppose that n € Z
is such that q { n. Then n is a cubic residue (mod gq).
For,
X(lg) = x(n,q) = x(n*,q) = x(n,q)*
Since x(n,q) #0, we get x(n,q) = 1.

Corollary 6.5.1 : If g and g, are distinct primes each of which is congruent to
2 (mod 3), x(q2,91) = x(q1,92) as each one of them is 1.

Remark 6.5.5 : Corollary 6.5.1 is a special case of Eisenstein’s cubic reciprocity
law which says that if 7, and 7, are primes (in D) of a special kind, then

x(m1,m2) = x(m2,71)

This will be proved in theorem 47 after going through a few lemmas providing
the necessary preparation.

Since the group of units in D is of order 6, every element of D has six asso-
ciates. We need to pick a special kind of an associate of a prime 7 in D.

Definition 6.5.3 : Ler 7 be a prime in D. 7 is called ‘primary’, if 1 =2 (mod 3).

By lemma 6.5.2 a rational prime ¢ = 2 (mod 3) is a ‘primary’ prime in D. In
the case of a prime 7 = a+bw, ™ = 2(mod 3) if, and only if, a = 2 (mod 3) and
b =0 (mod 3).

Lemma 6.5.6 : Let 7 be a prime in D such that N(w) = p =1 (mod 3) (p a rational
prime). Then, w has an associate 7' which is primary and 7' is unique.

Proof : We take 7 = a+bw where a,b € Z. The associates of m are 7, -7, Tw,
—7tw, Tw? and —mw?. These are respectively a+bw, —a—bw, —b+(a—b)w, b+(b—
a)w, (b—a)—aw. Since N(7) = p = a® —ab+b?, a and b are not both divisible by 3.
From the associates of m, we have to pick the one which satisfies the conditions
for being ‘primary’.
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If a =2 (mod 3), as p = a> —ab+b?, we get
p=1=4-2ab+b*(mod 3),
or,
b(b—2)=0(mod 3).

If 3]b, a+bw is primary. If b =2 (mod 3), b+ (b—a)w is primary. So, a+bw
or b+ (b—a)w is primary.

To prove the uniqueness, let us assume that a +bw is primary. Then none of
the others is primary. If a+bw is not primary, —wn = b+ (b—a)w is primary. [

Example 6.5.1: (a) 3+w € D is such that N(3+w) =7, arational prime. So 3+w
is a prime in D.
~w?B+w)=-3w?—1=3(1+w)—1=2+3w
is such that 2+ 3w =2 (mod 3). So 2+3w is the primary prime associated to 3+w.
(b) 7+ 3w € D is such that N(7+3w) = 37, a rational prime of the from 4k+1,
743w is a prime in D, and 37 = 77 = (7+3w)(7 +3w?).
Now, —(7+3w) is the unique primary prime associated to 7 +3w.

6.6. Group characters and the cubic reciprocity law
(R,+) denotes the additive group of real numbers. It is an abelian group.
(Z,+) is a normal subgroup of (R,+). Let T be the quotient group R/Z.
T=R/Z={Z+t:teR,0<t <1}

Z4+t — exp(2mit) gives a mapping of 7 onto the circle group S, the multiplicative
group of complex numbers of absolute value 1. It is easy to check that 7 = .

Definition 6.6.1 : Let R be a ring with unity 1g. An R-module A is an addi-
tive abelian group together with a function s : R X A — A written (r,a) — ra and
subject to the following axioms:

Forallr,¥' €R, a,b € A,

r(a+b)=ra+rb
(r+rYa=ra+r'a
(rrYa=r(r'a)
lra=a

As ‘scalar’ multiplication by elements of R is on the left, A is called a left R-
module.
When r is fixed, a — ra is a homomorphism of (A,+) into (A,+).

Definition 6.6.2 : Given two R-modules A,A’, an R-module homomorphism of
R-modules is a mapping f : A — A’ such that

fla+b)=f(a)+f(b)
f(ra)=rf(a)
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forall a,b € A and all scalars r € R.

The above two conditions are equivalent to the following requirement:
(6.6.1) fra+r'b)y=rf(a)+r'f(b), rr €R

Fact 6.6.1 : If A and A’ are two R-modules, the set
Hom g(A,A")={f |f:A — A’ is an R-module homomorphism}
is an abelian group under point-wise addition of R-module homomorphisms.
Any abelian group A is a module over the ring Z of integers. For, if a € A,
n € 7, we take na to be a multiple of a by n that is, a+a+...+a (n times) if n is

positive and —a+—a+...+—a (—n times), if n is negative. na = 04, if n is zero. As
la=a, (n+1)a=na+a,(—n)a =—(na), the abelian group A is a Z-module.

Definition 6.6.3 : Let A be an abelian group and T =R /7. The character group
of A is defined to be the group Homz(A,T). A character x of A is an element of
Homyz(A,T). Further, x is multiplicative. That is, x(a)x(b) = x(ab) for a,b € A.
Xo : A — T given by xo(a) =1 for all a € A is called the principal character of A.

The multiplication of characters x;, x; € Homz(A,T) is defined by
(6.6.2) xixj)a) = xi(a)xj(a), forallacA.
Homy (A, T) is the abelian group of characters of A, denoted by ch(A).

Lemma 6.6.1 : For each positive integer n, the group T = R/Z has exactly one
cyclic subgroup of order n.

Proof: Let G={e,ay,...,a,} be asubgroup of T of order n. For a; € G, let Ki(d)
be the cyclic subgroup (of order d) generated by a;. It implies that

d_
aj =1.

So, a; is a d™-root of unity, K;(d) is the cyclic subgroup (of order d) generated by
a complex d-root of unity. This is true for every divisor d of n. In particular,
there is an n-root of unity say ¢ contained in G such that (" = 1. So, G is cyclic
of order n. (]

Theorem 44 : A finite abelian group G of order n has exactly n distinct charac-
ters.

Proof : Let H be a proper subgroup of G. Suppose thata € Ganda ¢ H. If a is
of order m in G, then a™ = e € H. It happens that among the powers a’, (j > 0),
there is a smallest positive integer & such that a" € H. We call & the indicator of a
in H. The subgroup (H,a) generated by H and a is of the form

(H,a)={ya" : yc Hand 0 < k < h}

As H is finite,
|(H,a)| =h|H|.
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Let us denote the trivial subgroup (e) by Hy. We assume that Hy #G. Leta; € G
and a; # e. Suppose that H, = (Hy,a,). Having got H,, if H; # G, take a, ¢ H,
and let H, = (H),a,). Continuing this process, we get an ascending sequence of
subgroups:

HyCH, CH, C---CH,=G, as G is finite.
We prove the theorem by showing that if it is true for i, 0 < i < n, it is true for
i+1.

For Hy = (e), there is one character for Hy namely the function which is iden-
tically 1. For H;, assume that H; has order d (where d divides n) and H; has d
distinct characters.

In H;yy = (H;,ai41), let by be the indicator of a4y That s, kg is the smallest
integer such that aﬁ’:l' € H;. We prove that there are h;;; different ways to extend
each character of H; to obtain a character of H;,;. This will show that H;;; has
exactly dh;,; characters and dh;, is the order of H;y;.

A typical element of H;; is of the form yafﬁrl, wherey € H; and 0 < k < hjyy.

Let x be an extension of x defined on H;. The multiplicative property of y
requires that

XOaf) = X)X (@)
But, y € H;. So, x = x(y). So, we have

(6.6.3) XOaf 1) = X)X @ir)*

So x(yat,,) is known when ¥(a;1) is known. Let ¢ = aﬁ‘:l‘ € H;. Then, x(c) = x(c)
asc € H;.

So,

X@ih=x()  or (x(@i))"™ = x(c)

Yi(ai+1) is one of the A, th-roots of x(c). There are h;;; choices for y;(c;;1). Each
one of these gives rise to a character of H;;;. From (6.6.3), we also note that

X(xaly, - yai,) = XO)x(ai)*

= X)) (X(@air)

= XXM X(@i1) X(@is1)

= X)X (val,,)
and so  is multiplicative. No two extensions X1, X2 can be identical on Hy, as
the characters x; and x» on H; which they extend would then be the same. So
each of the d characters of H; can be extended in 4;,; different ways to produce a
character of H;y;. Also, if x’ is any character on H;1, its restriction to H; will be
a character on H; and so this process of extension produces all the characters on

Hi1. So the number of characters on Hyy is equal to |H;.|. This way, we produce
n distinct characters on G. O

Remark 6.6.1 : Proof of theorem 44 has been adapted from Tom Apostol [1]. [1]
gives more properties of characters of a finite abelian group.
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Lemma 6.6.2 : For any positive integer n, Ch(Z/n7) = Z./nZ..

Proof : By theorem 44, Z /nZ has n distinct characters. (Z/nZ) is cyclic of order
n. Soif x € Ch(Z/nZ),

x([1D)" =1
So x([1]) is an nth-root of unity. So Ch(Z/nZ) is also cyclic generated by a
primitive nth-root of unity. This proves the lemma. 0

Fact 6.6.2 : Given a finite abelian group A, Ch(A) = A.
For, if G, G’ are finite abelian groups, Ch(GHG') ¥ Ch G& Ch G'. As G is a
direct product of cyclic subgroups, Ch G = G.

Let p be a prime. We consider F, =Z/pZ. I, is cyclic of order p—1.
ChF; = F;.
If g is a generator of I, we define

27i
A(g) =exp(—)
p—1
A is a character on [, and the set of characters of F" is given by
{, 0% 02 Wl =1.
(6.6.4) e@=1,g€lF,

¢ is called the principal character on F .
Next, we need to consider sums over elements of IF,. So, it is convenient to
extend the domain of definition of a character x (on F7) to [, by writing

1, ifx=e¢
0)=
x©) {o if y #e

(where ¢ is the principal character on F).
By doing this, we make x a character on IF,.
Definition 6.6.4 : Ler x be a character on ¥, and let a € F,. We write
(= exp(%). The sum
Gla,x)= Y x(t)¢"
1€F,
is called a Gauss sum on I, belonging to the character .

Theorem 45 : Let a € F,. Suppose that ¢ is the principal character on F,. That
is, e(b) =1 for all b € F,. Then,

x(@HG(,x), ifx#e,a#0

0 / - d O
(6.6.5) Gla,)=1 l.fx canda#

0, if x#eanda=0

p, ifx=canda=0
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Proof : Case 1. a #0, y #¢.

X(@Ga, )= x(@) Y xO¢" = x(a)¢" =G(1,x),

teF, teF,
as pta and ‘at’ runs through a complete residue system (mod p).
or  Gla,x) = x(@) ' G(1,x)=x(a"HG(1, ).
Case2.a#0,x=¢
Gla,e)=) e(t)("=) (" =0.
telF, telF,
Case3.a=0, y #¢
, ifxy=e¢
G000 = x0¢" =Y x() = {g’ X

=y =y , otherwise.

For, if we choose a € F; such that y(a) # 1,

X(@) Y x)=>_ xta).

telF, telF,

IfS= ZteF” x(t), we get x(a)S =S, as ‘at’ runs through a complete residue system
(mod p).

This implies that S =0.

Cased.a=0,x=¢

G0,)=) )" =p.

1€F,
Cases 1 to 4 above yield (6.6.5). ([
G(1,x)| = /p-
Proof : We evaluate the sum

Z G(a, x)G(a, x) in the different ways,
aclF,

Theorem 46 : If x #¢,

If a #0, by theorem 45, G(a, x) = x(a)G(1,x) = x(@)G(1, x).
So,
(6.6.6) G(a,\)G(a,x) = x(a " x(@G(1,x)G(1,x) = |G, x)|*.
Also,
Ga,)Gla )= > xOxEHc "

tl
Summing over a € I, on the left and right sides, we obtain

(6.6.7) > GG = (3 > XX ")

ackF, acF, t '
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Now,

> =p s,

a€lr »
where

1, ift=t¢(mod
Say=q o D=t medr)
0, otherwise.

So, from (6.6.7)
> Gla,)G@, =YY xOXx@)p 5(t,t")

ackF,
=> Ixolp.

t€F,
Now, as G(a, x) =0 for x #¢, a = 0; noting that |x(t)| = 1, forz € F, we get

(6.6.8) > G(a, )G, x) = p(p=1), as x(0) = 0.
aE]F,,

Further, from (6.6.6),
> Gla,)Ga,x)= Y |G, x).

acF, acFy
That is,
(6.6.9) > Gla,x)Gla,x) = (p— |G, x)|*
ackF,

From (6.6.8) and (6.6.9), we obtain |G(1,x)|> = p which proves theorem 46. [
Definition 6.6.5 : Let x and X be two characters of F,. The Jacobi sum in terms
of x and X is defined by

JOaN =D x@Ab)

a+b=1
where the summation is over the elements a,b € F), such thata+b=1.

It is easy to check that

(6.6.10) J(e,e)=p,
(6.6.11) J(E,x)=0.
Now,

a+b=1 a+b=1
b0

Joex =Y x@x'®=>" X(%) :ZX(%Q)'
o

Let (£ =¢1. Ift #-1,a= 5.
As a varies over the elements of IF,, except 1, ¢ varies over the elements of

IF, except —1.
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But,
D x(6)=0, for x #e.
1cF,
Therefore, J(x,x™") = > i1 X(0) or
(6.6.12) JOGx ) ==x(=D).

Next, suppose x and \ are such that yA # .
G(1,0G(1,0 = (D x(@¢) (D_Ab)¢’)
a b

= X(@AbB)C
a,b
=> (> x@x»)¢'.
t a+b=t
Ifr=0,
D X@AB) =Y X(@A=a)=A=1) Y xMa)=0, as x\ #e.
a+b=0 (29 acl,
Ift #0, let ' be such that a=ta’. Let b’ be such that b=1tb'. If a+b=t,a’+b' =1
and so
D x@AbB)= D xa)Ath') = x0T (x, N).
a+b=t a’+b’'=1
So,
G(1, )G, N = > MO NE =T, NG, xN),
or t
(6.6.13) Joo = SU0GLN

G(,xN)
We deduce that if x, A and x\ are not equal to ¢, as |G(1, )| = \/p (theorem 46)

(6.6.14) OGN =P -

Fact 6.6.3 : If p = 1 (mod 3) and Y is a cubic character (mod p), that is, x* =¢
(6.6.15) G(1,x)* = pJ(x. ).

Proof : Using (6.6.13), we have G(1,x)* = G(1,x*)J(x,X). Multiplying both
sides by G(1,x), we obtain
(6.6.16) G(1,%)* = G(1,0G(1, xH (x. ).

But x2 =y
Also, G(1,x ") =G(1, %) as x! is the character which takes t € F), to x(1).
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Now,

XDGA, 0= XCE0¢

t€F,

So,
X(DG(1,)G(1, %) = G(1,)G(1, x).
=|G(1,x).
=p, by theorem 46.
As x is a cubic character (mod p), x(-1) = X((—1)3) = X3(—1) =1. So,
(6.6.17) G(1,0G(1,x*) =p
From (6.6.16) and (6.6.17), we arrive at (6.6.15). O

Lemma 6.6.3 : Let p =1 (mod 3). If x is a cubic character (mod p) and if
J(x,x) =a+bw where w = exp(%), then a =2 (mod 3) and b = 0 (mod 3). That
is, J(x, X) is a primary prime.

Proof : We work with congruences in the ring A of algebraic integers.

(6.6.18) G(1,x)* = O _x(¢) =Y x@)’¢¥ (mod 3)

telF, telF,

We observe that x(0) =0 and x(t) = 1 for ¢ Z0.

Therefore,
S =3¢ =
t t0

So, from (6.6.15) and (6.6.18), we have
G(1,%)* = pJ(x,x) = a+bw=—1(mod 3).
Working with Y instead of x and remembering that G(1,x) = G(1,Y), we get
G(1,%) = pJ(, X) = a+bo = —1(mod 3)).
Subtraction yields b(w—&) = 0 (mod 3)).
But, w—o = ((4/3) - (228) = /3,
Or,
bv-3 =0(mod 3).

It follows that —35% = 0 (mod 9) or 3 divides b.
Since b = 0 (mod 3), a+bw = —1 (mod 3) gives a = —1 (mod 3), as desired. [
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Observation 6.6.1
By (6.6.14), |J(x,x)| = /P- So,

N =J060I 00
= OGP
=p.
If p is a prime congruent to 1 (mod 3) and x is a cubic character (mod p), by

definition 6.5.3 and lemma 6.6.3, J(x, ) is a primary prime in D. By lemma 6.5.6,
J(x, x) is the associate of a prime 7 in D such that

N(m)=p = 1(mod 3).

Theorem 47 (cubic reciprocity law) : If m; and 7, are primary primes in D and
N(my), N(mp) # 3 and N(my) # N(m3), then
X (2, 1) = x(71,72)

where x(a, ) stands for (a|7)3 as per Notation 6.5.1.
Proof : If m; and m, are distinct rational primes congruent to 2 (mod 3), take
m=a,m™m=>b gsay). -

Asda=a, b=>b and x(a,b) = x(a,b) = (x(a,b))* (by 6.6.4)
x(a,b) = (x(a,b))? = x(a,b) =1 as x(a,b) #0. Similarly, x(b,a) =1 and so the
result holds for distinct rational primes = 2 (mod 3).

The other cases to be considered are

(i) m, arational prime ¢ = 2 (mod 3) and 7, complex with
N(m,) = p aprime = 1 (mod 3).

(i) m and m, complex with N(7) = p; = 1 (mod 3) and
N(m) = p» = 1(mod 3), where p; and p, are distinct primes.

Case 1. We consider the case

m =q = 2(mod 3) and 7, = 7 with N(7) = p.
x (o, m) is a cubic character modulo p. By lemma 6.6.3
(6.6.19) J(x(a, ), x(cv, 7)) = 7’ a primary prime.

Since 77 = p =77, we have 7|7’ or 7|7’.
Since all primes are primary, we claim that 7 = 7’ or 7 = 7'.
From the definition of J, one obtains

JOx(o,m), x(a,m) = Y x(a, m)x(b,m)

a+b=1

=315 (1-0") (mod p).

telF,

The polynomial 15 (1-1)'5 is of degree 2(p—1) < (p—1).
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So,
p-1 p—1
S5 (1-0"F =0(mod p).
t€F,
For,
—1 .
pZikz O(mod p), if(p—1)tk
= —1(mod p), if (p—1)|k
So,

From (6.6.19), we have 7|7’ and so 7= 7.
Using Fact 6.6.3, we obtain G(1, x(«a, 7)) = p.
In particular,

(6.6.20) G(1,x(g, 7)) = pr where 7| = g = 2(mod 3)

2
. . . -1
Raising both sides to the power 45—, we get

G(1,x(g, ™) " = (pm)S

Taking congruences (modulo g), we get
2
G(1,x(g:™)" = x(pm,9)G(1,x(g,m) (mod g), as N(q) = ¢*.

Now, x(p,q)=1, as pq~3_4 = 1(mod g). We have

(6.6.21) G(1,x(¢,m)" = x(m,q)G(1, x(q,m)) (mod g).
G x(g.m)” =3 x(t,m¢HT
t€F,
=" x@,m7 ¢ (mod g).
telF,

As q2 =1 (mod 3) and (¢, 7) is a cube root of unity, we have
G(1,x(g,m)" = G(q*,x(g,™) (mod g).
By theorem 45, G(¢*, x(¢,m) = x(¢~*, MG(1, (¢, ™),
(6.6.22) or  G(L,x(g.m) =x(g,mG(L,x(g, 1)),
or, from (6.6.21) and (6.6.22) we get
x(m,9)G(1, x(g,m) = x(¢q,m)G(1, x(¢,m)) (mod g).
Multiplying both sides by G(1, x(g, 7)) and noting that
G(1,x(q,m)G(1,x(¢q,m)=p, (by theorem 46)

we have

x(g,mp = x(7,q)p(mod g),

or,
x(g,m) = x(m,q)(mod q).
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This implies that x(q, ) = x(7,q).
Case 2. m; and 7, are complex primes and

N(m) = p1 = 1(mod 3),

N(m;) = pp = 1(mod 3).
Let 61 =7 and 6, = 7.

Then, d;, 0, are primary primes and p; =701, p» = md,. Now, using (6.6.15)
and observation (6.6.1),
G(1,x(1,6))’ = pi6.

Raising to the power M = p%;l and taking congruences modulo 7, we get

(6.6.23) X(P3,61) = X(p161,m2)

Starting from G(1,x(1,7))? = pm, and raising both sides to the power ”‘T_l and
taking congruences modulo 7, we obtain

(6.6.24) X(pi,m2) = X(pama, M)
(since x(a, 1) = x(ov, 1) = (a2, 7) with & = p» = p, and 6; = 7). We also have
(6.6.25) X(p3,61) = x(p2,m)

(since x(a, ) = x(a, 71)* = x(a?,71) with 77, =) and o = p = p»).
Next by, (6.6.23),
X(m2, )X (P161,72) = X(m2, 71X (P3,61)
= x(m2,71)X(p2,m1) by (6.6.25)
= x(p2m2,m1)
= X(pi,m) by (6.6.24)
= x(p17m101,72) as p1 = m11.
Or,
x(m2, )X (P11, ™) = x(71, ™)X (P1d1,72).
Cancelling x(p16;,m) from both sides, we get x(m, 1) = x(71,72). O

Remark 6.6.2 : Proof of theorem 47 has been adapted from [8]. For an overview
of reciprocity laws, see B. F. Wyman [A4]. K. S. Williams gives an Euler criterion
for cubic non-residues in [A3].

6.7. Notes with illustrative examples

The Legendre symbol is in respect of primes.

Let b be an odd positive integer. Suppose that b = pp,...p, where p;
(i=1,2,...r) are primes not necessarily distinct. Jacobi (1804-1851) defined
the symbol (a|b) by

6.7.1) (alb) = (a|p1)(alp2)---(a|p,)
where (a|p;) is the Legendre symbol (i =1,2,...,r).
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(a|b) is referred to as the Jacobi symbol. If g.c.d (a,b) > 1, we take (a|b) to be
zero. Now,

(2[175) = 2|5)*Q2|) =1
However, 2 is not a quadratic residue mod 175. That is, (a|b) = 1 does not mean

that a is a quadratic residue (mod b). However, if (¢|b) =—1 then a is a non-residue
(mod b). The Jacobi symbol could be used to prove the following.

Theorem 48 : Let a be square-free integer. There are infinitely many primes p
for which a is a quadratic non-residue.

Proof : We write
a=2*p\ps...p. where k=0or land p; i=1...r)

are distinct odd primes, (r > 1).

Let {q1,42,---,95} be a finite set of odd primes not containing any p;. Let
be a quadratic non-residue of p,.

We solve the congruences

x=1(modg;), j=1,2,...,s;

x = 1(mod 8),
x=1(modp;), i=1,2,...(r—1);
x =t(mod p,).

Suppose that x = b mod (8p1p>...prq1q2 - -.qs) be the common solution. Let
b=m;,my,...,m, where m; are primes.
Since b = 1 (mod 8), x> = 2 (mod b) has a solution. For,

21b) = 2|m)DR2Imy)...2|m,) = 1.

The generalized quadratic reciprocity law says:

6.7.2) (a|b)(bla) = (-1)“"F" when a, b are positive and odd.
By the generalized quadratic reciprocity law, (p;|b) = (b|p)) i=1,2,...,r.
So,

(alb)= 2|b) (p11b). .. (p,|b)
=(b|p)(®|p2)...(b|py)
=(1[p)[p2)...(A|p-)t|pr).

This gives
6.7.3) (alb)=—1

By definition of (a|b), we have
(alb) = (almy)(a|my) . . . (a|my,).
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From (6.7.3), we have (a|m;) =—1 for some i, 1 <i < n. The primes ¢1,¢2,...gn
are so chosen that none of them divides b. Som; & {q1,q2...q;s}. Also a is square-
free and divisible by an odd prime. We are able to pick a prime m; outside the set
{2,41,...,qs} such that (a|m;) =—1. The theorem is okay for such a’s.

Ifa=2,let{q1,q2,...,qs} be a finite set of primes (#3) for which (2|g;) =—1
(j=1,...5), we write

b=8q1q92...qs+3.
Since b = 3 (mod 8), we have (2|b) =—1.
As before, take b = mj,mo, ... ,m, where m; are primes (i =1,...,n).
Then (2|m;) =—1 for some i (as before) and m; & {3,41,42,-..,q;s}. This disposes
of the case a = 2 also.
g

Remark 6.7.1 : Theorem 48 has been adapted from [8].

Next, let p be an odd prime and a € N, p { a. The Legendre symbol (a|p)
takes values +1 or —1 according as a is a quadratic residue (mod p) or a qua-
dratic non-residue (mod p). (a|p) is a character on I, where F), =Z /pZ and F)=
F,\ {0}. The Legendre symbol depends only on the residue class of a (mod p)
and is multiplicative.

Now,

(6.7.4) ]F;2 ={a* : a € F*} = the set of quadratic residues (mod p).

It follows that ]F;2 is a subgroup (of F)) of order p—;l So IF;Z is a subgroup of
index 2 in IF’;. It is a normal subgroup of ;. One has I, / IF;Z = {1,-1}. Further,

(6.7.5) x* =a(mod p) & x*—a=[0]inTF,.
This is possible if, and only if, a € F*. That s,
(6.7.6) = a(mod p) & *-a splits into a product of linear factors in IF, [x].

We go to a general problem. Let K be an arbitrary field. Suppose that
f(x) € K[x]. We have to check whether f(x) splits into a product of linear factors
in K[x] and in L[x] when L is the smallest extension of K. That is, we obtain an
extension L of K such that L is the splitting field of f(x). Using results on field
extensions [4], one knows that a splitting field of f(x) exists and is unique up to
isomorphism.

Is it possible to characterize a splitting field of f(x) in terms of certain invari-
ants depending only on K and the polynomial f(x)? When k =R, the field of real
numbers, every polynomial in R[x] splits into a product of irreducible factors of
degree < 2. Also, a polynomial #(x) of degree 2 (over R) is irreducible if, and
only if, the discriminant of #(x) is negative. In that case, the splitting field of 7(x)
is C, the field of complex numbers.

If K =IF,, afinite field having g = p™ (m > 1) elements (where p is a prime),
for every m € N, there exists up to isomorphism a unique field extension L (of
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K) such that the degree of L over K is m. L can be viewed as a vector space of
dimension m over K. Further, every polynomial f(x) of degree s < m splits into a
product of linear factors in L[x]. The situation is tougher when K = Q, the field of
rational numbers or more generally an algebraic number field (a finite extension
of Q).

A situation that could be tackled better is the class of finite fields Z/pZ (p a
prime) and the set of polynomials f(x) € Z[x]. The question is whether a given
monic irreducible polynomial #(x) € Z[x] splits into a product of linear factors in
F,[x] where F,=Z/pZ.

A more difficult question is:

Given a monic irreducible polynomial in Z[x], find the set of primes p for which
f(x) splits into a product of linear factors in IF ,[x] ?

Definition 6.7.1 : The set spl. f(x) is defined by
spl.f(x)={p: pis a prime and f(x) splits into a product of
linear factors in IF,[x]}

The most general reciprocity law due to Emil Artin establishes a curious con-
nection between the splitting field of f(x) and the set spl.f(x) when the splitting
field L of f(x) is such that L is abelian over K in the sense that the Galois group
G(L/K) is an abelian group.

Let f(x) =x*—a € Z[x].
Suppose that f(x) is irreducible over Q.

spl.f(x) = {p : f(x) splits into a product of linear factors over Z/pZ}.

For any a € Z, spl. f(x) contains the prime 2 as

X—a=x*—1orx* € F,[x]

So, x*> —a splits into linear factors over Z/2Z. To determine spl.(x* —a) we need
to compute (a|p) for fixed a and all odd primes p such that p t a. The problem,
thus, reduces to that of computing (a|p).

Asa=+2pp® ... p¥ b>0,a,>1(3=1,2,...7)

and as (a|p) is multiplicative, we need to consider only (2|p), (—1|p) and (¢|p)
where g # p are odd primes. Quadratic reciprocity law comes in handy. We need
only to compute the Legendre symbol for finitely many primes.

We have observed that —1 is a quadratic residue of primes of the form 4k+ 1.
So,

spl.(x*+1)={2,5,13,17,29,...}

Also, =3 is a quadratic residue (mod p) if, and only if, p =1 (mod 12) or p =-5
(mod 12). Therefore,

spl.(x*+3)={2,7,13,19,37,...}

In the case of f(x) =x>—a, a € Z, suppose that x> —a is irreducible over
Q. If pis a prime # 3, x> —1 splits into a product of linear factors over I P>
as IF, contains a primitive cube root of unity when p =1 (mod 3). That is, if
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p =1 (mod 3) F;/F,*f is of order 3. If p =—1 (mod 3) F;/Ff is of order 1. For,
the map 6 : ) — Ff defined by 0(¢) = ¢ is surjective and ker @ is the set of all
cube roots of unity in Fy.
It follows that the cubic residue symbol should take values in a group of order 3
and it is to be expected that such a symbol should be an isomorphism of [/ ]F;3
onto a group of order 3. But, the primes p = —1 (mod 3) do not satisfy this
condition, as I /F;3 is the trivial group of order 1 in such a case. For such
primes, F}; does not contain primitive cube roots of unity. So, in order to get
an analogy with the Legendre symbol, we should work in a ring larger than Z,
since Z does not contain the imaginary cube roots of unity. This led Eisenstein to
consider D = Z[w], (6.5.1).
The group of units in D is {£1, +w, +w?}.

Let p be a rational prime. If 7 is a prime in D,

N(m)=nT=p,p*or9
according as p = 1 (mod 3), p =2 (mod 3) or p =3.
(6.7.7) 1 -wis aprime in D with N(1 —w) =3

Given a prime 7 € D, D/nD = ¥, or F ,» according as N(m) = p or P

Since p? = 1 (mod 3) for all primes p # 3, it follows that for all primes 7 in
D for which N(m) #3, D/nD = F, (¢ = N(r)) contains all cube roots of unity (see
remark 6.5.3).

Further, given o € Z[w] and a prime 7 € Z[w] where 7 { « there exists a
unique cube root of unity namely 1, w or w? such that

N(m)-1

(6.7.8) a 7 =wi(mod m) (i=0,1o0r?2) (see Lemma 6.5.3)

Next, the cubic residue symbol («|7); induces an isomorphism of
F,{,*(W)/F*fv(ﬂ) onto the group H = {1,w,w?}. (a|m); = 1 if, and only if, x> -« splits
into a product of linear factors in Fy[x].

To determine the primes 7 for which x> — « splits into a product of linear
factors in Fy(r[x], it is enough to compute («|m); for o = —1,w,1 —w and all
primary primes 7’ co-prime with 7. For, a € Z[w] can be uniquely expressed as

a= (=D -w)nr .

where a,b, c;ay,as,...a; are integers > 0 and 7;(i = 1,2, ...¢) are primary primes.

David Hilbert’s ninth problem asks for the most general reciprocity law in
the context of algebraic number fields. Emil Artin (1898-1962) gave the solution
and it is now known as Artin’s general reciprocity law. The details are available
in S. Lang [10]. See also Parvathy Shastri [11], J. W. S. Cassels and A. Frolich
[2]. For an exhaustive treatment of quadratic residues and quadratic congruences,
see Don Redmond [12]. For problems and solutions relating to reciprocity laws,
see J. Esmond and M. Ram Murthy [3].
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6.8. A comment by W. C. Waterhouse

Gauss lemma given in theorem 41 states that if p is an odd prime and p does
not divide a. (alb) = (—1)* where p denotes the number of elements in the set
{la,2a,..., (”—;)a} whose numerically least residues (mod p) are negative. The
point is that

(~1)" = a"* (mod p).

H. Hasse, W. J. Leveque and D. Shanks have pointed out that the factors

1,2,..., (”;1) of a can be replaced by a ‘half-system’, any ”7_1 numbers not con-
gruent to each other or each other’s negatives. The first step towards a general
understanding of the lemma is to notice that these are simply the coset represen-
tatives of the subgroup {1,—1} which is the group of units in Z. We take a look at
the corresponding lemma for cubic residues as given by Eisenstein. See [3]. For
a prime p congruent to 1 (mod 3) and an element w of order 3 (mod p), we take

coset representatives

Ri,R>,...,R
3

of {1,w,w?} (where w = exp(%)), and multiply by a not divisible by p. Let 8
be the number of these products of the form w’R; (i=1,2,..., pf;l). Then, Gauss

lemma gives
p-1

as =w’(modp) (y20)

So, in Gauss lemma, it is (—1)* rather than p that matters. The expression in
Gauss lemma is a product of 1’s and —1’s where p of them are —1.
The general setting is as follows:
Let G be a group and H subgroup (of G) of finite order. Suppose that a € G. Let
[H,H] denote the commutator subgroup of H. That is, [H,H] is the subgroup of
H generated by elements of the form aba™'b~! where a,b € H. Let b be a fixed
element of G. We choose the coset representatives R; of H and multiply to form
bR;. Rewriting bR; as h;R ;) for h; € H (m (i) is the image of i under a permutation
7 of the set of suffixes). We form the product I14;.

Let [G : H] = n. h; exists as hi‘lb = a; (say) for some h; € H. Then,

bR,‘ = h,»a,»R,» = //Z[Rﬂ—(,‘) (l = 1,2, e ,n)

As [G: H]=n, [[_, hiRxq can be associated with [ ], i; where h; € H. A coset
(mod H) is the sum of a finite number of cosets modulo [H,H]. Now, [H,H] is a
normal subgroup of H and H /[H ,H] is abelian. Also, [G,G] is a normal subgroup
of G with G/[G, G] abelian.

Let ¢ : G — H/[H,H] be given by

o(b) = HhiR,r(i) = a specified coset of [H,H] in H.
i=1

¢ is a group homomorphism from G into H/[H ,H].
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Letv : H/[H,H] — G/[G,G] be given by

w(H hiR~) = a coset of [G.G] in G determined by b".

i=1

(1 0 ¢)(b) = the coset determined by b!%#1in G/[G,G].

In other words, the composite map G — H/[H,H] — G/[G,G] sends b (an ele-
ment of G) to the class of bI%#1in G/[G,G].

In 1930, Emil Artin defined this general mapping from G to H/[H,H] in a
quite different number-theoretic set-up. He called it a ‘transfer’ and it served as
a tool to prove the principal ideal theorem of class-field theory due to S. Iyanaga.
See the reference in [13]. It turns out to be an extension of Gauss lemma to
‘transfers’. This is related to group cohomology as pointed out by B. Eckmann.
Generalizations here opened up the doors to deeper group-theoretic ideas.

We conclude by saying that the genesis of reciprocity laws lies in Gauss
lemma as pointed out by W. C. Waterhouse in his ‘tiny note’ [13].

6.9. Worked-out examples

a) What are the odd primes p for which 3 is a quadratic residue ?
Answer: We have to find those odd primes p for which (3|p) = 1. We appeal
to the quadratic reciprocity law (6.4.2). That is,

or,
Glp)= DT (pI3).

In order that (3|p) = 1, we must have

(6.9.1) pT_]=2kand (r|3)=1.
or

(6.9.2) p_;l =2[+1and (p|3)=-1
where k,1 € 7.

(6.9.1) is satisfied when p = 4k+1 and x> = p(mod 3) is solvable. That is, p
is of the form p = 1 (mod 4) and p = 1 (mod 3). Therefore, p has to be of the
form 12K’ + 1,k € Z.
(6.9.2) is satisfied of p = 3(mod 4) and x> = p(mod 3) is not solvable. That
is, p is of the form p = 3 (mod 4) and p = 2 (mod 3). Therefore, p has to be of
the form 12k’ +11, k" € Z.

If p is of the form 12k+5 or 12/+7, 3 is a quadratic non-residue mod p.
We conclude that 3 is a quadratic residue of p, when p is a prime of the form
12k+1. O
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b) What are the odd primes p for which 7 is a quadratic residue ?
Answer: We have to find those odd primes p for which (7|p) = 1. Appealing
to quadratic reciprocity law (6.4.2),
p-1
(T1p)=ED= (p[D).
So, (7|p) = 1 if, and only if,

(6.9.3) pT_l =2k and (p|7) =1
or

(6.9.4) r-1 =2[+1and (p|7)=-1
where k,1l € 7.

(6.9.3) holds if p = 1(mod 4) and p = 1,2,4(mod 7). Using Chinese Remain-

der Theorem, by forming pairs of congruences
p=1(mod4) p =1(mod4) p=1(mod4)
p=1(mod7) p =2(mod7) p=4(mod7);

we note that p has to be one of the forms p =28k’ +1, p =28k'+9 or

p =28k'+25, where k' € Z.

(6.9.4) holds if, and only if, p = 3 (mod 4) and p = 3,5,6(mod 7).
This yields that p has to be one of the forms p = 28k’ +3, p = 28k’ + 19,

p =28k +27.
Hence, an odd prime p is a quadratic residue modulo 7 if, and only if, p
is one of the types 28k + 1,28k + 3 or 28k +9. 0

¢) What are the primes 7 is Z[w], (w = exp(%)) for which 3 is a cubic residue ?

Answer: Let m denote a prime in Z[w]. x> = 2 (mod 7) is solvable, if, and only
if, x> = 2 (mod 7’) where 7’ is an associate of 7. 7’ can be taken as the primary
prime associated with 7. If 7 is a rational prime, say g, then x(2,¢g) =1 and as
2 is a cubic residue of such primes.

Let m = a+bw be a primary prime (which is complex). By cubic reci-
procity law (see Theorem 47), x(2,7) = x(m,2). N(2) = 4. So,

r=r = x(7m,2) (mod 2).

So, x(m,2) = 1 if, and only if, 7 = 1 (mod 2) in Z[w]. Thus, x> = 2(mod 7) is
solvable, if, and only if, 7 = 1 (mod 2), that is, if, and only if, @ = 1 (mod 2)
and b = 0 (mod 2). O
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EXERCISES

1. Mark the following statements true (T) or false (F) justifying your answer
briefly.
a) 2 is a quadratic residue (mod p), if, and only if, p is a prime of the form
8kt 1.
b) Let p be a prime not dividing a. The number of solutions of
ax*+bx+c=0(mod p) is 1 +(b*—4dac| p).
c) It is correct to say that (43]101) = 1.
d) x* =2(mod p) if. and only if. p is a prime of the form A>+27B? when
A,BeZ.
e) 7 remains a prime in D = Z[w] where w = exp(%).
f) Let p be a rational prime. Then, x(=3,p)=1.
Find all primes p for which 11 is a quadratic residue.
3. (Don Redmond) If p and q are odd primes and q =2p+ 1 show that

(plg) = (=1|p).

4. Leta=2-3weD=7Zw], w= exp(%). Prove that x> = ov(mod 11) is not
solvable in D.

5. Suppose p > 5 is a prime. Show that if N(p) denotes the number of distinct
nonzero cubic residues (mod p), then

N

p—1, ifp=5Sorp=11(mod12)
N(p)=4q p-1

w P ifp=lorp=T(mod12)

6. Use Gauss lemma to determine (—6|13).

7. Examine whether x*> = =3 (mod 53) is solvable.

8. Determine the primes p for which 23 is a quadratic residue.

9. Find the number of solutions of the congruence x* = 17 (mod 21).
10. Solve x*+4x—28 = 0(mod 289).
11. If p is a prime of the form 12k + 1, show that (3|p) = 1.
12. If p and q are odd primes and q =2p+ 1, show that

(plg) = (=1|p).

13. Let p be a prime > 3. Show that the sum of the quadratic residues of p is
divisible by p.

14. (Don Redmond) Show that an integer is a square if, and only if, it is a qua-
dratic residue of every prime.

15. Let m be a prime in Z[w]. If N(r) #3, prove that x(w,7) = 1, w or w?, accord-
ing as N(m) = 1,4 or 7 (mod 9).

16. Find the primes m in Z[w] for which x> =5 (mod 7) has a solution.

17. Find the primary prime which is an associate of 3 —w in Z[w].
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18. [K. Ireland and M. 1. Rosen] Let o € Z[w]. Suppose that x> = «(mod 7) is
solvable for all but finitely many primes © in Z[w). Then, show that « is a
cube in Z[w].
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CHAPTER 7
Finite groups

Historical perspective

The notion of a group originated from ideas about transformations of geomet-
rical objects. The study of groups of symmetry paved the way for the definition
of an abstract group. By the end of 17th century, methods of solving quadratic,
cubic and biquadratic equations were known. In the attempts to solve a quintic
equation, permutation groups proved to be relevant. Lagrange got the idea that
groups had something to do with equations. The permutation groups S», S3 and Sy
were ‘well-behaved’ groups (in the sense of solvability) and were associated with
a quadratic, cubic and bi-quadratic equation respectively. Lagrange knew that Ss
behaved ‘differently’. It was Abel who showed that an equation of the fifth degree
was not solvable by ‘radicals’. During this period, Everiste Galois discovered a
necessary and sufficient condition for an nth degree equation to be solvable by
radicals. Galois showed that to each algebraic equation

f)=apx"+a1xX"+---+a,=0 (ayg#0, ag,ay,...,a, €Q)

one could attach a group of permutations to the polynomial f(x) of the equation.
The equation is solvable by radicals if, and only if, the group associated with the
polynomial is solvable. After Galois, Felix Klein (1849—1929) attempted to de-
scribe all geometries by their groups of symmetries. This, he called the Erlangen
Programme. Since then, group theory has become a major tool in many branches
of mathematics.

Arthur Cayley (1821-1895), Richard Dedekind and Kronecker gave a gen-
eral definition of an abstract group. It was an example to make abstraction the
general trend, just as the axiomatic or postulational development of mathematics
laid the foundations of modern mathematics during the period 1880—-1900. But,
then, when did number theory interact with groups? It is to be emphasized that it
was Augustin-Louis Cauchy (1789-1857) and the Norwegian high-school teacher
Ludwig Sylow (1832—-1918) who gave conditions for the existence of a subgroup
of prime-power order in a finite group. The contributions of C. Jordan (1838-
1922), Frobenius (a student of Karl Weierstrass), 1. Schur (1875-1941) (a student
of Frobenius) to the representation theory of groups are substantial. Indeed, the
probing investigations of William Burnside (1852-1927) into group theory made
it a well cut-out branch of algebra. Burnside’s aim was to understand finite sim-
ple groups better. Burnside’s conjecture: ‘No simple group of odd order exists’

177
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was solved in the affirmative by Walter Feit and John Thompson in 1963. See
[A2].  The classification problem of finite simple groups has also been settled
by E. Zelmanov in 1992. Zelmanov received the Fields medal for his solution to
‘Restricted Burnside Problem for groups’ in 1994.

7.1. Introduction

Wherever there is a problem of enumeration or counting of objects, number
theory lends a helping hand. While counting the number of conjugate classes of
elements in the symmetric group S, (n > 2), one gets a formula in terms of p(n),
the number of partitions of n. This aspect is narrated in Section 7.2. In chapter 5,
the Rademacher formula for N(n, r, s), the number of solutions of

X1+x2+--+x;, =n(mod r)

under the restriction g.c.d (x;,7)=1,i=1,2,...,r was derived. See Section 5.6. A
similar situation occurs in counting the number of distinguished representations
of a group element of a finite group G. The main result in the context of groups is
due to David Jacobson and K. S. Williams [8] and is shown in theorem 51. This
is dealt with in Section 7.3. Section 7.4 is about the number of cyclic subgroups
of a finite group. Burnside’s lemma (see theorem 52) is applied to establish I. M.
Richards’ theorem (theorem 54) which says that if G is a finite group of order r,
the number of cyclic subgroups of G is d(r), the number of divisors of r if, and
only if, G is cyclic. See [12]. Incidentally, P. Kesava Menon’s identity [11]

> (a-1,1)=¢(nd(r)

a(mod r)
g.cd(a,r)=1

is deduced from Burnside’s lemma.

Next, a criterion for uniqueness of a cyclic group of order r due to Dieter
Jungnickel [3] is proved in theorem 55. The criterion is that a group G of order r
is a unique cyclic group if, and only if, g.c.d (r,¢(r)) = 1.

7.2. Conjugate classes of elements in a group

We recall the notion of conjugacy in respect of elements of a group G.

Definition 7.2.1: Fora,b € G, b is called a conjugate of a in G, if there exists an
element c in G such that b= c ' ac.

Conjugacy is an equivalence relation on the set G. For a € G, we write
(7.2.1) C(a)={x € G: xis a conjugate of a}

C(a) denotes the equivalence class of a or the conjugate class of a (conjugacy
class of a). If N(a) denotes the set of elements of G which commute with a, N(a)
is a subgroup of G. N(a) is known as the normalizer of a in G. We denote the
number of elements in C(a) by |C(a)|.
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Fact7.2.1: If Gis a finite groupand a € G

|G|
Cla)| = ——
@)1= e

where |G| and |N(a)| denote the number of elements of G and N(a) respectively.
For proof, see I. N. Herstein [7].

As G is a disjoint union of conjugate classes of elements, we deduce the class
equation of G in the form

G
(7.2.2) Gl=>" |1\|/(a|)|

where summation is over one element a in each conjugate class.
We apply (7.2.2) to connect the number of conjugate classes of elements in
Sy, the permutation group on n symbols with partition function.

Definition 7.2.2: Let T ={ay,az,...,am,. ..} be afinite or infinite set of positive
integers . If

a&l)+a§2)+~~~+a§r) =n with aj»i) eT,(i=1,2,...,r)
we regard a&l) .- +a§r) as a partition of n into r summands or parts belonging to
T. If n € T, n itself is counted as a partition of n. The summands do not have to

be distinct.

Definition 7.2.3 : Let T be a finite or infinite set of positive integers. The number
of distinct partitions of n into summands (or parts) belonging to T is denoted by
pr(n). pr is the partition function relative to T .

pr(n) is the number of unrestricted partitions of N into parts that belong to 7'.
pr is a function py : N — N where N denotes the set of positive integers. When
T =N, the partition function is denoted by p. In fact, p(n) denotes the number
of partitions of n. For instance, as 5=4+1 or 342 or 3+1+1 or 2+2+1 or 2+1+1+1
or I+1+1+1+1. p(5) =7 (as 5 =5 is also to be counted for obtaining p(5)).

By convention, we take p(0) = 1.

Definition 7.2.4 : When |x| <1, F(x)=_ 2 p(n)x" is called the generating func-
tion of p(n).

A result due to Euler says:
Fact7.2.2:
Foy =Y pmx*=Ja-x" (x| <1).

n=0 k=1
For proof, see Emil Grosswald [6].

Theorem 49 : The number of conjugate classes in S, is p(n), the number of
unrestricted partitions of n.
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Proof : It is known that every element o of S, that is not a cycle by itself is
expressible as a product of cycles. When we break a given permutation o € S,
into a product of cycles, we obtain a partition of n. For, if the cycles appearing in
« have lengths ny,n, ..., n, respectively with

m<np, <---<n,,then

(7.2.3) n=ny+ny+---+n,.

A permutation « € S, has the cycle decomposition {ny,na,...,n,}, if @ is a prod-
uct of disjoint cycles of lengths n,n,,...n,.

Claim : Two permutations «, 3 € S, are conjugate if, and only if, they have the
same cycle decomposition.

Suppose 6 € S,. Given a € S,,, we need to describe ="', Suppose that o
sends i to j and @ sends i to s and j to . Then #a@~' sends s to ¢. That is, to
compute 8~ a6, we replace every symbol in « by its image under 6.

Suppose
(724 a=(a1az---ap)(biby--by,)--- (x1x2---x,) and
2.4) B =(dydb--al YOIy b)) (s X))
Then,
_ —1 _ alaz...anl blbz"'bnz e xle...xnr
B=0a0"" where§ = (a/]aé,,,a;“ B\by--bl, e XXy,

It is clear that two conjugates have the same cycle decomposition. The rule for
computing a conjugate of « is that we have to replace every element in a cycle
by its image under the element § € S, used for taking 6~'af. As each conjugate
class gives a partition of n, p(n) gives the number of conjugate classes in S,,. [

Example 7.2.1 : In the case of Ss, as p(5) =7, there are 7 conjugate classes of
elements in Ss.

Remark 7.2.1 : The computation of p(n) is possible, if p(f) is known for all < n.
The well-known formula is

(7.25) p(n) = p(n="1)+p(n=2)=pn=5)=pn=")+-+)" plr-ny+---
where ny = %k (3k£ 1) are called pentagonal numbers.

For proof, see Emil Grosswald [6]. The series on the right side of (7.2.5)
terminates when @ > n.
7.3. Counting certain special representations of a group element

G denotes a finite group which is not necessarily abelian.
We call a € G a special element if a is characterised by a specific property P
relating to G. For example, a € G is called a generator if there exists a subset 7' of
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G such that S =T U {a} generates G but the subgroup generated by T is not equal
to G. The property P here is ‘being a generator’.

Definition 7.3.1 : The centre Z(G) of G is defined by
Z(G)={xe€ G: xa=ax forall a € G}.

In fact, the centre of G consists of those elements (of G) which commute
with every element of G. y € G is called a central element if y € Z(G). We could
take the property P of a special element to be ‘being non-central’. Further, the
property P could be such that the order of a special element is greatest.

In [8], David Jacobson and Kenneth S. Willams consider the number of rep-
resentations of an element in a finite group G as a product of s special elements
possessing a specified property P. More generally, one could consider a non-
empty subset D of G and find the number N(D, a, s) of solutions of the equation

(7.3.1) X1xp---xg=a, wherex;eD (i=1,2,...5).

We observe that if a does not belong to the subgroup generated by D, then
N(D,a,s)=0 for all s.

For arbitrarily chosen D, the evaluation of N(D,a,s) is not easy. If D is a
subgroup of G,
(7.3.2) N(D,a,s) = |D|*!, forall a € D.

Let D be a non-empty subset of G. We write J(D) = J to denote the largest
normal subgroup of G such that

xJ C Dforall x € D.

Definition 7.3.2 : The group G is said to be D-reduced, if J = (e) where e denotes
the identity element of G.

G/J is denoted by G and elements of G (that is, cosets of J in G) are denoted
by a for a € G. In other words,

a=alinG.
Lemma 7.3.1: Let G be a group. Suppose that J is a normal subgroup of G. If
X1,X2,...,Xs are elements of G, the number of s-tuples (y1,y2,...ys) such that
X1Xp - Xs=Y1Yo---ys Wherey; € x;J i=1,2,....s

is equal to |J |57

Proof : in two steps.
1. The case s =1 is trivial as xje = x; and x; € x;J. So, the number of elements
having this property equals 1 = |J|°.
2. Suppose that s > 1. Let by,b»,...,bs_; be arbitrary elements of J. Then,
b1x2 boxs -+ by—1xy = (X3 -+ - X5 )(b1ba - - - b))
=(x1x2---x5)b where b1by---bs_1=b,beJ
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or
(b1xaboxs -+ by 1x)b™" = x1x2 -+ xy.
So, the number of representations such as xx; - - - x; = y1y2 - - - ys Where y; € x;J
is the same as the number of (s—1)-tuples
(b1,ba,...,bs_1) where b; € J (i=1,2,...,s—1).
Therefore, the number desired is [J|*~!, as {b1b,---b,_; } can be chosen from J in
|7]7! ways. O
Theorem 50 : [fD={x : x € D}, then G is D-reduced and
(7.3.3) N(D,a,s) = |J|*'N(D,a,s)

Proof : K = K/J is a normal subgroup of G = G/J, if K is a normal subgroup of
G containing J. If K is the largest normal subgroup of G such that XK C D for
all ¥ € D, then it is easy to check that xK C D for all x € D. As K is a normal
subgroup of G, K =J and so G is D-reduced.
To find N(D,a,s), we proceed as follows:

Let T denote the set of solutions (x,x2,...,xs) of (7.3.1), we introduce an
equivalence relation on 7 by considering

(1,225, X5) ~ (V1,25 -, Ys)

ify; ex;J (i=1,2,...,s). With each equivalence class C(xy,xz,...,X;)
of the s-tuple (x1,x2,...x5), we associate an s-tuple (x7,X2,...,X;) where

(7.3.4) (Fi%---%)=ain G

Let E be the set equivalence classes of T, if T denotes the set of solutions of
(7.3.5) X\ Xy Xy =d where X1,%3...,% € D

we obtain a map ¢ : E — T defined by

(7.3.6) P(C(xy,x2,...X5)) = (X7,X2,...Xy)

Claim : 1) is a bijection.
For, if (x1,%3,...%,) = (f1,62, .. .1,), that is, if

then, (x1,x3,...X5) ~ (t1,f2,...,%) and
C(x1,x2,...,x5) =C(t1,t2,...,1t5)

That is, ) is one-one.
To show that 1) is onto, let X1x, - - - Xy = @ where X1,X>,...,% € D.
Then, xx; - - - x;b = a where x1,x2,...,x;, € Dand b € J.
Thus (x1,x2,...X.1,Xsb) is a solution of (7.3.1) and ¥ maps C(x1,xz,...x:b)

onto (¥,%2,...,%) in T. So, the number of equivalence classes of T is equal to
N(D,a,s). By lemma 7.3.1, each equivalence class consists of |/|*"! elements and
hence (7.3.3) follows. O
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Remark 7.3.1 : If /= G\ D and J is a normal subgroup of G, D={a:a € D}
and G is D-reduced. This shows that J consists of all the elements of G except the
identity. For, JN D = () and the coset eJ belonging to G is notin D .

Next, we introduce a function f : G — Z by

-1, ifaeD
(7.3.7)  fla)= .
[G:H]-1,a¢ D, where H=G\D is a subgroup of G.

The formula for N(D, a, s) is obtained in the following

Theorem 51 (D. Jacobson and K. S. Willams (1972)) : Let G be a finite group.
Suppose that D is a non-empty subset of G such that H= G\ D is a subgroup of
G. Then,

DF . U@
ol MG m-1)

where f is as defined in (7.3.7). [G : H] denotes the index of H in G.

(7.3.8) ND,a,s) =

Proof : We, first, note that H is not taken as a normal subgroup. For b € G,
N(D,b,s) denotes the number of representations of b as a product of s elements
chosen from D. The number of ways of forming s-tuples from D is |D|*. So

(7.3.9) > N(D,b,s)=|D|*

beG

Now, all the solutions of
X1Xy- - XsXey1 =a  Wherex; € D(i=1,2,...,(s+1))
correspond to the solutions of the simultaneous system of equations
X1X2 -+ Xg = b, Xg1 =b_1a, be G,aeGand blaeD
Therefore, we deduce that

(7.3.10) N(D,a,s+1)= Z N(D,b,s)
bla€D

As H =G\ D, we obtain from (7.3.9) and (7.3.10) that

(7.3.11) ND,a,s+1)= D'~ 3" ND,b,s)
blacH

Now, b~la € H < a € bH. That is,
blacH<becaH
Next, we claim that
(7.3.12) N(D,a,s)=N(D,b,s), whenever b € aH.

For, suppose that b = ac where c € H.
Ifa,b € D, N(D,a,1)=N(D,b,1).
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Ifa¢g D, thena € Hand b € H. So,
N(D,a,1)=N(D,b,1)=0

So, (7.3.12) is true for s = 1.

Assume that s > 1. If x;x» - - - x,_1x; = a and each x; € D
(i=1,2,...,s5) then,

X1,X2,...,Xs1 (xs¢) = b where c € H

If x;c € D, x,c € H. So, x; € H and so x; € D.

The contrapositive statement yields x; € D = x,¢ € D.

So, N(D,a,s)=N(D,b,s), whenever b € aH.

This establishes (7.3.12).

From (7.3.11), we obtain
(7.3.13) N(D,a,s+1)=|D|*—|H| N(D,a,s).

This is a recurrence relation connecting N(D, a,s) and N(D,a,s+ 1). By repeated
application of (7.3.13), one gets
(7.3.14)  N(D,a,s) = |D|""' = |H||D|"?+---+ (1) |H[?|D|
+(=D"N(D,a,1).

But,

1, ifaeD,
(7.3.15) N(D,a, = > ¢

0, ifa¢gD.

So, the right side of (7.3.14) has either s or (s— 1) terms according as a € D or
agD.As[G:H]=1g ‘G‘

D H G
(7.3.16) [G:H]-1= % nd 1+ ||D|| :D:
We note that we get the sum on the right side of (7.3.14) as that of a geometric
. . . _M
progression with common ratio Dl
So,
o1 [ 1=Endaty .
7.3.17 N(D = o TZ‘}‘ , Haeb
( o ) ( ,a,s)— 1 1—(=1)*~ 1(15‘\).;—1 .
|D| W s ifa g D
D

So (7.3.17) reduces to

2 (14 (), ifaeD

|Gl ([G:H]-1)*
(7.3.18) N(D,a,s) = ]
op D’ :
2 (14 it ,) ifagD
With f as given in (7.3.7), we obtain (7.3.8) from (7.3.18). O

Remark 7.3.2 : Theorem 51 has been adapted from [§].
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APPLICATIONS 7.3.1: G is a finite group. Suppose P is the property of an ele-
ment being ‘non-central’. The set of elements possessing the property P is the set
of elements (of G) which are not in the centre Z(G) of G. (See definition 7.3.1).
So, D is the set of non central elements. Clearly, G\ D = Z(G) is a subgroup of G.
Therefore, theorem 51 is applicable to obtain N(D,a,s).

We take, for instance the dihedral group D4 giving the group of symmetries

of a square. Its elements are
1 4 1 4
aO=<1 4)7 b1=<2 3)5
(1 4
=12 1
4
4]

(1
a2—3
(1 4 (1 4
B=\yg 2 3) 2T\1 4 3 2)

a; (i=0,1,2,3) represent rotations, b; (i = 1,2) present mirror images in perpen-
dicular bisectors of sides and c¢;(i = 1,2) represent diagonal flips.
Z(D4) ={ap,az}.
[Dy4: Z(Dy)] = 4.

D denotes the set of non-central elements. Taking ¢ € D4, the expression for
N(D,t,3) (s=3)1is

(7.3.19)

—_— N RN WD DN
W = W B~ W WW
—

N——

S
v
1]

T N\
o=
N DN W~ N
W = W NN W W

28, ifreD

(7.3.20) N(D,t,3)= {247 it gD

We recall that a group G is said to be finitely generated if the set of elements
which generate G is a finite set.

Definition 7.3.3 : A group G satisfies the maximum condition for subgroups,
if every non-empty chain of subgroups has a maximal element. That is, every
ascending chain of subgroups becomes constant after a finite number of steps.

The minimum condition is satisfied if every non-empty chain of subgroups
has a minimal element.

Definition 7.3.4 : a) Let G be a group with identity e. A subnormal series of G
is a finite ascending chain of subgroups of G beginning with Hy = (e) as given
below:

Hy=(e)CH CH---CH,=G
and H; is a normal subgroup of Hi+1(i=0,1,2,...,n—1). The factor groups H;,\ g,
are called the factor of the subnormal series and the number of factors (> 1) is
called the length of the subnormal series.
b) A subnormal series {K} is a refinement of a subnormal series {H;} of a group
G, ifeach H;is a K;.
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c) Two subnormal series of the same group are called equivalent, if they have
the same length and if there is a one-to-one correspondence between their factors
where corresponding factors are isomorphic groups.

d) A composition series of a group G is a subnormal series whose factors are
simple groups # (). That is, one has an ascending chain of subgroups:

Hy=(e)CH C---CH,=G
and each H; is a maximal normal subgroup of Hi1(i=0,1,2,...,n—1).

Propositions 7.3.1 :

a) (Schreier’s theorem) Any two subnormal series of the same group have isomor-
phic refinements.

b) (Jordan-Hélder theorem) Any two composition series of the same group are
equivalent.

For proofs, see D. Robinson [13].

Fact 7.3.1 : A group satisfies the maximum condition if, and only if, each of its
subgroups is finitely generated.

Fact 7.3.2 : A non-trivial finitely generated group has a maximal subgroup and
also has a maximal normal subgroup (A maximal normal subgroup is a proper
normal subgroup which is not a proper subgroup of a proper normal subgroup).

Fact7.3.3 : If a group satisfies the minimum condition, then each of its elements
has finite order.

Fact 7.3.4 : A group G is not finitely generated if it has an infinite ascending

union U2, A, with each A, properly contained in A,4; where A;, (i=1,2,...) are

subgroups of G, or, if it is an infinite direct product HZ  Bn with each B,, a non-
trivial subgroup of G.
For proofs of Facts 7.3.1 to 7.3.4, see Eugene Shenkman [14].

Definition 7.3.5 : Let x be an element of a group G. x is called a non-generator
if for every subset S (of G) such that G = (S,x) (the subgroup generated by S and
x), one has G = (S) also.

In the case of D, the maximal subgroups are
Hl = {a07a25b17b2}
(7.3.21) H, ={ag,a,az,a3}
H3 ={ao,az,c1,c2}
Claim : Itis easy to check that the set of non-generators of a group G is a subgroup

of G . (It is non-empty, as it contains the identity element e¢). By convention, the
empty set ¢ is a generating set for the trivial subgroup (¢) = (e).
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To substantiate the claim, let x,y be non-generators of G. Let S be a set of
generators of G.

If G= (xy™',S), then G = (x,y,S) = (x,S) = (S)
That is, xy~! is a non-generator whenever x and y are non-generators. This estab-
lishes the claim.

Definition 7.3.6 : The subgroup of non-generators of a group G is called the
Frattini subgroup of G. (after Giovanni Frattini (1852—1925))

Fact 7.3.5 : The Frattini subgroup of a group G is the intersection of G with the
maximal subgroups of G.

For proof, see Eugene Shenkman [14].
In the case of Dy, from (7.3.21), we see that the Frattini subgroup of Dy is
given by K (say), where

KZH] QHZ ﬂH:; = {ao,az} ZZ(D4)

Remark 7.3.3 : If G is a finitely generated simple group, then the Frattini sub-
group of G is (e) where e is the identity element in G.

Another illustration of theorem 51 is from the Frattini subgroup of a group G.
If P is the property of an element being a generator of G, D is the set of generators.
The complement of D in G is K, the Frattini subgroup of G. So the formula for
N(D,a,s) holds.

Taking the example of D, once again, the set of generators of Dy is {ay,a3,b;,
by, c1,c2} where a;, by, ¢; are as given in (7.3.19). Here, D is the set of generators
and |D| = 6. Then, with s =4

23*-1), ifteD;

(73.22) ND.14= {6(33+1), if1 ¢D.

Remark 7.3.4 : The dihedral group D, is defined as a group of order 2n and
having generators a, b such that

d'=e,b>=e,ba=a"'b

It is the group of symmetries of the regular n-gon. The elements of D,
[1, Proposition 3.6 page 165] are

{e,a,a®,...a" " ;b,ab,a®b,...,d" b} ={a'h’ :0<i<n0<j<2}

It can be shown that if a group G is of order 2p, where p is an odd prime, then G
is either cyclic or D,,.
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7.4. Number of cyclic subgroups of a finite group

It is known that if G is a finite cyclic group of order r, then for each divisor ¢
of r, there is exactly one subgroup of order ¢ and this subgroup is cyclic. This is
established as follows:

Let r be equal to p{'p5*...pta; > 1,i=1,2,... k.

As pf"' (1 £b; < a;) divides r, by Sylow’s first theorem, there is a subgroup (of
G) of order pf?” and it is cyclic. When m, n are relatively prime to one another the
cyclic groups C(m) and C(n) of orders m and n respectively are such that C(mn) is
isomorphic to the direct product C(m) x C(n). It is also cyclic. So the subgroups of
G are cyclic subgroups C(¢) for each divisor t of r. C(t) is unique on account of the
fact that C(¢) is isomorphic to the direct product of cyclic groups whose orders are
relatively prime to one another. Therefore, if d(7) denotes the number of divisors
of r, G has exactly d(r) cyclic subgroups. This statement can be sharpened by
considering any finite group of order r.
We need the notion of a group action on a set X.

Definition 7.4.1 : A group G is said to act on a set X, if for each x € X, we
associate the pair (g,x) denoted by g(x) satisfying the following conditions:

(a) g(h(x))=gh(x)for g,h € G and everyx € X
(b) e(x) =x where e is the identity in G and x € X.

For example, the symmetric group S,, is a group acting on the set {1,2,...,n}.
Definition 7.4.2 : For x,y € X, we define a congruence
x = y(mod G)
if there exists g € G such that g(x) = gx =Y.

= is an equivalence relation on X. The equivalence classes under = are called the
orbits of G (in X).

Definition 7.4.3 : For x € X, we define
Gi={g€G: gx)=x}
G, is called the stabilizer of x in G.

It is easy to check that G, is a subgroup of G. It is also clear that if O, denotes
the orbit of G containing x, then, when |G| is finite,

(7.4.1) |G| =|Gy]|O4].

Theorem 52 (Burnside’s lemma) : Let G be a finite group. If G acts on a set X
and if (g) denotes the number of elements of X which are left invariant by g € G,
the number N(G) of orbits of G is given by

1
(14.2) NG =i > (e

geCG
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Proof : We suppose that S(G) denotes the set of orbits of G. We need to find out
N(G) =|S(G)|. Let r denote the number of elements of the form g(x) where x € X,
g € G and g(x) = x. For fixed g, the number of such elements is given by 1(g) (in
the notation of the theorem). Then,

(7.4.3) r=> @
g€eCG

Now, for a fixed x € X, the number of elements g(x) for which g(x)=x, g € G is
|G,| (see definition 7.4.3). If T denotes the union of orbits of G, we have

r= Z |Gy| = Z Z |Gy| (where O denotes an orbit).
yeT 0€S(G) x€0

If x and y belong to the same orbit,

G| _ |G|
|G| = |Gy| = =—— by (74.1).
0 o
Thus,
G
r=Yvw= 3 3o
g€G 0€s(G) xco '
G|
= |OX|—
OezS(:G) |04
=Gl > 1.
0€S(G)
Or,
(7.4.4) r=|G|N(G).

From (7.4.3) and (7.4.4), we arrive at the desired formula for N(G) given in
(7.4.2). O
Ilustration 7.4.1 (Kesava Menon’s identity [11]) :

(7.4.5) Y (@=1,n=¢rd(r)
a(mod r)
g.c.d(a,r)=1

where the summation on the left is over a reduced-residue system (mod r). ¢(r)
and d(r) are, respectively, the Euler ¢-function and the divisor function.

Proof : We consider a set X given by {1,2,...,r}. U, denotes the multiplicative
group of units in Z/rZ. U, is of order ¢(r). The action of U, on X together with
Burnside’s lemma yields the desired identity.

For (g)=#{x€X : g(x)=x where g € U,}
1(g) is the number of solutions of the congruence

(7.4.6) gx=x(mod r) where g.cd(g,r)=1
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(7.4.6) is written as
(7.4.7) (g—=1Dx=0(mod r)

So, 1(g) is the number of solutions of the congruence (7.4.7). Therefore, ¥ (g) =
g.c.d(g—1,r). See Fact 5.2.1, chapter 5.

If N(U,) denotes the number of orbits of U, in X, then, using Burnside’s
lemma (theorem 52), we obtain

1
7.4.8 NU,) = — -1,
(7.438) =55 > @=Ly
g (mod r)
g.cd(gr)=1

Therefore, it will suffice to show that N(U,) = d(r), the number of divisors of r.
Now, x,y (€ X) belong to the same orbit if there exists g € U, such that y = gx,
gcd(g,r)=1.

If y = gx for some g € U,, g.c.d (y,7) = g.c.d (x,r). Those elements of x for which
g.c.d (x,r) =d fall into one orbit, where d is a divisor of r. In fact, if d|r, there
are gb(ﬁ) elements in an orbit Oy where x € O, is such that g.c.d (x,r) =d. This is
precisely a class-division of integers (mod r). It was first noticed by C. F. Gauss
and later studied intensively by R. Vaidyanathaswamy. That the orbits of U, in X
are mutually disjoint follows from the fact that Zd|r¢(§) =r. So, N(U,) =d(r).
This proves (7.4.5). ([l

Next, we give a characterization of a finite cyclic group. It is easy to note that
a cyclic group of order r has ¢(r) generators, ¢ being the Euler ¢ -function.

Lemma 7.4.1 : If a group G contains an element of order s, then it contains at
least ¢(s) of them.

Proof : Suppose that g € G has order s. Then the cyclic subgroup H (of G)
generated by g has s elements. So, it has ¢(s) generators all of which are elements
of order s (in G). So, G has at least ¢(s) elements of order s. O

Corollary 7.4.1 : A cyclic group G of order r has exactly ¢(d) elements of order
d for each divisor d of r.

Proof : Let ¢)(d) denote the number of elements of order d in G, where d|r. Then,
P(d) > ¢(d). Since every element of G has order d for each divisor d of r,

r=Y ) >y ¢d)=r
d|r d|r

So, equality can happen if, and only if, 1/(d) = ¢(d) for each divisor d of r. ([

Lemma 7.4.2 : Let G be a group of order r. If G has at most ¢(d) elements of
order d for each divisor d of r, then G is cyclic.

Proof : If ¢)(d) denotes the number of elements of order d where d|r, we have,
by hypothesis, ¥(d) < ¢(d).
So, r= Ed|r1/}(d) < Ed\ﬁb(d) =r.
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Equality holds if, and only if, ¢)(d) = ¢(d) for each divisor d of r. In particular,
Y(r) = ¢(r) # 0 and so G has an element of order r. That is, G is cyclic. O

Theorem 53 : A finite group G of order r is cyclic if, and only if, it has ¢(d)
elements of order d for each divisor d of r.

Proof : := G is cyclic.
So, for each divisor d of r, there is a cyclic subgroup H of order d and H has ¢(d)

generators.
<: Conversely, if G has ¢(d) elements of order d for each divisor d of r, there is
an element of order r or G is cyclic. ]

Lemma 7.4.3 (J. S. Jose) : Let G be a group of order r. If, for each divisor d of
r, the number of solutions of the equation x* = e (the identity in G) is less than or
equal to d, then G is cyclic.

Proof : [The abelian case] We give a proof of lemma 7.4.3 in the case where G is
abelian. It is known [7] that G is a direct product of its Sylow p-subgroups. As a
prime-power group is a direct product of cyclic subgroups, we consider two cyclic
subgroups H and K (of G) of orders s and ¢ respectively, where g.c.d (s,#) = 1.

In H x K, there are precisely st solutions for x* = e.
Ifg.cd(s,r) > 1,let g.c.d (s,1) =q.

Thens=gs',t =qt'; g.cd (s',t') = 1.

x?=ein H x K has 2g— 1 solutions of the form h%k” where (a, b) has values

(070)7(5'/,0),(25'/,0), sy ((CI— l)SI,O); (Oat/)a (052t/)1 cee (07(61— ])tl)'

Then, when H and K are cyclic groups of orders s and ¢ respectively and when
d|st, then x? = e has exactly d = g.c.d (d, st) solutions if, and only if, g.c.d (s,z) = 1.
On the contrary, more than g solutions exist for ¢ = g.c.d (s,7) > 1. Further, H x K
is cyclic if, and only if, g.c.d (s,7) = 1. So, for G, a group other than a cyclic
group, when d divides |G|, x? = e has more than d solutions. When x? = ¢ has less
than or equal to d solutions, G has to be cyclic. ]

For the general case, see J. S. Jose [10].

Theorem 54 (I. M. Richards (1984)) : Let G be a group of order r. If d(r) denotes
the number of divisors of r, then the number of cyclic subgroups of G is greater
than or equal to d(r). Further, the number of cyclic subgroups of G is d(r) if, and
only if, it is cyclic.

Proof : U, denotes the group of units in Z/rZ. As noted earlier, |U,| = ¢(r). We
consider the action of U, on the set G (stripped of its group structure). With each
s € U,, we associate the permutation 7, defined by

(7.4.9) m(g)=g’, forall g € G,

Under this action, two elements belong to the same orbit of U, if, and only if, they
generate the same cyclic subgroup of G. Therefore, the number of orbits of U,
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denoted by N(U,) is equal to the number of cyclic subgroups of G. By Burnside’s
lemma (theorem 52), we get

1
(7.4.10) NUD= 2 §w<s),
where ¢(s) denotes the number of elements of G which are left invariantby s € U,
That is,
T(8)=8"=¢
Or, g*! = ¢ (the identity element).
In the case of a cyclic group C(r) of order r, for g € C(r), g ' = e
= tk6=D = ¢ where ¢ is a generator of C(r).
Reverting to a congruence modulo r, we have only to find the number of solutions
of (s—1)x = 0 (mod r) to obtain the number of elements of order (s— 1) in C(r).
The number of solutions is given by g.c.d (s—1,r). When G is an arbitrary group
of order r, the centre Z(G) of G may contain more than one element. Therefore,
when products of elements of G belong to Z(G), the number of elements of G of
order (s—1) is a multiple of g.c.d (s—1,r). Thus,

(7.4.11) P(s) =k g.cd(s—1,r)
where k; is an integer > 1. (7.4.11) is due to Frobenius [5]. From (7.4.11), we get

1
(7.4.12) NU,)=——- kyged(s—1,r)

() ; s
As ks> 1,
1

(7.4.13) NU,) > — cd(s—1,r).

4(r) ; £

The case of equality in (7.4.13) occurs when G is a cyclic group of order r, as seen
in illustration 7.4.1. Further, N(U,) is equal to the number of cyclic subgroups of
G. From (7.4.13), N(U,) > d(r). This proves that the number of cyclic subgroups
of a group G (of order r) > d(r). This is the first part of the theorem.

Now, the number of cyclic subgroups of G is equal to d(r) if, for each s with
g.c.d (s,r) = 1 the number of solutions of the equation

(7.4.14) x=e inG (where f= gcd(s—1,r)
is exactly g.c.d (s—1,r).
Next, we set 7, = {g.c.d (s—1,r) : s € U, }. It follows that
(7.4.15) T {d : d|r,d even}, %fr %s even,
{d :d|r}, if r is odd.

Therefore, if G is a group of odd order r such that the number of cyclic subgroups
of G is d(r), the number of divisors of r, then G is cyclic. This follows from the
structure of 7, and lemma 7.4.3.
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Next, assume that G is a group of even order r. Suppose that the number of
cyclic subgroups of G is d(r). As T, = {t : t|r,t even}, for each even divisor ¢ of
r, the number of solutions of x’ = e in G is exactly ¢. In particular, the number of
solutions of x? = e is 2. Therefore a homomorphism ¥ : G — G (onto G) defined
by ¥(x) = x! for all x € G is a unique involution in the sense that 1)*> = I, the
identity homomorphism. Those elements (of G) of the form y where y* = e are
fixed by .

Let m be an odd divisor of r (An even integer other than 29 (¢ > 1) can have
non-trivial odd divisors).
Suppose that a € G and a™ = e. Then, a* =eand Y(@)*" = (@ )" = (@) =e.
So, to each solution of X = ¢ in G, there correspond two solutions of the equation
x¥" = e. So the number of solutions of the equation x?" = ¢ is only 2m. That is,
the number of solutions of x” = e cannot exceed m. This is true of any divisor d
of r. So, the number of solutions of x? = e (where d divides r) cannot exceed d.
So, by lemma 7.4.3, G is cyclic.

This completes the proof of the second part of theorem 54. O

Remark 7.4.1 : The proof of theorem 54 has been adapted from I. M. Richards
[12]. Theorem 52 and illustration 7.4.1 are also given in [15].

Remark 7.4.2 : In [A3], enumeration techniques giving a variation of Burnside’s
lemma have been pointed out. In particular, the proof of the following congru-
ence:

Let a be an arbitrary integer. If ;1 denotes the Mobius function (definition 4.3.4,
chapter 4), forr > 1,

(7.4.16) 3 u(g)ad = 0(mod r)
d]

is given using an analogue of Burnside’s lemma. Incidentally, we mention that
according to P. M. Neumann [A7], the orbit-counting lemma of Burnside is to
be reckoned as Cauchy-Frobenius orbit-counting formula and this is endorsed in
[A3]. Details of generalizations are not discussed here.

7.5. A criterion for the uniqueness of a cyclic group of order r

In [2], L. E. Dickson (1905) determined the positive integers r for which
every group of order r is abelian. Naturally, one could ask for a criterion for a
group of order r to be unique up to isomorphism. Of course, such a group must
be cyclic. For, there is a cyclic group of order r for every positive integer r > 2.
It is easily checked that there is a unique cyclic group of order p, a prime. For
r = pg where p and g are primes (p < g), there is a criterion for the existence of a
cyclic group of order pq. It is given in the following
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Lemma 7.5.1 : (J. B. Fraleigh) Let r = pq where p and q are primes and p < q.
There exists a unique cyclic group of order r if, and only if, ¢ % 1 (mod p), that
is, if, and only if, p does not divide (q—1).

Proof : Let G be the group of order r. G has a Sylow g-group and the number
of such subgroups is congruent to 1 (mod ¢) and divides pg by Sylow theorems.
Since p < g, the only possibility is one. So, there is only one Sylow g-subgroup
H of G and it is normal in G. Similarly, there is a Sylow p-subgroup K of G and
the number of such subgroups is congruent to 1(mod p) and the number is either
1 or g. If g is not congruent to 1 (mod p), this number is also 1 and so K is normal
in G. Since H and K are of orders g and p respectively, H N K = (e), e being the
identity, as every element a (other than e) in H is of order ¢ and every element b
(other than e) in K is of order p. So, G = H x K or G = Z/qZ x Z/ pZ. Clearly,
G is cyclic.

Conversely, if G is cyclic and of order pg where p and g are primes,
G=Z/pZx7/qZ.1f p|(g—1), p is even and so p =2 and there exists a Dihedral
group of order 2p which is not abelian. (see remark 7.3.3). Then, G is not unique.
So, if G is unique and cyclic, ¢ is not congruent to 1 (mod p). O

Remark 7.5.1 : Lemma 7.5.1 has been adapted from [4].

Theorem 55 (Dieter Jungnickel (1992)) : Let r be a positive integer. The cyclic
group C(r) of order r is the only group of order r if, and only if, g.c.d (r,p(r)) =1
where ¢ denotes Euler ¢-function.

Proof : We make the following

Observation 7.5.1 : Suppose that r = sp® where p is a prime not dividing s and
a> 2. Then, ¢(r) = ¢(s)p*~ (p—1), (by the multiplicativity of the ¢-function and
the fact that p(p®) = p*~1(p—1)).

So, both r and ¢(r) are divisible by p. Also, the direct product C(s) x C(p)* is
not isomorphic to C(r). This implies that » has to be square-free. That is, r is a
product of distinct primes. The following assumption is justified.

Assume that r = py, pa,. .., px, @ product of k primes. Then,

k
o =][wi-1
i=1

Then, g.c.d (r,¢(r)) # 1 implies that there exist primes p and ¢ dividing r and
o(r). We write r = pqt where t > 1. Also, p divides (¢—1). Then, there exists a
non-abelian group H of order pq and so H x C(t) is a non-abelian group of order
r. So, we could assume that g.c.d (r,¢(r)) = 1.

Claim : There is only one cyclic group of order r, if g.c.d (r,(r)) = 1.
Assume the contrary. That is, let r be the least positive integer for which a
counterexample G exists. We will arrive at a contradiction.
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Step 1. As ris square-free, (¢, ¢(¢)) = 1 for each divisor ¢ of r.
Step 2. Every proper subgroup and every non-trivial quotient group of G are
cyclic. This is clear, as r is minimal.
Step 3. The centre Z(G) of G is trivial.

Otherwise, G/Z(G) will be cyclic by step 2 and therefore G is abelian and
hence cyclic.
Step 4. Let x # e be an element of a maximal subgroup U of G. Then, U is the
centralizer (normalizer) Cs(x) of x in G. For, Cg(x) is a proper subgroup of G
by step 3 and U is cyclic and therefore, U is contained in Cg(x) by step 2. The
maximality of U shows that U = Cg(x).
Step 5. If U and V are two maximal subgroups of G, then U NV = (e) where e is
the identity.

For, if x# e and x € U NV, by step 4, would give U =V = Cg(x).
Step 6. Any maximal subgroup U equals its own normalizer

Ne(U)={g€G:gU;'=U}.

For, let x # e be an element in Ng(U). Then,

Y : Ng(U) — Ng(U) given by 1(y) = x"'yx gives an automorphism of the
cyclic group U. If U has order s, then the order of % in the group of automor-
phisms of U has order ¢(s) which divides ¢(r), as r is square-free. Since x and
hence 1 has order dividing r, order of 1 has to be 1. Then, x centralizes U and by
step 3, belongs to U.

Step 7. Let U be a maximal subgroup of order u in G. Then, the conjugate
subgroups of U contain exactly r— - elements # e.
For, we recall that the number of conjugates of U is the index of the nor-

r

malizer of U in G. By step 6, this index is . By step 5, any two conjugates
(u=)r

u

of U intersect trivially. Thus, the set of conjugates of U contain altogether
elements # e.

Step 8. With U as maximal subgroup of G of order u, choose an element x not
contained in any of the conjugate subgroups of U. Let V be a maximal subgroup
containing x and therefore not conjugate to U. Then, any conjugate of U and any
conjugate of V intersect trivially by step 5. Applying step 7 also to V, we obtain

r . .
r—— elements # e in the set of conjugates of V. But, there are only »—1 elements
1%
#ein G giving the inequality
r r
r——+r——<r
u v
Or,
1 1
I1-(—+-)<Ooru+v>uv
u v

which is a contradiction. O

Remark 7.5.2 : The proof of theorem 55 has been adapted from Dieter Jungnickel
[3]. For related results, see Jonathan Pakianathan and Krishnan Shankar [9].
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For a detailed study of the theory of finite groups see M. A. Ashbacher [A1],
T. Y. Lam [A4, AS] and Ronald Solomon [A9] given in additional references.
Another interesting paper is that of Murthy and Murthy [A6].

7.6. Notes with illustrative examples

The theory of partitions is a well-developed branch of number theory.
Euler introduced the notion of a generating function and obtained an identity con-
necting p(n), the number of partitions of n with ], (1-x*)"") (see Fact 7.2.2).
(Functions related to p(n) are the so-called theta functions and modular functions
which were extensively studied by Jacobi and others). We have seen that p(n)
is the number of conjugate classes of elements of S,, the symmetric group on n
symbols. It can be shown that for n > 2, the number of conjugate classes in S,
is also the number of different abelian groups of order p” (up to isomorphism)
where p is a prime.

The number of solutions of linear congruences with side conditions is made
use of to count certain special elements of a finite group. See theorems 50 and 51.
We observe that these theorems have their analogues in the context of finite rings.

Let R be a finite wing with unity. Suppose that D is a non-empty subset of R.
The number of solutions of

(7.6.1) X1+x+--+xs=a,a€R,x; €D (i=1,2,...,5)

is denoted by N(D, a, s) with respect to the additive group (R,+). The analogue of
theorem 50 is valid when J = J(D) is taken to be the largest ideal of R such that
x+JCDforall x € D.

When H = R\ D is an ideal of R, theorem 51 is applicable. We consider the
ring Z/rZ (r > 1). If N(n,r,s) denotes the number of solutions of

(7.6.2) X1+x+--+x, =n(mod r)

under the restriction g.c.d (x;,r) =1, (i=1,2,...,s) it is known [15] that N(n, r,s)
is multiplicative in r. See (5.5.6) in chapter 5. Therefore, we tackle the case where
r=p" (p aprime, m > 1).

When R =7/p™Z, R is a quasi-local ring (that is, it has a unique maximal
ideal). We take D = U, the group of units in R. Then,

(7.6.3) U|=¢(p") =p""(p-1)
H =R\U, H is the unique maximal ideal of R and
[H|=[R\U|=p"~¢(p™) = p"".
So,[R:H]=pand[R:H]-1=(p—1).

The formula for N(U, p™,s) using (7.3.8) is given by

(¢(p’”))’ 1y

(7.6.4) N(U,n,s) = {1- 1)3} ifnelU
and

(p(p™)° 1D)(p-1), .
7.6.5 = 1 f U
(7.6.5) NW.ns) = =E {1+ 2= ifn g
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(7.6.4) is the case when p t n. (7.6.5) is the case when p|n. These two, together,
yield

m—1 —1))* —1) .
-y ifptn

L 1) 1yl i
Wl g S pln

In fact, we have derived the Rademacher formula for » = p™ (see chapter 5, Corol-
lary 5.6.1).

While studying the number of cyclic subgroups of a given group, we referred
to Kesava Menon’s identity. See (7.4.5). It is a remarkable example of an appli-
cation of Burnside’s lemma. Various generalizations of the identity are known.

Characterizations of finite cyclic groups are known. The uniqueness of a
cyclic group of order r is tied up with ¢(r), the Euler totient. Following Jonathan
Pakianathan and Krishnan Shankar [9], we call a positive integer r a cyclic number
if every group of order r is cyclic. The smallest non-prime cyclic number is 15.
A positive integer is a cyclic number if, and only if, g.c.d (r,¢(r)) = 1.

A group G is called a nilpotent group if, and only if, it is the internal direct
product of its Sylow subgroups. See D. Robinson [13]. It is known that

Cyclic groups C abelian groups C nilpotent groups.

Based on these, one defines nilpotent and abelian numbers. Their characteri-
zations are given in [9].

N(U,n,s)z{

7.7. A worked-out example

Question: (T. Hungerford) Prove the fundamental theorem of arithmetic by ap-
plying Jordan-Holder theorem to the group (Z/rZ,®)(r > 1).
Answer: We observe that (Z/rZ,®) is a finite cyclic group of order r. By theo-
rem 54, it has d(r) cyclic subgroups, where d(r) denotes the number of divisors
of r.

We recapture the notion of a nilpotent group. Let No, Ni,N,, - - - be a sequence
of normal subgroups of a group G such that Ny = (e),

N1 =C(G) ={a: ax = xa for all x € G}, the centre of G.

C(G) is an abelian normal subgroup of G. N, is the inverse image of C(G/N)
under the canonical map ¢ : G — G/Nj. N, is normal in G and contains N;. If N;
is the inverse image of C(G/N-;) (i =1,2,...), we obtain a sequence of normal
subgroups of G, called the ascending central series of G, namely

(7.7.1) No=()CN CN, C---
Definition 7.7.1 : A group G is called nilpotent if Ny, = G for some k.

An abelian group H is nilpotent, as C(H) = H. Even for a finite group G,
ascending central series need not terminate in G. For instance, C(S3) = (e). So, S3
is not nilpotent. However, S5 is solvable. See exercise 10.

Lemma 7.7.1: A proper subgroup H of a nilpotent group G is properly contained
in its normalizer
NH)={xc G:xHx"'=H}
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Proof : In the ascending central series for G, given by (e¢) =Ny C N; C --- and
H C N =G, there exists i € N such that N; C H and Ny is not contained in H.
For, ift;;1 € Niyyand h € H,

tih™ 't \h e N; C H.

Therefore, Ni;; C N(H) and H # N(H). O

Lemma 7.7.2 : Every Sylow p-subgroup of a finite nilpotent group G is a normal
subgroup of G.

Proof : If p is a Sylow p-subgroup of G, N(P) is given by
NP)={xeG:x'Px=P}

By lemma 7.7.1, P C N(P) and P # N(P). As P is a maximal subgroup of G,
N(P) = G. Hence P is a normal subgroup of G. |

Remark 7.7.1 : A finite nilpotent group G possesses a subnormal series
No=(e)CN C---CN=G

obtained from an ascending central series of G, N; is a normal subgroup of Ny
(i=0,1,2,...(k—1)). Its factors are abelian. G is said to be solvable. In fact,
every finite cyclic group is nilpotent and has a composition series whose factors
are of order a prime p dividing the order of the group. Every Sylow p-subgroup
of a finite nilpotent group G is normal in G and the G is the internal direct product
of its Sylow p-subgroups.

The problem is solved by noting that in a cyclic group G of order r(> 1),
if py is a prime dividing r, there exists a Sylow p;-subgroup of order p{' which
is normal in G. (p{' is the highest power of p; dividing r). If pi,ps,....ps
are the distinct prime divisors of r, G is the direct product of Sylow subgroups
P, P,..., P, corresponding to the prime factors pi, p»,..., p, of r. Product of the
orders of Pj, P,,..., P, is the order of G which is r. This accounts for the unique
factorization of r into distinct prime factors. ]

7.8. An example from quadratic residues

r denotes an odd positive integer > 1. We consider the group U(r) of units of
Z/rZ. U(r) is a group of order ¢(r), the Euler ¢- function.
We write

(7.8.1) S ={lal€U(r): a=b* [b]€U®)}.

(where [a] denotes the residue class of a modulo 7).
It is verified that S(r) is a subgroup of U(r). To find the order of S(r), we
proceed as follows:
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Given odd positive integer r, s, the Jacobi symbol (r|s) (6.7.1) has the follow-
ing properties

@) (a|r)(b|r) = (ablr)
(7.8.2) (ii) (a|rs) = (a|r)(als)
(iii) a = b(mod r) = (a|r) = (b|r)

(iv) (r]s) = (1) T (5] ).

Remark 7.8.1 : We consider quadratic residues modulo r both as integers and as
elements of Z/rZ.

Lemma 7.8.1: Let r be an odd integer > 1, the set of quadratic residues modulo r
corresponds to the subgroup S(r) of U(r). Consequently, the number of quadratic
residues modulo r is equal to ¢(r)/ 290 ywhere w(r) denotes the number of distinct
prime factors of r.

Proof : We note that if p is an odd prime and e > 1, the number of quadratic
residues a modulo p® with 0 < a < p®is ‘MT””) For, x*> = a(mod p°) is solvable if,
and only if, x% = a(mod p) is solvable.

The map ¢ : U(r) — {1,—1} given by

¥ ([a]) = (a]r), (the Jacobi Symbol)
is a group homomorphism with

(7.8.3) kerv={[al € U(r): ¢([a])= 1}

Claim: If S(r) is as given in (7.8.1), S(r) = ker.

For, kert is a subgroup of U(r) and S(r) C kertp. If r is a perfect square,
ker+ =U(r). If r is not a perfect square, [U(7) : kerp] = 2.

Let [a] € kert. Then v ([a]) = 1. This implies that a is a quadratic residue
of r. If it is not, [a] & S(r) and the image of [a] under 1) would be —1. That is,
ker1) C S(r).

Thus, S(r) = ker.

Letr= Hf;] pi" (piodd primes and e; > 1,i=1,2,...,k). As S(r) is a direct
product of groups S1,S2,...,Sx where S;(i =1,2,...,k) is the group of quadratic
residues modulo p{’,

k

k o
sl =TT i1 =TT 222
i=1

i=1

(1X| denotes the number of elements of X). This completes the proof of
lemma 7.8.1. 0

Remark 7.8.2 : Proof of lemma 7.8.1 has been adapted from Victor Shoup [A8].
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Question: Let r be an odd positive integer > 1. Suppose that the group S(r) of
quadratic residues (mod 7) acts on the set Z/rZ. If N denotes the number of orbits
in Z/rZ under the action of S(r), show that

qw(r)
N= 50 Z g.cd (@*-1,r)
[a*1€S8(r)

Answer: The identity (7.8.4) is yet another application of Burnside’s lemma.
(Theorem 52). S(r) is of order Zd’w((’)) We obtain the number of elements of Z/rZ
which are left invariant by the elements of S(r). For [a?] € S(r), let t([a*]) denote
the number of elements of Z/rZ which are left invariant by [a?]. Then, t([a?]) is
the number of solutions of the congruence

ax=x(modr), gcd(@®r=1.

(7.8.4)

That is, (a®>—1)x = 0(mod r). It follows that #([a®]) equals g.c.d (a>—1,r). By
Theorem 52, we obtain

1

N=—— cd@-1,r

TP
a?]1 €S(r)

(7.8.4) is an immediate consequence. O

Remark 7.8.3 : It is advisable to express N in terms of certain known arithmetic
functions, as in illustration (7.4.1).

EXERCISES

1. Mark the following statements true (T) or false (F) justifying your answer
briefly.
a) The number of conjugate classes in S, is equal to the number of non-
isomorphic abelian groups of order p", where p is a prime.
b) The homomorphic image of a nilpotent group is nilpotent.
c) There exist two or more non-isomorphic groups of order 75.
d) The group S4 of order 24 is nilpotent.
e) An abelian group G has a composition series if, and only if, it is finite.
f) A simple group of order 60 need not be isomorphic to As.
2. Prove that a finite group of order r is abelian if, and only if, it has r conjugate
classes of elements.
Find the conjugate classes of elements of S4 and Ss.
4. [LM.Richards] Let f(x) € Z[x]. If U, denotes the group of units in Z/rZ, show
that

w

D ()0 =0()Y_|{r €Us : ft)=0(mod d)}]
seU, dln
where (f(s),r) denotes the g.c.d of f(s) and r.
(We remark that this gives a generalization of Kesava Menon’s identity (7.4.5)).
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5. Prove that a group of order 255 is cyclic.

6. Ifr=pq where p, q are primes and p < q with g =1 (mod p) show that there
exists only one non-abelian group of order r up to isomorphism.

7. Let r,s be positive integers and n = g.c.d (r,s). If we consider the additive
groups

G1=Z/rZ and Gy =s(Z/rZ)
Show that G, /G, = Z/nZ.

8. Let G be an abelian group. T (G) denotes the set of elements of finite order in
G. T(G) is a subgroup of G called the torsion subgroup of G. If T(G) = (e),
the trivial subgroup, G is said to be torsion-free. If T(G) = G, G is called a
torsion-group. When G is a abelian with torsion subgroup T(G), show that
G/T(G) is torsion-free.

9. A group G is said to be indecomposable if it is not a direct product of proper
subgroups. (See definition 5.3.3, chapter 5). Show that a finite cyclic group is
indecomposable if, and only if, its order is p™ (p a prime, m > 1).

10. A composition series of a group G is a finite descending chain of subgroups:

G=GyD G O DG,=(e)

such that the factor groups G;/ G are simple groups # (e)

(0 <i<r-1). Gi/Giy are called composition factors of G. A finite group G
is said to solvable if, and only if, the composition factors of G are cyclic and
of prime order.

Show that a nilpotent group G is solvable.
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THE RELEVANCE OF ALGEBRAIC STRUCTURES TO
NUMBER THEORY
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CHAPTER 8

Ordered fields, fields with valuation and other
algebraic structures

Historical perspective

The theory of fields is an extensive branch of algebra. It was in connection
with the proof of the theorem:

‘A fifth degree equation with coefficients from Q, the field of rationals, is
not always solvable by radicals’, the notion of field extensions was laid on firm
foundations.

The field Q, the field R of real numbers and the field C of complex numbers
pervade the whole of basic theory of fields. In these fields, ‘order’ and ‘limit’ con-
cepts are fundamental. The evolution of the various forms of numbers is roughly
as follows:

During the sixth century B.C., the Pythagorean school knew about rational
and irrational numbers. It was the failure of repeated attempts to express \/2 as
a rational number that lead the followers of Pythagoras to the notion of an ‘ir-
rational number’. It is to be remarked that Babylonians conceived of and calcu-
lated square-roots of non-square integers, though they were satisfied with crude
approximation methods. See K. von Fritz [7]. See also Nicholas Bourbaki [2].
Negative rationals and imaginary numbers were discovered during the period
1000-1500 A.D. They kept mathematicians puzzled as they were unbelievable,
though accepted. Algebraic irrationals which cannot be written as radicals
appeared through the Fundamental Theorem of Galois theory (1826). It also
led to the study of lattices and other useful algebraic structures. George Boole
(1815—1864) thought of an algebraic structure in which every element is an idem-
potent—for instance, the power set of a set X. By then, transcendental numbers
were discovered. Transcendence of e, the exponential constant, was proved by
C. Hermite (1822-1901) in 1873. The transcendence of ™ was shown by
Lindemann (1852-1939) in 1882. It was only after this long sequence of events,
classical algebra got unified with the trends in modern mathematics. The theory
of continued fractions remained isolated for some time. But now, that also has
been brought into the modern stream.

It is to be emphasized that a revelation of the nineteenth century was that
there were fields which were different from the field of complex numbers and there
were groups which made no reference to automorphisms of fields. This point of
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view was brought out by Emil Artin (1898-1962). Indeed, thanks to the efforts of
Emil Artin, an exposition of the fundamental Theorem of Galois Theory made it a
landmark in the area of algebra where the classical theory of equations gets the
correct interpretation via the splitting field of a polynomial f(x) and the Galois
group of the equation f(x) =0. The role of a prime p is in the context of S).
Abel gave the theorem: There exist equations of every degree > 5 which are not
solvable by radicals. He made use of the strong lemma: If f is an irreducible
polynomial over Q, of degree p (a prime) and if f has exactly (p—?2) real roots,
then the Galois group of f is S,,. For details see Charles R. Hadlock [10]. This is
just stated to give a sample of field theory in its classical form.

The ideas of analysis and topology also had their share in the development of
the theory of algebraic structures. Ordered fields, fields with valuation, archimed-
ean and non-archimedean fields are some of the notions that proved to be useful
in the study of fields during the first half of the twentieth century.

8.1. Introduction

The classical theorem: ‘The field of real numbers is order complete’ has a
great impact on the development of algebra and analysis. Ordered fields gener-
alize the concepts and properties of the field Q of rational numbers. It is also
an important fact to note that —1 is not a sum of squares in R, the field of reals.
The formal ‘real fields’ are introduced. The idea of ‘absolute values’ has been
exploited in the notion of ‘fields with valuation’. The approximation theorem for
fields with valuation has an interesting application to the proof of the Chinese
Remainder Theorem, already done in chapter 5.

The notion of a normed division domain due to S. W. Golomb [9] gener-
alised the idea of ‘divisibility’ in integral domains via weak partially ordered sets.
Modular lattices and the Jordan-Holder Theorem give rise to the idea of unique-
ness of factorization of an element of a non-commutative integral domain into
irreducibles. Theorem 68, shown, is due to P. M. Cohn [5]. While studying prop-
erties of Boolean algebras, an analogue of the fundamental theorem of arithmetic
is pointed out.

This chapter is aimed at an understanding of abstract algebraic structures
which are the outcome of generalizations of the familiar ideas in (i) divisibility
(ii) absolute values and (iii) set-theoretic operations.

8.2. Ordered fields

In chapter 2, we considered ordered integral domains and showed that an
integral domain in which the set of positive elements is well-ordered characterizes
the ordered integral domain Z. (See corollary 2.2.1)

Definition 8.2.1 : A ring (R,+,) is said to be ordered if there exists a non-empty
subset P (of R) called the set of positive elements of R such that

(a) whenevera, b€ P, a+be Panda-b € P and
(b) for each a € R, only one of the following alternatives holds :
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a€Por—a€Pora=0 (the law of Trichotomy).

In fact, if R is an integral domain satisfying definition 8.2.1, R is called an
ordered integral domain. Z and R (the field of real numbers) are ordered integral
domains. (see definition 2.2.1 in chapter 2).

Lemma 8.2.1: In an ordered ring R, all squares of nonzero elements are positive.

Proof: Let a € R. By the law of trichotomy, eithera € P or —a € Pora € 0
(where P is the set of positive elements of R). Since P is closed under multiplica-
tion, a? = (—a)(—a) = (—a)* € P.

Also 1 =12 € Pand (-1)*> € P, though -1 ¢ P. O

The word ‘ordered’ is from the fact that one could define a < b <—
(b—a) € P. We could write b > a to mean a < b. The order < satisfies the
transitivity property:

Whenever a < b, b < c, then, one has a < c¢. One notes that it is not a partial
order as reflexivity and antisymmetry of < are not okay with <.

Definition 8.2.2 : In an ordered ring R, the absolute value |a| of a € R is defined

as:
0, ifa=0

laj=4a, ifaecP,a#0

—a, ifa¢Pa#0

Fact 8.2.1: For a,b € R, an ordered ring in which absolute value of an element
is defined as in definition 8.2.2,

(82.1) la-bl=la|-1bl, la+b| <|a+]p]
the inequality with < (less than or equal to) shown in (8.2.1) is referred to as the

triangle inequality.
Next, Q is the field of quotients of Z. We can make Q into an ordered field:

Lemma 8.2.2 : Let D be an ordered integral domain with K, the field of fractions
of D. There is a unique way of defining a positive subset Px of K in K so that
the inclusion map D — K is an order-preserving homomorphism. This order is
defined by

g € Pk if, and only if, a-b € P in D for a,b € D with b #0,
where P is the set of positive elements in D.

Proof: D can be embedded in K and K contains D as a subdomain. Every
nonzero element of K is of the form 7, b #0 (a,b € D).
Suppose that K is ordered with Pg as the subset of positive elements. Then,
a

1 1
b =a-b- (Z)z' Since (Z)Z is necessarily in Py, g € Py
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if, and only if, a-b € Px. Asi: D — K is the inclusion map which is an order
homomorphism,a-b € Py in K <=-a-b € P C D. So, Py must satisfy the property

%EPK<:>a~b€PinD.

Now, % = i inK=a-d=b-cinD.
Multiplication by b-d yields (a-d)-(b-d)=(b-¢)-(b-d) or (a-b)-d* =(c-d)- b
So, given a- b € P, we can define Px by taking % € Px < a-b € P consistent
with the condition stated in the lemma.

Next, defining % € P if, and only if, a - b € P, suppose % and 5 are in Px.

Their sum
a+c a-d b.CGP if, and only if, (a-d+b-c)-(b-d) €
— R — n n . . . . .
5t b d x if, and only if, (a c P;

that is, if, and only if, (a-b) -d*+(b-c)-d* € P.
Sincea-bePandc-deP,a-b-d*€P,c-d-b* € P. So,

a-b-d*+c-d-b*=(a-d+b-¢)-b-deP.

a ¢

Or, 7+ 5 € Px whenever 7 , 3 are in Px.

Similarly, (3) - (5) € Px. Also Px satisfies the trichotomy property. Fora-b € P,
a-b=0p and (—a)- b € P: only one of them holds. So with § € K either { € P,
or - € Kory=0. O

We observe that the characteristic of an ordered integral domain D is zero.
As D = Z (preserving the order), in any ordered field F, the prime subfield of F
is isomorphic to Q, the field of rational numbers. See R. Godement [8].

Observations 8.2.1 :

(1) A sum of two or more squares in an ordered field is either positive or
zero.
(2) In any field K, a product of two sums of squares in K is again a sum of
squares.
Forifa,b,c,d € K,
(@ +b>)(c2+d?) = (ad—bc)* +(ac+bd)>.
(3) Ifa,b € K, b#0, writing § =a- b(b™")?, we see that if a and b are sums
of squares, 3 is also a sum of squares.
(4) If K is a field of characteristic #2 and —1 is a sum of squares in K, then
every element a in K is a sum of squares. For, we could write

(8.2.2) 4a=1+a)*+(=1)(1-a)?

and so, 4a is a sum of squares. This implies that a is a sum of squares.
(5) In the field C of complex numbers, —1 = i* = i*+0? and so it follows that
any complex number a+bi, (a,b € R, the field of real numbers) can be
expressed as the sum of two squares. As in (8.2.2), we have
1+(a+bi))2+ ,2(1—(a+bi))2
i el PP —)

+b'=(
a l 2 2
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or,
(8.2.3) a+bi=x>+y* where x,y € C.

We remark that C is not the only field in which —1 is a sum of two squares.
For instance, let n € N and n = 3(mod 8). Let ( = exp(%), an imaginary nth
root of unity. We consider an extension of Q by adjoining ¢ to Q. We write

(8.2.4) K =Q(0,
where [Q(C) : Q] = ¢(n).

We need a result on Gauss quadratic sums defined below:

Definition 8.2.3: Forne N,

n—1
2mih?
G(m,n) = Zexp ( m m)
h=0

n
is called a Gauss quadratic sum.
In chapter 6, definition 6.6.4 gives a Gauss sum via characters.
Lemma 8.2.3: ForneN,
(I+d+/n, ifn=0(mod4)

(8.2.5) G(1,n) = vn, lfn = 1(mod 4)
0, if n =2(mod 4)
ivn, if n = 3(mod 4)

Proof : Let e(x) = exp(222). Then, when n = 2(mod 4), n = 4k +2.
So 2 =2k+1 (say), %52 = 2k. 2
S0 e((h+1)2) = e(h+hn+ ") = —e(h?).

Then,
G R i
— 2 2
> exp( —)= e(h?)+> _e(h?),
h=0 h=0 h=1
or,
- 2 no
Glmy=) e+ ) et+5))
h=0 t=h-%
=2 n=2
2 2
=D elD)=) e,
h=0 t=0
or,
(8.2.6) G(1,n) =0, when n = 2(mod 4).
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Now, G(m,n) has the equivalent representation [17]

4t —-2)mm

) , when n is odd.
n

(8.2.7) G(m,n) = ﬁZCsin (
t=1

Taking m = 1, in (8.2.7), we obtain

n=l
2

(8.2.8) G(1,n) = 2isin ((‘”_2)”), 1 odd.
t=1 n
But,
(8.2.9) [ 2sin W=D _ i m (nodd) [17]
n

t=1
where [x] = the greatest integer not exceeding x.
Combining (8.2.8) and (8.2.9), we obtain

(8.2.10) G(1,n)=i"" (-Dlil/n.

When n = 1 (mod 4), G(1,n) = i*(=1)*\/n (when n = 4k+1) = (=1)**\/n, or we
get G(1,n) asin (8.2.5) if n =1 (mod 4).
When n = 3(mod 4), G(1,n) = i\/n (on simplification) which is as given in (8.2.5).
The case that remains is n = 0(mod 4).
It is known [17] that G(m, n) possesses the following multiplicative property:
Whenever g.c.d (m,n) =1,

(8.2.11) G(rm,n) - G(rn,m) = G(r,mn), for any integer r > 1.
Letnbeodd. If r=1,m=2"
G(1,2°n) = G(n,2%)G(2%,n)  (by (8.2.11)).

If 3 is even,
n—1 n—1
2012 n?
GQ2%m) =) (=)= e(—=)=G(,n).
h=0 n h=0 n
If G is odd,
n—1 ﬁ 2 n—1 2
G(2°,n)= e(2 " )= e(%) =G(2,n).
h=0 n h=0 n
Now,
n=1
G(2,n)zH2sin(8 ) = (=) Vn.
k-1
Also,
G(n,4)=2(1+i")
and

G(n,8) = v3(1+)i'T .
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For m =27, 3 > 4, we have

i N e ) T | N s R X
By — My
G2 =" e(55) = e( > )+2 e(zﬁ_z).
h=0 h=0 h=0

Further simplification yields
G(n,2%)=2G(n,2°?), if 3> 3 and n odd
and
28
G(1,2%n) = G(1,n)G(n,4)\/ i (1+i)V2°n.
If B is odd and > 3,

3
G(1,2°n) = G(2,n)G(n, 8)\/% =(1+i)V25n.

Therefore, if s = 2°n where n is odd and B>2,G(1,s)=(1+i){/s which is (8.2.5)
when s = 0(mod 4).

Fact8.2.2: A theorem of Legendre [19] says that if n is not of the form 44(8b+7)
(a > 0,b > 0), then n can be written as a sum of three integral squares.

However, we need only a case where n = 3(mod 8). As shown in [17], Gauss
has proved that if n = 3(mod 8), there exist rational integers x,y, z such that

(8.2.12) n=x>+y’+z>

Theorem 56'(Paromita Chowla (1969)) : Let n be a prime = 3(mod 8).
If( = exp(%) and K = Q((), then —1 is a sum of two squares: That is,
(8.2.13) —1 =02 +0a3 where a1, 0, € K.

Proof : Asn=3(mod 8), n =3(mod 4) as well. Using (8.2.5),

1 N n—1 ")
3¢ =3 exp 2Mh) _ G(1,m) = i/, when n = 3(mod 8).
0

n
h=0 h=

A basis for K as a vector space over Qis {1,¢,¢?,...,¢'}. t=n—2. a € K can be
written as

(8.2.14) a=ap+aC+axC? - +a " a;€Q,i=0,1,2,...,t.
« can be expressed in terms of G(1,n) and so we write

(8.2.15) o =a+iby/n where a,b € Q.

We get through, if we show that

(8.2.16) —1 = (a+ib\/n)*+(c+id/n)*
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where a, b, c,d are determinable rational numbers. Suppose that (8.2.16) is true.

Then,
(8.2.17) A+ -nb*+d* =-1
(8.2.18) ab+cd=0

Taking ¢ = =% (using (8.2.18))

a2+(_7ab)2—n(b2+d2) =—1 (from (8.2.17)),

or,

2
(8.2.19) (= —-n)(b*+d*) =-1

42
As n = 3(mod 8), from (8.2.12), we have

nd* = x*d* +y*d* + 2 d*.
Write a = xd. We get
a 2,2
n= 7 +y +z

So, (8.2.19) becomes

O+ +dH =1

We choose b= 1, d = 4.
y+z Y4z
Then b?+d* = .
So, (8.2.19) is okay for the values of b,d chosen as above
witha = yz'ffzz. c= },222.
We get

ab+cd=0

and so with values of a, b, ¢, d thus determined, (8.2.16) is satisfied perfectly well.
This proves (8.2.13). (I

Remark 8.2.1 : Theorem 56 has been adapted from [18].
We are now justified in making the following

Definition 8.2.4 : A field K is said to be real, if —1 is not a sum of squares in K.
The field R of reals is one such.

Theorem 57 (Serge Lang (1965)) : Let K be a real field.

(i) If a € K, then K(\/a) or K(\/=a) is real. If a is a sum of squares in K, then
K(y/a) is real. If K(\/a) is not real, then —a is a sum of squares in K.

(ii) If f is an irreducible polynomial of odd degree in K[x], and « is a root of
f(x)=0, then K() is real.

© 2007 by Taylor & Francis Group, LLC



ORDERED FIELDS, FIELDS WITH VALUATION AND OTHER ALGEBRAIC STRUCTURES 213

Proof : If a € K and a is a square say b*> where b € K, one has
K(va)=K(b)=K

and K is real. Suppose that a is not a square in K. If K(1/a) is not real, —1 is a
sum of squares and so there exist elements b;, ¢c;(i=1,2,...,r) such that

—1=) (bi+civ/ay =) (b} +2biciv/a+cia).

i=1 =1

Since [K(v/a):K]=2, from
-1= i(b?+cl~2a)+2ib,~ci\/a
i=1 i=1
equating the ‘rational’ parts,
-1= i(b%+cfa).
i=1

If a is a sum of two or more squares in K, —1 is a sum of squares in K. This
contradicts the fact that K is real.
However,
_ b

Z::l Ciz
So, —a is a quotient of sums of squares. This would mean —a is a sum of squares.
Hence, K(y/—a) is real.
This proves the first part of the theorem.

For the second part, we have to show that K(a) is real, if a is a root of a
polynomial equation f(x) =0 where f(x) € K[x] and deg f is odd. Suppose that
K(a) is not real. Then, we could write

—1=3 gi@)’
i=1

where g; are polynomials in K[x] of degree < n—1, n being odd and n = deg f
such that

~1=3 8 +h(0)f().
i=1

Yo gi(x)? has even degree > 0. Otherwise, —1 would be a sum of squares in
K. Itis clear that Z;] giz(x) has degree <2(n—1). So, degh(x) <n-2. Since deg f
is odd, degh is also odd. If b is a root of /(x) =0, then —1 will be a sum of squares
in K(b). Since degh < deg f, it would mean that K(b) is not real. Proceeding thus,
by considering polynomials of lower odd degree, we will arrive at a polynomial
of first degree say x—« and —1 will be a sum of squares in K(«) = K( as o € K)
—a contradiction to the given data. Thus, K is real.

This completes the proof of the second part of theorem 57. O
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Remark 8.2.2 : For more results on real fields, see Serge Lang [14, Chapter XI].

8.3. Valuation rings

We start with a prime p which is arbitrary, but fixed. A subset of Q, the field
of rationals, is considered in the following

Definition 8.3.1 :

m m
Zy,= {; €cQ: - is in its lowest terms and p t n}

Z,, consists of those rational numbers whose denominators do not contain p
as a factor. If p 2, % € Zp, for example.

Theorem 58 : Z, is a PID contained in Q.

Proof : If ¢, § are in Z,, by definition p {b. p{d. So p{bd. Therefore § + 5
and 75 arein Zy. 0 € Z,,. (Z,,+) is an abelian group, multiplication is associative
and distributive. Therefore, Z,, is a subring of Q. Z,, is not an ideal, as Q is a
field. When %5 =0, ac=0. So either a=0 or c=0. So, Z,, is an integral domain
properly contained in Q.

Let I be an ideal of Z,.

An element x € [ is of the form § = pmz—: where p 1 b’ and p{a’. Such an

element is an element of Z,. Also Z—: € Zyas ptb'. So, every element § € I can
be written as

a
b= p"u  whereu € Z,.

Among the powers p”, there is one which is the least, say p”. So any element
of I is of the form p"u where u € Z,. So, I is generated by the unique positive
integer p". Therefore, I is a principal ideal.

This being the case, Z, is a PID. g

Remark 8.3.1: (1) If x € Q, then either x € Z, or xte Z,. For,iftx€ Q. x= %
(in its lowest terms). If ptn,x € Z,. If p|n, n= p°n’ where p{n’.

So &= p”(’%) and p { m. Therefore, x™! € Z,,.

(2) If S is a subring of Q containing Z,, then either S =7, or S=Q.

If § =Z,, there is nothing to prove. Suppose that S properly contains Z,,.
There existsx € Sandx ¢ Z,. Asx € Q, whenx ¢ Z,,x ' € Z,. Thenx' €Z,CS
orx!'es.

Therefore, if x € S, x ¢ Z,, x7! € S also. So, for every x € S and x ¢ Zp,
x~! € S. Whenever x is not in Z,, both x and x~! are in S, when one of them is
inS. IfteQandr ¢S, thent ¢ Zpandsot™' € Zp. That is, t~! € S. But, then,
(ty'=reSorQCS. But, S C Q. Therefore, S = Q, whenever S contains Z,
properly.

(3) Every nonzero x € Q is of the form p"u, where u is a unitin Z, and n is a
unique integer depending on x. For, if x € Z,, x = £ where p { s. But, p may be a
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factor of r. So,
/

,
x=p" < where p {7,

Then, VT/ is a unitin Z, (invertible) or x = p”u, u being a unit in Z,.
Ifx¢Z, x"' €Z,andsox" =%, where p{b.
Then, x ' = p”%, where p 1 a. So, then, x = p™v where v is a unit in Z,.
When 0 # x € Q, there exists a unique integer n such that x = p"u where u is
aunitin Z,.
This fact is exploited to define what is called a valuation on Q.

Definition 8.3.2 : When 0#x € Q and x = p"u where u is a unit in Z,, we define
vp(x) = n and use the convention that v,(0) = +o0.

We remark that +00 denotes an object which satisfies the ‘rules of calculation’
given below:

n+(+o0) =+oo, forall n € Z.
(+00) + (+00) = +00.

+oo >nforalln € Z and + 00 > +o00.

Lemma 8.3.1: Ifv,(x), x € Q is as given in definition in 8.3.2, then, for x,y € Q,

(1) vp(xy)=v,(x)+v,(y) and
(2) vp(x+y) > min{v,(x),v,(}.
Further, Z,, is the set of all x € Q such that v,(x) > 0.

Proof : When 0 #x € Q, there exists a unique integer n such that
x = p"uywhere u; is a unitin Z,,.
Similarly, for 0 #y € Q, there exists a unique integer m such that
y=p"u; where u, is a unitin Z,.
As xy = p™™u u,, where uju, is also a unit in Zp, (1) follows.

Now, x+y = p"uy+p"uy = p"(u1 + p" "up) if n < m.

c

If uy = 3, up = 5 are units in Z,, p does not divide any of a,b,c or d.

Also, u +L;7m_" ) = G b
divisible by p. So, u; + p’"‘zuz is a unit and (2) follows.

In the situation where x =0 or y = 0 or both are zero, the convention for rules
of calculation with +oco given after definition 8.3.2 makes it agree with the results
of (1) and (2).

If u € Z, and u is a unit, then, u = p%u and so vp(u)=0. If x € Z, and x is not
aunit, x = { where p does not divide b. Let p" be the highest power of p contained
in a. Then, n =0 if, and only if, x is a unit. So, if x is not a unitin Z,, n > 0 and
thus v,(x) > 0 whenever x € Z,. O

. Neither the numerator nor the denominator is
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Definition 8.3.3 : Let F be a field and R a subring of F. R is said to be a valuation
ring of F, if R # F, and for each x(£0) in F either x or x' € R.

We remark that perhaps, the motivation for the definition of a valuation ring
of a field comes from the example of Z, contained in Q.

Lemma 8.3.2 : Let R be a valuation ring of a field F. Then, R is a quasi-local
ring in the sense that R has a unique maximal ideal M.

Proof : Let M be the set of non-units in R. If a,b € M, then a+b € M. For, if
a+b is a unit for any two elements a,b € M, then a+(=b) is also a unit. That is,
(a+b)+(a+(—b))=a+ais aunit, or (a+a)+(—a)=a is a unit which contradicts
the assumption that a is a non-unit. Forr € R,a € M, r-a € M. For, if r-aisa
unit, (r-a)~! exists. Therefore, a™' - 7' = ' -a™! exists, which implies that g
exists, a contradiction. So, (M,+) is an abelian subgroup of (R,+) and it absorbs
products from right and left. That is, M is an ideal of R. As R\ M is the set of

units of R, M is the unique maximal ideal of R. Hence, R is a quasi-local ring. [
Corollary 8.3.1 : Z,, is a quasi-local ring contained in Q.

Definition 8.3.4 (Roger Godement [8]) : A discrete valuation of a field F is a
function v : F — Z U {+oco} such that

(i) v(0) =400, v(x) €Z, if x#0;

(ii) v(xy)=v(x)+v(y)forallx,y € F;
(iii) v(x+y) > min{v(x),v(y)} for all x,y € F.

Remark 8.3.2 : v is said to be nontrivial, if v(F) does not consist of 0 and +oo
only.

It can be shown that the set R of elements x € F such that v(x) > 0 is a
valuation ring of F. The maximal ideal M of R is the set of all x € F such that
v(x) > 0. If we choose an element # € M such that v(¢) is a minimum, then M is
generated by ¢. That is, M = Rt. Further, every ideal of R is of the form (t") = Rt"
for some n > 0.

8.4. Fields with valuation

As remarked by Nathan Jacobson [12] ‘valuation theory forms a solid link
between number theory, algebra and analysis’. While discussing valuation rings
(see Section 8.3), we considered Z,,, the ring of rational numbers whose denomi-
nators do not contain the prime p (fixed) as a factor. Z, is a valuation ring of Q,
the field of rational numbers. A non-trivial discrete valuation (see definition 8.3.4)
of F is a real-valued valuation which is known by the name ‘absolute-value’, in
view of ‘triangle equality’.

Definition 8.4.1: Let R denote the set of non-negative real numbers. An absolute-
value on a field F is a functionm : F — R given by

(a) m(a) > 0 and m(a) =0 if, and only if, a=0p

© 2007 by Taylor & Francis Group, LLC



ORDERED FIELDS, FIELDS WITH VALUATION AND OTHER ALGEBRAIC STRUCTURES 217

(b) m(a-b)=m(a)m(b)
(c) m(a+b) < m(a)+m(b) (triangle inequality)

For instance, if F = C, the field of complex numbers, when z = x+iy €
C, |z] = v/x2+y?%, (i denotes v/—1) is an absolute value on C. The function
|C| : C — R reduces to the usual absolute value on the subfields Q and R of
C.

Recalling the definition of Z,, we obtain the p-adic absolute value of Q as
follows. Suppose that p is an arbitrary but fixed prime.

LetacQ,a= (’y—‘)pk where k € Z and x and y do not contain p as a factor. k

is uniquely determined once a is given. If p=2, and a = % = % 274 k=—4.

Definition 8.4.2: Fora= (%)pk, we define v,(a) = k with the convention
that v,(0) = co.
We note that
(i) vp(a)=ooif, and only if, a =0
(i) vp(a-b)=vy(a)+v,(b)
(iii) v,(a+b)> min{v,(a),v,(b)}
Let 1 be a real number with the property 0 < n < 1.

Definition 8.4.3 : The p-adic absolute value m, : Q — R is defined by
mp(a) = 0”@ where vy(a) is as given in definition 8.4.2.

Taking m,(0) = 0, we check that
(1) my(a)=0<a=0,mp(a)>0forallacQ
(2) my(a-b)=m,(a)m,(b), a,b € Q and
(3) my(a+b)=nrat),
As vy(a+b) > min{v,(a),v,(b)}, @) < max{n*@ n»r®}.
Or my,(a+b) < max{mp(a),m,(b)} < mp(a)+m,(b).
So, m, : Q — RR is an absolute value on Q (See definition 8.4.1). We call m,
a p-adic valuation of Q.
If we take 1 = %, my(a) = |a|, = p™", where v,(a) = n.
It is verified that 11, is a p-adic valuation of Q.

Remark 8.4.1 : For any field F, the trivial absolute value of F is given by

0, a=0
m(a)—{l, a#0

Let F* = F\ {0}. If R* =R\ {0} is considered as a group under multiplication,
m: F* — R* where m is the absolute value map, is a group homomorphism. Also,
m(1g)=1and fora e F*, m(a™") = ﬁ andm(—1g)=1,as—1p-—1p=1p.

If F is a finite field with m : F — R as an absolute value map, as m(1p) =1,
m(C*) = 1 where ( is a kth root of 1 contained in F. So, for a finite field, we get

only the trivial absolute value.
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Fact 8.4.1 : Let (X,d) be a metric space. Given € > 0, the set
By(a,e)={xe€ X :d(a—x) < ¢}

of all elements whose ‘distance’ from a < € is called the e-ball centred at a. The
collection B of all e-balls B,(a,¢) for a € X, € > 0, is a basis for a topology of X
called the metric topology induced by d.

A topological space X is called Hausdorff if, for each pair a;,a, of distinct
points of X, there exist e-balls U; and U, centred at a; and a, respectively such
that U; NU, = 0. The topology on X declares ‘open subsets” of X. A subset A of
X is called closed if X \ A is open.

When m : F — R is an absolute-value map, it is easily verified that m(1p) =1,
m(b) = 1, if there exists k € N such that b* = 1p.

m(—a)=m(a) foralla € F. If a #0p, m(a™") = = and

m(a)
|m(a)—m(b)| < m(a—b)

Thus, an absolute-value on F defines a topology whose open sets are unions
of e-balls. Addition, subtraction and multiplication are continuous functions from
F x F to F in the topology of F'. We can talk about convergence of sequences and
series in the usual manner. As m gives a metric topology on F, the topological
space induced by m is Hausdorff.

Definition 8.4.4 : If {a,} is a sequence with a; € F(i=1,2,...), we say that {a,}
converges to a € F if, given ¢ > 0, there exists N = N(¢) € N such that m(a—a,) < ¢,
foralln > N.

Definition 8.4.5 : Two absolute-value maps m; and my, defined on F, are said to
be equivalent if they define the same topology on F.

For example, if m, , and m, ;, are two p-adic valuations on Q given by

vp(a)

m17p(a) =n amzﬁp(a) = 77;/[)(”)70 <n,mn,< 1

then, m3 ,(a) = (m1 ,(@))* where s = {22 > 0.
This implies that any e-neighbourhood of a point defined by m , is an ¢'-neigh-
bourhood defined by m, ,,. So m; , and m; , define the same topology on F'. This
is no accident. This is the case for any field F' and any two absolute-values m
and my where my(a) = mi(a)* with s a positive real number.

When the absolute value map is trivial, it defines the discrete topology on F'.

If the absolute-value map is non-trivial, we have an a € F such that
0 < m(a) < 1. Then, the sequence {a"} converges to O as {m(a")} — 0 and the
set of points {a,a?,...,da",...} is denoted by A. By the closure A of A, we mean
the intersection of all closed sets containing A. By the definition of A,0r € A,
as m(a") < € for all n > N(e) which is determinable. It is not necessary that Op
should belong to A, as a subset S of F is closed if, and only if, § O S. So, A is
not closed in F. Therefore, the topology induced by m is not discrete. Or, if the
topology induced by an absolute-value map is discrete, then it is trivial. In other
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words, the trivial absolute-value map is equivalent to itself. The equivalence of
absolute-value maps is brought out in the following

Theorem 59 : Suppose that my and m, are absolute-value maps on a field F such
that my : F — R is not trivial and m(a) < 1 for all a € F implies that my(a) < 1
for all a € F. Then, there exists a positive real number s such that

mo(a) =my(a)’ for alla (#0) € F

Proof: Leta,b € F. If m(a) < m(b), then my(a) < my(b).
So, mi(a) > 1 =m;(1f) implies that my(a) > 1. Since m; : F — R is non-trivial,
we can choose ay € F such that m;(ag) > 1 and so
my(ag) > 1.

Suppose that a € F is such that m;(a) > 1 and my(a) > 1. We write
(8.4.1) _ Jogmi(@)

logma(ao)

Then, t > 0 and m;(a) = m;(aop)’.

We have ma(a) = ma(ag)” with ¢’ > 0. If ¢/ #1t, there exists a rational number
r having the property r >fand r <t' orr <tandr >1'.
If r>tandr <t', my(ag)” <ma(a). If r <t and r >t my(ag)” > mo(a).

Claim: t=1".
m

Let r be equall to (7)(11 Z0).

ogmy(a
Ifr>t,r> Togma(a0)
So, ma(ag)” > my(a).
If r <t, ma(ap)” < mp(a).
With r = 2 (m, n positive integers), if r > 1,

mi(@) < my(ap) n
and so, mi(a)" < m(ap)™.
Then, ma(a)" < ma(ao)™ and so, ma(a) < ma(ag) " .
Similarly, if r < 7, ma(a) > ma(ag) 7 -
The same argument works for r in relation to t’.
conclude thatz =¢'. So,

Then, we are forced to

_logmy(a) _ logm(a)
logmy(ag) logmi(ag)

It follows that
logmy(a) _ logma(aop)
logmi(a) logmi(ap)

— S _ logms(ag)
or, my(a) = mj(a) where s = Togm: (a0) 0.

This holds for all a for which m(a) > 1. If m;(a) < 1, we have

my(a@)=mi(a")’ and so, my(a) = (m1(a))".

This completes the proof of theorem 59. ]
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Corollary 8.4.1 : The absolute-value maps m; : F — R and m, : F — R are
equivalent as they define the same topology on F.

Remark 8.4.2 : Theorem 59 has been adapted from Nathan Jacobson [12].

Lemma8.4.1: Let my,my,...,m, be inequivalent nontrivial absolute-value maps
of F. There exists an element a € F such that

mi(a) > 1 and my(a),ms(a)...,m,(a) are all < 1.

Proof : We prove the result by induction on n. If n =2, we can find b,c € F such
that

my(b) > 1,m(c) < 1 and my(b) < 1,my(c) > 1.
This is possible since we are considering absolute-value maps which are not

equivalent. See theorem 59.
We write a = %. Then,

m@=m()> 1, asmc)= —— >
c my(c)

<1

b
ma(@)=my(=) <1, as my(c™') =
c my(c)
So, the lemma is true for n = 2.
Suppose that the result holds for n =r—1(> 2).
Let b € F and assume that

my(b) > 1,my(b) < 1,...,m—1(b) < 1.

Let ¢ € F such that
my(c) > 1, and m,(c) < 1.

If m,(b) < 1, then a = b'c, for sufficiently large ¢, is such that
mi(a) > 1,mya@)<1,.... m_1(a) <1

and m,(a) = m,(b'c) < (m,(b))'m,(c) < 1 is okay.
The case where m,(b) > 1 is handled as follows:

If m: F — R is an absolute value map, m(b) < 1 = b' — 0 in the topology
12

b
T,, induced by m. So m — 01in T,,.
'3
)
Therefore, m(b) > 1 gives 5 — 0in T,,.

So m( — 0, as ¢ grows large.

2
1
Therefore , = o 1pin T,,.

lp+b' 1p+3%
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t

b
Thus, m( i

) — 1 for ¢ growing large.

2
That is, for large ¢ , a = mc makes
mi(a) > 1,my(a) <1,...,m-_1(a) <1
b b
and m,(a) = mr( c)=m(——)m,;(c) < 1.

+b! p+d!
This proves the lemma 8.4.1. (]
Lemma 8.4.2: Letm,my,...,m, be inequivalent nontrivial absolute-value maps

of F into R. Given ¢ > 0, there exists b € Fsuch that
mi(1p—=>b) < e,my(b) < e,...,m(b) <e.
Proof : By lemma 8.4.1, we could choose a € F in such a way that

mi(a) > 1,my(a) < 1,...,m(a) < 1.

We write b = 12— with 7 a real number to be found out.
For j > 1,
m;j(b) = mj(1 J:a,) — 1 for the topology 7},,; induced by m;.
For j =1,
m (1 —b)=m (1 LY =my ((@h))my (((ﬂ])—rF+1F) — 0 for sufficiently large 7.
The desired mequahtles follow. (I

Theorem 60 (The approximation theorem (weak form)) :

Letmy,my,...,m, be inequivalent nontrivial absolute-value maps from a field
F into R. Suppose that ay,as, ... ,a, are given elements of R. Given € > 0, there
exists an element a in F such that

mia—aj) <e; j=1,2,...r.

Proof : We write max;{m;(a;)} =M, i,j=1,2,...,r

By lemma 8.4.2, we note that there exist by,b»,...,b, € F such that

€ .
mi(]F—bi)<W i=1,2,...,r; m(b,)< ,];c’l

As mi(a+b) < miy(a)+mb) fora,b,e F;i=1,2,...r;

when

a=ab; +a2b2, .- -+arbr,
mi(a—a;) =mi(arby+axby +aibi—1r)+---+a,b;)

<> miab))+mi(aibi=15))

=

J#
Me Me Me

< — +---+—(rterms);
rM rM rM

= €.
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Or,mj(a—aj) <efor j=1,2,...,r; as required. O

Remark 8.4.3 : If m;,m; are two equivalent absolute value maps of F into I’@,

my(a) =mj(a) for some s > 0 and all a € F.

Or,
(8.4.2) m’(a)ma(a)™ = 1.

The approximation theorem says that if m;,my,...,m, are inequivalent and
nontrivial, there does not exist an r-tuple (si,s2,...,5,) % (0,0,...0), s; € R

(i=1,2,...r) such that

(8.4.3) my(a)’'my(a)”---my(a)’ =1foralla € F.

For, suppose that s; = 1. Then, there exists an a; such that
mi(a;) < % andmj(ai—lp) < % fOl‘j > 1.

Then, mi(a;) — 0 and m;(a;) — 1. Therefore, (8.4.2) is not valid for all
a(i=1,2,...r).

Next, we note that the p-adic absolute value on Q namely m,, : Q — R given
by m,(a) = 1" (see definition 8.4.3) is such that

(8.4.4) mp(a+b) < max{m,(a),m,(b)}.
This motivates

Definition 8.4.6 : An absolute value map m : F — R is called
non-archimedean if

(8.4.5) m(a+b) < max{m(a),m(b)} for all a,b € F.
This condition is stronger than
m(a+b) < m(a)+m(b) foralla,b€F,

as max{m(a),m(b)} < m(a)+m(b) forall a,b € F.
If (8.4.5) is not satisfied, we say that m : F — R is archimedean.

Theorem 61 : An absolute-value map m: F — R is non-archimedean if, and only
if, m(nlg) <1 foralln e Z.

Proof: = Ifm: f — Ris non-archimedean, then for a;(i=1,2,...n) € F.
m(ay+az---+a,) < max{m(a;)}

So,m(lp+1p+---+1p) <m(lg) =1, where 1 is added to itself (n— 1) times.
So, m(nlp) <1foralln e Z.
<: Suppose that m(nlyp) <1 for all n € Z.
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ForanyneN,a,be F,
n n n n—1 n
m((a+b) ) =m(a"+ L b+---+b")

< m(a@®)+mnlp)m@ Hm®d) +- - -+md").
Or,
m((a+b)") < (n+ 1) max{m(a"),m(b")}.
Or,
m(a+b) < (n+1)" max{m(a),m(b)}.
In R, lim,_,oo(n+1)7 = 1. Therefore,
m(a+b) < max{m(a),m(b)}
]

Corollary 8.4.2 : If F is a finite field, an absolute-value map m : F — R is non-
archimedean.

Proof : If nlp is in the prime-subfield of F and n 1y #Op,

then, (n17)?~' = 1, where p is a prime which is the characteristic of F'.
Som(nlrg) :~1’ Also m(0r) =0.

So, m : F — R is non-archimedean. O

Remark 8.4.4 : Theorem 61 has been adapted from Nathan Jacobson [12].

Remark 8.4.5 : The trivial absolute value map m : F — R is non-archimedean,
since m : F — R is given by
0 =0
m(a) — { ) a F

1, a #OF
So, for a,b € F, m(a+b) < max{m(a),m(b)} holds.

Remark 8.4.6 : The absolute value map of C is archimedean. For, if m : C — R
is given by
m(x+yi)=+/x2+y%, x,yER;
fora,b € C, m(a+b)=|a+b| < |a|+|b|.
m(a+b) < max{m(a),m(b)} if, and only if, a or b is zero. So, m: C — R is
archimedean.

Remark 8.4.7 : It can be shown that the absolute-value map m : F — R is non-
archimedean if, and only if,

{m(nlf):neZ}
is bounded above. See Edwin Weiss [23].
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Observation 8.4.1 : Valuation of a field (as in definition 8.3.4) and absolute-
value map could be connected in the following manner.
Letv: F — RU{oco} be a map given by
(i) v(a) =0 if, and only if, a=0
(ii) v(a-b)=v(a) v(b)
(iii) v(a+Db) = min{v(a),v(b)}.
Then, F together with v forms a field with valuation. Suppose that o € R is
such that o > 0. We write m(a) = |a], = o™ @;a € F.
0] =0. m : F — R satisfies
(i) m(a) = 0 and m(a) =0 if, and only if, a=0
(ii) m(a,b)=m(a) (b)
(iii) m(a+b)=|a+b|, =@ L q ™M@} = max{|ala, |b|a}-

m is precisely an absolute value on F' (compare definition 8.4.3).
Given F together with v, we write

(8.4.6) Ry={acF : va) >0}

R, is a subring of F. In fact, F is the field of quotients of R,.

IfxeF,x¢R,, v(x)<0andsov(x") > 0.

That is, if x ¢ R,, x' € R,. So, any x € F is such that either x or x™! € R,.
Consistent with definition 8.3.3, we note that R, is a valuation ring of F.

Thus, an integral domain D is said to be a valuation ring, if there exists a
valuation v of the field F of quotients of D such that D =R, (8.4.6).

Next, we observe that the equivalence of absolute-value maps of a field F
gives an equivalence relation on F'. (see definition 8.4.5). The equivalence classes
with respect to this equivalence relation are called the ‘prime divisors’ of F. The
prime divisor to which the trivial absolute value map belongs is known as the
trivial prime divisor. All others are non-trivial prime divisors.

Fact8.4.2: Let P be a prime divisor of F. For any absolute-valuemapm : F — R
belonging to P, we have

(8.4.7) P={m':s>0}

Definition 8.4.7 : We call P an archimedean prime divisor when an absolute-
value map which belongs to P is archimedean.

A similar terminology is used for a non-archimedean prime divisor. It may
be verified that an archimedean absolute-value map cannot be equivalent to a non-
archimedean absolute-value map.

We now consider three disjoint subsets of a field F with respect to a non-
archimedean prime divisor P of F. Let m be an absolute-value map belonging
to P.
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Definition 8.4.8 :
(1) The set
O={acF :m@)<1}
is called the valuation ring at P or the ring of integers of F at P.
(2) The Set
P ={acF:ma)=1}
is a prime ideal of O and is called the prime ideal at P.

We check that
(8.4.8) U ={a€F :m@a)=1}

is the multiplicative group of units of O.
IfO'={a'€F:aec0,a#0}

We have
%=0n0"
Further,
(8.4.9) O=PJIU and ZNU =)
P consists of all the non-units of O. Therefore, P is the unique maximal ideal of

0.

Definition 8.4.9 : The quotient ring O/ is a field and it is called the residue
class field at P. It is denoted by F.

Remark 8.4.8 :
(1) The definitions given above are independent of the choice of the
absolute-value map m belonging to P.
(2) If P is the trivial prime divisor, there is only one absolute value map
m: F — R for which m(a) =1 forall a (#0) € F. So, O =F, & =(0F)
and % =F*=F\{Or}. Also F = F.

Definition 8.4.10 : Let F be a field. A function 7: F — RU{oc} is called an
exponential valuation of F, if

(i) T(a@)=c0<=a=0;

(ii) T(ab)=71(a)+7(b), fora,b € F;
(iii) 7(a+Db) > min{7(a),7(b)}.

It is easy to check that 7 is related to a non-archimedean absolute-value map
m:F—R by
T(a) =-logm(a), foralla € F.
In fact, m(a) = exp(—r(a)) for all a € F and hence the name exponential
valuation for 7.
All the properties of a non-archimedean absolute-value map can be carried
overto 7.
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We say that the exponential valuation 7 and 7’ are equivalent if, and only
if, 7/ = st for some s > 0, s € R. Further, T belongs to a prime divisor P of F
whenevere”” =m € P. If 7 : F — RU {00} belongs to P, one has

(8.4.10) P={st:5>0}
Analogous to the definition 8.4.7 regarding subsets O, &2 and %, we have
(8.4.11) O={a€F:7(a)>0}
(8.4.12) P ={a€F:7(a) >0}
(8.4.13) U ={a€F :1(a)=0}

We observe that 7 € P determines a homomorphism 7 : F* — (R, +) the ad-
ditive group of real numbers. 7(F*) is a subgroup of (R,+). 7(F*) is called the
value-group of 7 written G(7). If 7/ € P, then 7/(F*) = s7(F*) for some s > 0, by
the property of equivalent absolute-value maps. Then, G(7) and G(7') are order
isomorphic (as ordered abelian groups).

Fact 8.4.3 : In the case of subgroups of (R,+) two situations arise:

Let B(0, €) denote the closed interval {—e, e} (where € > 0) in R. A subset X of R
is called a bounded subset of R if X C B(0,¢) for some € > 0. A subset X of R
is called a discrete subset of R if, and only if, X intersects every closed interval
B(0,¢) of R in a finite set. A subgroup (G,+) of (R, +) is either discrete or dense in
R. For instance, (Z,+) is a discrete subgroup of (R,+) whereas (Q,+) is a dense
subgroup of R. It is known [23] that only one of these happens in the case of a
subgroup of (R,+).

Definition 8.4.11 : The prime divisor P of F is called discrete or non-discrete
according as G(1) = 7(F*) for T € P is discrete or non-discrete in (R,+). This is
independent of the choice of T.

Let P be a discrete prime divisor of F'. If, for some 7 € P, G(7) = 7(F*) = (0),
then m = ¢™7 is the trivial absolute-value map, since m(a) equals 1 for all a € F*
and so G(7) = (0). If P is discrete and non-trivial, there exists a unique exponential
valuation (7 : F — RU{o0}) belonging to P written 7p such that G(7p) = 7p(F*) =
Z. Then, 7p is referred to as the normalized exponential valuation belonging to P.
From this, we get

O={aeF: 7p(a)>-1}
(8.4.14) P={acF: 71p(a)>1}
U ={a€F: tp(a)=0}

With the notion of exponential valuation on hand, we go to the notion of an

ordinary arithmetic field (OAF). See Edwin Weiss [23].

Definition 8.4.12 : Let .7 be a non-empty collection of discrete prime
divisors of a field F. The pair {F, '} is called an ordinary arithmetic field (OAF)
if the following axioms are satisfied:
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(Al) Foreacha € F, if p is a normalized val